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ABSTRACT

Large-eddy simulation of a rectangular bubble col-
umn was carried out at two different meshes and
with two different models for the relative velocity
between liquid and gas. The results were compared
to simulations applying the kω and kε turbulence
models, as well as 2D simulations and experimental
data from literature. The transient plume behavior
predicted with the LES and the kω models resemble
experimental results, while the regular plume oscil-
lation observed with the kε model is different from
experimental observation. The effort involved in
constructing phase averages of the flow field turned
out to be considerable, probably due to a lack of
perfect periodicity in the plume oscillation, as well
as high frequency motion.

INTRODUCTION

The meandering, or oscillating, plume that occurs
in a rectangular bubble column at certain gas flow
rates has been the subject of several computa-
tional studies. The flow pattern is depicted in fig-
ure 1. A review of literature and a discussion of
two-dimensional (2D) simulations can be found in
Bech (2005). The present paper discusses results
on 3D simulations, notably Large Eddy Simula-
tion (LES), but with additional simulations apply-
ing two-equation dynamic turbulence models. In lit-
erature, the kε turbulence model has been the com-
mon choice, see for example Becker et al. (1994),
Sokolichin and Eigenberger (1999), Pfleger and
Becker (2001), Buwa and Ranade (2002), Troshko
and Hassan (2001), Oey et al. (2003). A statement
common for many of these papers, is that only 3D
simulations can reproduce the transient behavior of
meandering plume. As discussed by Bech (2005),
this failure to reproduce the transient motion is
due to the turbulence model, not the dimension-
ality of the simulation. In the present investigation,
the kω) turbulence model is applied for compari-
son. The application of the LES method on multi-
phase flow simulations of bubble columns has been
reported by Deen et al. (2001), on a square cross-

sectioned column, and by Takeda et al. (2004) on
circular columns. Deen et al. (2001) reported that
the simulated plume was steady when applying the
kε model, but exhibited a transient behavior when
the LES model was applied. The LES model was
in good quantitative agreement with experimental
results. The results showed some grid-dependence,
especially near the column side walls.
The geometry of the case to be discussed in the
present paper is given in figure 2, and corresponds
to the configuration applied by Pfleger et al. (1999)
and Buwa and Ranade (2002). The superficial gas
velocity was 0.167 cm/s, and the sparger area was
1.08 ·10−4 m2. This paper will present results on the
period of oscillation and the mean velocity. Detailed
analysis of the turbulence field was out of scope due
to limited time.

THEORY

The theory is described in detail in Bech (2005). In
the present work, descriptions of the relative veloc-
ity and the sub-grid scale viscosity have been added.

Governing equations

The continuity equation is

∂ρ

∂t
+

∂

∂xj
(ρuj) = 0 (1)

Here, ρ is the mixture density to be defined below,
and uj is the j-component of the mixture velocity.
The conservation equation for the disperse volume
fraction is

∂αd

∂t
+

∂

∂xj
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αd
h
uj +
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udc
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i�
=

∂
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(2)

The volume fraction of the dispersed phase is αd,
and the mass fraction of the dispersed phase is cd,
see Eq. (5). The j-component of the relative velocity
between the dispersed and the continuous phase is
udc

j = ud
j − uc

j . The use of superscripts to denote
phase must not be confused with tensor notation. In
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the present work, the turbulent diffusion constant is
expressed

Dmd = ν + Dd
t νt + DVOF

�
6

π

α

αmax − α

�1/3

|~udc|d (3)

The kinetic viscosity of the mixture is ν = µ/ρ,
where µ is the dynamic viscosity. The eddy viscos-
ity νt = µt/ρ will be defined below. The value of the
diffusion constant applied here is Dd

t = 1.2, based
on numerical experiments on turbulent diffusion of
a scalar by Moraga et al. (2001). The third term on
the right hand side of Eq. (3) was included in the
model to avoid unrealisticly high volume fractions
of the disperse phase. The term is composed of a
constant DVOF, which is of order one, the approxi-

mate distance between two bubbles,
�

6
π

α
αmax−α

�1/3

,
the realtive velocity and the bubble diameter d. The
momentum equation is

∂

∂t
(ρui) +

∂
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(ρujui) = − ∂p

∂xi

+
∂

∂xj
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(4)

