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Historical viewpoints on mathematics in chemistry

“Every attempt to employ mathematical methods in the study of chemical questions
must be considered profoundly irrational. If mathematical analysis should ever hold
a prominent place in chemistry—an aberration which is happily impossible—it would
occasion a rapid and widespread degradation of that science.”

Auguste Comte, Cours de philosophie positive, 1830
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“Every attempt to employ mathematical methods in the study of chemical questions
must be considered profoundly irrational. If mathematical analysis should ever hold
a prominent place in chemistry—an aberration which is happily impossible—it would
occasion a rapid and widespread degradation of that science.”

Auguste Comte, Cours de philosophie positive, 1830

“The underlying physical laws necessary for the mathematical theory of a large part of
physics and the whole of chemistry are thus completely known, and the difficulty is only
that the exact application of these laws leads to equations much too complicated to be
soluble.”

Paul Dirac, Quantum mechanics of many electron systems, 1929
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Historical viewpoints on mathematics in chemistry

“Every attempt to employ mathematical methods in the study of chemical questions
must be considered profoundly irrational. If mathematical analysis should ever hold
a prominent place in chemistry—an aberration which is happily impossible—it would
occasion a rapid and widespread degradation of that science.”

Auguste Comte, Cours de philosophie positive, 1830

“The underlying physical laws necessary for the mathematical theory of a large part of
physics and the whole of chemistry are thus completely known, and the difficulty is only
that the exact application of these laws leads to equations much too complicated to be
soluble.”

Paul Dirac, Quantum mechanics of many electron systems, 1929

“Quantum chemistry is today used within all branches of chemistry and molecular
physics. As well as producing quantitative information on molecules and their interac-
tions, the theory also affords deeper understanding of molecular processes that cannot
be obtained from experiments alone.”

The Royal Swedish Academy of Sciences, Press release: The 1998 Nobel Prizgjn
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Our vision for the future

@ The Center of Theoretical and Computational Chemistry

Theory and modelling

@ Evenly split between the Universities of Oslo and Tromsg

@ 10 theoretical and computational scientists including 2 YFFs and.,
Norways most highly cited chemist *
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The quantum-mechanical view of a molecule

@ An instantaneous pictures of the interactions present in the water
molecule (3 nuclei and 10 electrons)
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The electronic Schrédinger equation

@ The electrons in the molecule are described by a wave function ¥
determined by solving the electronic Schrodinger equation:

H VvV =EV
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The electronic Schrédinger equation

@ The electrons in the molecule are described by a wave function ¥
determined by solving the electronic Schrodinger equation:

v v

@ H is the electronic Hamiltonian operator

— ZmEZVZ_eZZR_m+_Z + VNuc
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The electronic Schrédinger equation

@ The electrons in the molecule are described by a wave function ¥
determined by solving the electronic Schrodinger equation:

TORO

@ H is the electronic Hamiltonian operator

— ZmEZVZ_eZZR_m+_Z + VNuc

@ The wave function V is a function of 3N variables (where N is the
number of electrons in the molecule)
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The quantum-mechanical challenge 1

@ The Schrddinger equation is a complicated many-particle equation

@ The only atom we can solve exactly (non-relativistic) is the hydrogen
atom (one electron and one nucleus)

@ Even a small organic molecule such as caffeine contains 136 particles
(24 nuclei and 102 electrons)

CH3
\
CH3
3C
@ All particles interact with each other, and we can only determine D;%i’%
approximative solutions to the Schrédinger equation >§§ép
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The quantum-mechanical challenge 2

@ Chemists are demanding customers
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The quantum-mechanical challenge 2

@ Chemists are demanding customers
@ The total molecular energy of caffeine is 1 800 000 kcal/mol.

@ The energy of the chemical bond (which we would like to
determine with an accuracy of 1% ) is 300-400 kcal/mol—that is,
the bond energy is 0.02% of the total energy
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The quantum-mechanical challenge 2

@ Chemists are demanding customers
@ The total molecular energy of caffeine is 1 800 000 kcal/mol.

@ The energy of the chemical bond (which we would like to
determine with an accuracy of 1% ) is 300-400 kcal/mol—that is,
the bond energy is 0.02% of the total energy

@ Quantum-mechanically we thus have to determine the weight of a
boat captain by weighing the boat with and without the captain
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The electron density

@ The wave function itself is not observable, but the electron density
of the molecule is:

p(l’)://.../ W (ry,ra, ..., In) W (ry,ra,...,ry)dradrs...ry
vy Jug IZN

r

I expl-abs{x)

| S N

o 3
B

@ W thus contains too much information whereas p (r) is a functie?‘%
of only three variables e
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Kohn-Sham formulation of DFT

N
p(r) =2 |gi(r) (1)
i=1
Hvz Vi + Veou () + Vi (p)] a0 =an) @
N
Vhue = Zzi/ |r - Ri‘ (3)
i=1
Veoul = / dr,|rp9 I’)" (4)
Ve = f(p(r)) \\\‘QRQ)\(\)\
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The Traditional Quantum Chemical Approach

@ Express the MOs as a linear combination of AOs located on the
nuclei of the molecule

#i() =) _Cixj  Xj =XAYAZRexp (-a (Xf\ +Ya+ Zf\)) (6)
i
@ Represent the operators and density in terms of the AOs
@ Rewrite the Kohn-Sham equations as an SCF problem:
F(C)C =SCe (7)

Possible problems:
@ Scaling with the system size (at least N? or N3)

. . S8,
@ Non-orthogonality of the basis-set E§m
. . , e

@ Expensive evaluation of integrals Ao

Kenneth Ruud (UiT) A new future for finite-element methods in Qui Geilo, 29/1 2007 10/ 39



Why argue with success?