Here, p is the mixture pressure, the shear rate is
Sij = 1

2
(∂ui/∂xj + ∂uj/∂xi), and g is the accelera-

tion of gravity. The mixture properties are defined
by

ρ =

2X
k=1

αkρk (5)

ui =
1

ρ

2X
k=1

αkρkuk
i =

2X
k=1

ckuk
i (6)

which also defines the mass fraction ck of phase k.
The phase indices 1 and 2 correspond to either dis-
perse or continuous phase.

Sub-grid turbulence model

The LES model requires numerical resolution of the
energetic range of turbulent eddies, while the small
scale turbulence is accounted for by an eddy viscos-
ity. Here, we apply the Smagorinsky (1963) model
for the eddy viscosity:

νt = C2
S∆2|S| (7)

The magnitude of the shear rate is |S| =
p

SijSij .
The Smagorinsky constant was chosen to be CS =

0.2 in the present study. This value is taken from a

theoretical analysis by Lilly, see Rogallo and Moin
(1984), where it is assumed that the length-scale of
the mesh increment is in the inertial sub-range, so
that the model spectrum due to Kolmogorov can be
applied. The conventional value of the constant for
single phase flow is between 0.11 and 0.15.

The relative velocity

Two different models for the motion of the bubbles
relative to the liquid were applied in the present
study. The first model applied a constant relative
velocity. For bubbles in the size range observed in
the experiments by Becker et al. (1999), i.e. a diam-
eter close to 5 mm, the relative velocity is approxi-
mately constant and equal to the terminal velocity
UT of a single bubble:

�
udc, vdc

�
= (0, UT ) (8)

This is a reasonable approximation for single bub-
bles with Eotvos number in the range 0.4 to 40.
For air bubbles in water, this corresponds to diam-
eters in the range 1.5 to 20mm, see Grace (1973)
for details. The terminal velocity was chosen to
be UT = 0.2 m/s, as in Sokolichin and Eigenberger
(1999).
Alternatively, the relative velocity of a single bubble
can be computed from Newton’s 2nd law, assuming
equilibrium and including forces due to drag, buoy-
ancy and lift, respectively:

0 = 1
2
ρcCD|udc

i |udc
i

π
4
d2 Drag force

+ mc
�
1 − ρd

ρc

�
gi Gravity force

+ mcCL

�
~udc × ~ωc

�
i

Lift force

(9)

Here, mc is the mass of a spherical volume of the
continuous phase with diameter d. The relative ve-
locity can then be solved iteratively from the equa-
tion

udc
i =

4 d ai

3 CD|udc
i |0

(10)

where the superscript 0 denote the previous itera-
tion, and ai = −(1 − ρd/ρc)gi − CL(~udc × ~ωc)i is the
ith component of the acceleration due to gravity and
lift.The drag coefficient for bubbles can be formu-
lated

CD,0 = max
h
C

D,sphere, C
D,bubble

i
(11)

The drag coefficient for a sphere was compilated by
Morsi and Alexander (1972):
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CD,sphere =



24/Re if Re < 0.1
1/Re(22.73 + 0.0903/Re + 3.690Re) if Re < 1
1/Re(29.1667− 3.8889/Re + 1.222Re) if Re < 10
1/Re(46.50− 116.67/Re + 0.6167Re) if Re < 100
1/Re(98.33− 2778/Re + 0.3644Re) if Re < 1000
1/Re(148.62− 47500/Re + 0.357Re) if Re < 5000
1/Re(−490.546 + 578700/Re + 0.46Re) if Re < 10000
1/Re(−1662.5 + 5416700/Re + 0.5191Re) if Re > 10000

(12)

The bubble Reynolds number is Re = ρ|udc|d/µ.
The drag coefficient for a spherical cap bubble was
proposed by Johansen and Boysan (1988)

CD,bubble =
0.622

1/Eöt + 0.235
(13)

The Eötvos number is Eöt = (ρc − ρd)gd2/σ. The
hindered settling effects was introduced via the em-

pirical formula proposed by Rusche and Issa (2000):

CD = CD,0f(α) (14)
f(α) = expK1α + αK2 (15)

where K1 = 3.64 and K2 = 0.864 for bubbles. The
drag coefficient CD,0 is the derived from Eq. (11)
and is valid for small volume fractions α.
The lift force acting on bubbles at various Eöt was
investigated by Tomiyama (1998):

CL =


min [0.288 tanh (0.121Re) ,

0.00105Eöt3 − 0.0159Eöt2 − 0.0204Eöt + 0.474
]

if Eöt < 4
0.00105Eöt3 − 0.0159Eöt2 − 0.0204Eöt + 0.474 if 4 ≤ Eöt ≤ 10
−0.29 if Eöt > 10

(16)

The coefficient is positive for small Eöt and becomes
negative for deformed bubbles. In the present study,
CL = 0.11 was applied, corresponding to Eöt = 5.
The virtual mass force was not considered in the
present work.

Further model assumptions

The viscosity of the mixture is modeled by the equa-
tion given by Ishii and Mishima (1984)

µ = µc

(
1− α

αmax

)−2.5αmaxµ∗

(17)

µ∗ =
µd + 0.4µc

µd + µc
(18)

For the present cases, the viscosity is mostly similar
to the continuous phase viscosity.

SIMULATION

Implementation

The model given by Eq. (1) - (4) was implemented
especially for the present work in the commercial
CFD code Fluent 6.1.22, see Fluent User’s Guide
(2003), as user-defined functions (udf). Fluent
was run as for single-phase flow. An additional
transport equation for the disperse volume fraction,
source terms in the mass and momentum equations,
as well as computation of physical properties, were
implemented especially for the present study via
udf. The simulations presented here applied the
QUICK interpolation scheme for convective terms
and 2nd order implicit time stepping.

Case description

The meshes were generated with uniform spacing.
The number of cells are given in table 1. The density
of the continuous phase was 998 kgm−3, the density
of the disperse phase was 1.23 kgm−3, the viscosity
of the continuous phase was 0.001 Pa.s.

Results

This section first compares the conventionally ap-
plied kε turbulence model with the kω model and
the LES models described in section . The cur-

rent three-dimensional simulations are compared to
two-dimensional simulations of the same case and
experimental results by Pfleger et al. (1999).

The transient behavior of the flow was monitored
by recording the viscous force FD = τwAm acting
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Case N/1000 Model d [mm] udc Dt DVOF T [s]
A1 36 kε 5 0.2 1.2 0.5 11.3± 0.1
A2 36 kω 5 0.2 1.2 0.5 10.7± 0.2
A3 36 Smagorinsky 5 0.2 1.2 0.5 13.0± 1.0
A4 36 Smagorinsky 6 Eq. (10) 0 0 11.8± 0.2
B1 171 Smagorinsky 5 0.2 1.2 0.5 12.2± 0.4
B2 171 Smagorinsky 6 Eq. (10) 0 0 11.7± 0.4

Table 1: Case description. N denotes number of control volumes, T denotes period of oscillation, to be
described in section

on a small area Am of the sidewall, shown in figure
2. The area of the monitoring area was 10−4 m2.
The drag coefficient was

CD =
FD

1/2ρcU2
T Am

(19)

where UT is defined in Eq. (8).

Comparison of turbulence models

Figure 3 display the drag coefficient Eq. (19) as a
function of time for the coarse mesh cases. The
absolute value of the time along the axis is not of
importance, because the various cases was started
at different absolute times. The figures show the be-
havior over a time span of 200 s, or approximately
18 periods of oscillations. Case A1 exhibits large
time scale fluctuations, while the other cases show
higher frequencies. The relatively high effective vis-
cosity produced by the kε method tends to damp
higher frequencies. The period of oscillation was
computed applying Fast Fourier Transform. The
results are given in the last column of table 1. For
the coarse mesh cases, the variation in oscillation
period was close to 10 %. The uncertainty in the
period was relatively small, except for case A3. Fig-
ure 4 displays the qualitative difference between the
different models. Case A1, exhibited a relatively
thick bubble plume due to the high magnitude of
the turbulent viscosity. With case A2, the plume
was more narrow, and with the LES model, cases
A3 and A4 gave a fragmented gas plume. In spite
of the qualitative difference between case A1 and
the other coarse mesh cases, however, the period of
oscillation was similar.