@ Quantum-chemical methods do not show the expected linear
scaling

@ In order to achieve linear scaling, the methods should ideally be
inherently sparse and banded

@ Delocalized molecular orbitals and symmetry-adapted atomic
orbitals not optimal

@ It would also be convenient to be able to easily do
divide-and-conquer methods
@ Potential problems in supersystem calculations are:

@ Arbitrary boundaries between QM and MM systems

@ BSSE errors between QM systems

@ Important interaction mechanisms can be lost with different
computational methods between interaction systems

) &
@ A possible new pathway: multiwavelet bases? %
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Integral formulation of the K-S equations

@ We can rewrite the KS equations in an integral formulation

bi(r) = —2 / oG (r, ')V ()61 (r') ®)

where
1 e—HIr=ri

EW p= 1/ —2€i )

@ The standard K-S equations are recovered noticing that

Gu(r’r,) =

(=V2 + 12)G,(r,r") = 6(r,r") (10)
@ The integral formulation important to avoid divergencies due to V?
in finite-element methods SRS,
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Scaling functions: 1-D basis in [0,1]

Scaling functions: Legendre polynomials of order k in [0,1]
o (x) = (2k +1)Y2P(2x —1) 0<x<1 (11)
Translation and dilation
dri(x) =2"2g (2"x —1) 27" <x<27"(1+1) (12)

Orthonormality (Legendre polynomials + disjoint support)

1
/0 dx gy (X)dyr 1/ (X) = i dne (13)

“Ladder” of spaces: Vo C V1 C Vo C ...V C...
Th_ls_ basis is complete in L»[0, 1] both in the limit of infinite n and E%s
infinite k S
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Example: scaling functions up to order k = 3

n
N
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Example: scaling functions up to orderk =3 atn =2
and different translations
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Projection of a function in 1-D

Given a function f(x) defined in [0, 1], its projection on V, can be
written as:

-1 k
- Z Z d)ll (14)
1=0 j=0
27(1+1)
= [ 100 as)
Quadrature employed to evaluate the integral
k
sh=>_ wif(x)eM (%) (16)
i=0
The projection at level n is in general only approximate. B
What is the error in the projection? ?,%f

7 Ro»l\&
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Wavelet functions

@ Definition: W} is the orthogonal complement of V! in Vf*l
Vhgwh =yt (17)
@ Recursively:
Vh=VoaWle. .. wnt (18)

@ The functions [+ |(x)], constituting a basis for W,, are called
wavelet functions.
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Properties of the wavelet functions

@ Translation and dilation:
Yl (x) = 224 (2" — 1)
@ k + 1 vanishing moments:
/xawﬂ,(x)dx:o a=0,1...k

@ Orthogonality:

/?ﬁﬂk(x)?ﬁjr?m(x)dx = 0jj0k1 Onm

added 2

2

S

@ Choice of wavelets is not unique unless additional constraints age,,
s‘x*m
oy

7 Ro»l\&
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Example: wavelet functions up to order k = 3

3

w0 ——
wl ———
w2 ——
w3 ——
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Example: wavelet functions up to orderk =3 atn =2
and different translation

Kenneth Ruud (UiT) A new future for finite-element methods in Qui Geilo, 29/1 2007 20/ 39



Two-scale relations and filters

@ Both scaling and wavelet functions at scale n can be constructed
from the scaling functions at scale n + 1.

B (X —zl/ZZh G (x) +hiel 5k 1 (%) (19)

Ui (x) = 2%/ Zg.?qb,“;l(x) + 073k (%) (20)

@ More concisely, we can write this as a wavelet filter involving
matrix-vector products

() -22(& &) (k) @
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Multiwavelet decomposition

Once f(x) has been projected on the finest scale n, the scaling and

wavelet coefficients at coarser scales (m < n) are obtained by applying
the filters:

- () ()
)= . (22)
) <d|n ! G° G! S2I+1

Kenneth Ruud (UiT)

A new future for finite-element methods in Qui Geilo, 29/1 2007



Representations of a function in 1-D

Projected (or reconstructed) representation

=ZZ 1o (x (23)
|

Compressed representation obtained by recurring along the “ladder”:

k n-12m-1
fx)=>" ( sPod () + > D d w,.(x)> (24)

i=0 m=0 1=0

In practice both the scaling (sj) and the wavelet (d;') are stored.