Comparison with two-dimensional case and experi-
mental data

In figure 5, the case A3 is compared with experi-
mental data and a 2D simulation. The present re-
sults were obtained from averaging 200 flow fields
spanning a time period of 100 s (approximately 8.5
periods of plume oscillation). As can be seen from
the asymmetry of the curves with respect to the
centerline, the number of samples was not suffi-
cient. Comparing the magnitude of the computed

and measured velocity, the agreement is approx-
imately within the experimental error. Case A3
showed somewhat better agreement with the exper-
iments in the qualitative sense, because the velocity
peaks were sharper than in case L3. The deviation
close to the column walls was discussed in the pre-
vious paper Bech (2005).

Phase averaging of velocity

In order to analyze the turbulence field properly,
one can apply phase, or conditional, averages of the
flow filed to obtain an ensemble average of the flow
variables that corresponds to a specific phase of the
oscillating motion. Assuming a period of 12 s, a
time span of 252 s was analyzed for case A4. Eleven
phases were chosen, and 21 flow fields were averaged
for each phase. The phase averaged velocities are
depicted in figure 6. In the sequence of figures, one
can follow large-scale vortices moving downwards,
similar to figure 1. The large-scale structures from
the simulation are not very distinct (it was not pos-
sible to achieve better graphical resolution in this
print).

Discussion and further work

Becker et al. (1999) applied a bubble column with
thickness 0.04 m, equipped with a single-orifice
sparger. The gas rate was 0.8 l/min, correspond-
ing to a superficial gas velocity of 0.17 cm/s. The
period of plume oscillation, T , was measured to be
between 16 and 19 s. Buwa and Ranade (2002)
measured the period of oscillation for various con-
ditions. For a superficial gas velocity of 0.17 cm/s
and with a sparger consisting of a rectangular array
of holes, the result was T ' 12.2 s. The period was
not significantly dependent on the sparger design.
The main differences between the two experimental
investigations were the lateral width of the column,
which was 5 cm in the latter work, as well as the
sparger geometry. The present results agree with
the latter experimental investigation.
Attempts to make conditional averages, or phase-
averages, of the bubble plume, turned out to give
a ’blurred’ image of the plume oscillation. This
may be caused by the spectrum of higher frequency
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oscillations, or that the fluctuations actually devi-
ated from periodic motion. Both arguments can be
supported by experimental evidence, in particular
the fact that different measurements of the oscilla-
tion period disagree. The experimental signal re-
produced by Buwa and Ranade (2002) (their figure
2) resembles the signal derived from LES type sim-
ulations, and not the regular signals obtained with
the kε model. One problem about generating good
phase averages is related to data storage. In the
present work, the flow field was sampled every 0.5
s. If a better accuracy for the oscillating period is
needed, more samples must be taken. An alterna-
tive approach is to run the simulations for several
more hundred seconds and apply conditional aver-
aging, i.e. make a sample when a special event oc-
curs in the flow field. Further work will look into
these possibilities.
Two different models for the bubble relative veloc-
ity were applied in the present study (case A3 and
A4). The differences in the computed flow fields
have not been analyzed due to the non-conclusive
study of phase averages. From animations of the
flow field, it can be seen that the lift force causes
the plume to split and become more unstable in the
case with CL 6= 0, i.e. case A4. This behavior can
be recognized in figure 4.
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Fig. 1. Lateral movement of the bubble hose in the #at bubble column (gas #ow rate: 0.8 l/min).

All experiments are performed with an air/tap water
system at a temperature between 20 and 253C. The liquid
phase is operated in batch mode. Both columns are made
of acrylic glass to enable laser Doppler anemometry
(LDA) measurements. A two-component Aerometrics
phase Doppler particle analyser is operated in backscat-
ter mode. The measured data are analysed with Aeromet-
rics' Dataview software. Seeding particles are added to
increase the data rate (metallic coated glass spheres of 2.6
g/cm3 density and 12 lm mean size). It is assumed that
the contributions of bubble burst signals to the averaged
velocities are negligible.

3. Flat bubble column

The bubbles are rising in a meandering way (Fig. 1).
The bubble hose is slowly moving in lateral direction
(observed period: about 16 s). It nearly touches the side
walls. A gross circulation #ow of the liquid phase con-
tinuously changes the #ow direction due to the move-
ment of the bubble hose. The single-ori"ce sparger
produces a broad bubble size distribution with a mean
size of about 5 mm. Some "ne bubbles of 1 mm and less
circulate with the liquid phase.

The time-averaged #ow structure obtained by LDA
measurements consists of two vortex cells with upward
#ow in the middle and downward #ow near the walls. It

signi"cantly di!ers from the observed instantaneous #ow
structure.

Corresponding to the visual observations the time
series of the lateral and vertical velocities have a periodic
outlook (Fig. 2). High-frequency #uctuations generated
by turbulence are superimposed to the low-frequency os-
cillations. To separate the #ow phenomena with di!erent
characteristic time scales a digital FIR low-pass "lter
(cut-o! frequency: 0.5 Hz, "lter order: 200) with a Ham-
ming window function is employed. The processed time
series emphasise the periodic #ow behaviour and enable
the characterisation of the low-frequency oscillations
with their amplitude, phase angle and frequency (see
example in Fig. 3).

3.1. Amplitudes

The amplitudes of the low-frequency oscillations
strongly depend on the location in the #at bubble col-
umn. Close to the side wall (x"0.5 cm) the lateral velo-
city is dampened through the wall in#uence (Fig. 3). The
amplitudes reach the maximum values in the centre axis
(x"10 cm). In vertical direction the amplitudes have a
local minimum in the centre axis (x"10 cm) where the
bubble hose spreads out due to dispersion and nearly no
downward #ow occurs. To compare the amplitudes in
the centre plane of the #at column (z"2 cm) the
standard deviations p

vx
and p

vy
of the low-frequency

4930 S. Becker et al. / Chemical Engineering Science 54 (1999) 4929}4935

Figure 1: Visualization of meandering bubble plume from Becker et al. (1999).

sparger wall
shear
force
monitor

5 cm

45
 c

m

20 cm

Figure 2: Geometry of rectangular column. The mesh shown on the side walls corresponds to the coarse mesh
cases A1-A4.

6



-80

-70

-60

-50

-40

-30

-20

-10

0

10

20

30

400 450 500 550 600
time [s ]

C
_D

A1

-70

-60

-50

-40

-30

-20

-10

0

10

20

50 100 150 200 250
time [s ]

C
_D

A2

-50

-40

-30

-20

-10

0

10

20

30

450 500 550 600 650
time [s ]

C
_D

A3

-50

-40

-30

-20

-10

0

10

20

30

400 450 500 550 600
time [s ]

C
_D

A4

Figure 3: The drag force coefficient versus time for the coarse mesh cases A1-A4.

Figure 4: Contours of gas volume fraction (0 to 0.2) for case A1-A4 from left to right. The instantaneous
views have been chosen arbitrarily.
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Figure 5: Time-averaged velocity at positions 13, 25 and 37 cm above sparger. Experimental data, present
case A4 and case L3 from Bech (2005) are shown. The latter case was 2D and applied a mixing length
turbulence model.
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Figure 6: Velocity vectors for case A4, time interval between each figure is 1 s. The figure must be viewed
with the left margin pointing downwards. The series starts in the upper left corner, then continues to the
right, to the the lower left corner and to the right. The vectors are shown the middle plane, the magnitude
varies between 0 and 0.2 m/s.
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