Kenneth Ruud (UiT) A new future for finite-element methods in Qui Geilo, 29/1 2007 23/39



Accuracy and adaptive refinement

We require arbitrary and predefined accuracy:

‘f(x)—f(x)‘<e Vo< x <1 (25)
We need an algorithm to obtain the representation of a function
In practice the following algorithm is used:
© For a given node n,| compute sj’jl and dj’jl;
Q@ Checkif [|d"[| < e
@ If fulfilled keep the node (no subdivision);

@ If not fulfilled, subdivide the node and go to n.1 for (n + 1,2l) and
n+1,21 + 1.

BT

J
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Uniform Refinement

| | scale=C

| | | scale=1
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Adaptive Refinement

| | scale=C

| | | scale=1

| | | | | | | | | scale=4
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An example of an adaptive grid

The projection of f (xy, Xz, X3) = ¢~Le~500((x1~0.5)*+(x=0.5)+(x3~0.5)*)
up to relative precision ||f — f||2/|[f||2 < e = 1078

A total of 649 grid point needed R

Kenneth Ruud (UiT) A new future for finite-element methods in Qui Geilo, 29/1 2007



NS-form of an operator

Given an operator T such that

g(y) =T - (f(x)) (26)
Projection:
T" =P"TP" (27)
We can express the project using both scaling and wavelet functions
T = PMHTPM = (P Q") T (P"+Q") (28)
We can then write write a telescopic series

n
Tn+1 — T0+ Z (QmTQm +QmTPm +PmTQm)

m=1

n
= T%4+ ) (A"+B™+C™)

m=1 -
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Application of an operator

TO| CO
A0
C1
Al
Cc2
A2
= X
C3
A3
A, B, and C are very narrow banded along the main diagonal e%%
(thresholding). b

T is dense but needed only at the coarsest scale (one node only!).
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3d application of the banded operator

f nodes

BW z
g node

Ox Oy Oz

BW x
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On the cost of applying an operator

For a given polynomial order k:
@ In 1-D the speed is O(k?) (fast!).

@ In 3-D the speed is O(k®) (too expensive!) for a straightforward
implementation

@ Exploiting kernel separability K (x,y,z) = K’(x)K'(y)K’(z) O(k*)

(feasible).
@ Problem: the kernels needed are not separable (formally) but ...
ke —y) = Kux—y) =S )
X — = X — -
PR Ty YT T Ty

J
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Separated representation of the Poisson and

Helmholtz kernels

The MW approach is feasible only if it is possible to write the kernel of
an operator as

M
K(x —y)=>_ciKi(x1 — y1)Ki(x2 — ¥2)Ki (X3 — y3) (30)
I=1

For DFT in its integral formulation, the kernels to be used are:
® The Poisson kernel: Kp(x —y)=1/|x —y|
@ The Helmholtz kernel: Ky(x —y) = e #*¥I/|x —y]|

For a predefined precision ¢ it is possible to obtain an expansion such
that:

<e€ (SR

M
Kix - y) — Y0
=1
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Separated Poisson kernel: relative error

70 terms, accuracy 108
2e-08 — — T T T

Te() ——
1.5e-08 —

1le-08 - -
5e-09 -
0 -
-5e-09 .
-1e-08 .

-1.5e-08

2e08 L ol ol ol ol Ll 3;‘5‘4
le-05 0.0001 0.001 0.01 0.1 1 s
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Poisson kernel for different accuracies

1000 T
exp=30 —+—
exp=100 —*—

exp=300 ——
exp=1000 —=— /

runtime (seconds)

0 E

3 4 5 6 7 8 9
log10(1/eps)
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Poisson kernel for fixed resolution ¢ = 103

22 T

exp=30 —+—
exp=100 ——
20 + exp=300 —x— i
exp=1000 —&—

18 1

|

16 B

12 + B

10 +

runtime (seconds)

AN
\
)

AL g /—— |
_— //
|
2
4 6 8 10 12 14 16
MW order
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Poisson kernel for fixed resolution ¢ = 10~°

200 T

exp=30 —+—
exp=100 —*—
180 | €exp=300 —x—
exp=1000 —&—

160

120 B
100 B
80 B

runtime (seconds)
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Poisson kernel for fixed resolution ¢ = 10~8

1800 :
exp=30 —+—
exp=100 ——
| exp=300 —x— |
1600 [ exp=1000 —&—
1400 | i
1200 | -
@
2
g 1000 |- B
Q
@
()
£ 800 B
I
=
600 |- E
400 §>4>< |
200 — e I -
——a—\_,'—\
0
4 6 8 10 12 14 16
MW order
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@ A new approach with several interesting properties: scaling,
orthonormality, predefined accuracy

@ Inherently linear scaling, and probably quite parallelizable

@ Many open questions concerning feasibility for “real world”
chemistry problems

@ We currently have the “integral” program, now we need to
determine the wave function/density (nonlinear optimization
problem)

@ Our goal: QM/QM, possibly with interfacing to continuum-like
models which also solve the Poisson problem at a boundary
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