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Û|ylqg Kmhooh
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Devwudfw

Wuldqjxodwlrqv uhsuhvhqwlqj vxuidfhv frqvwuxfwhg iurp vfdwwhuhg phd0
vxuhphqw gdwd fdq eh ghdow zlwk dojheudlfdoo| xvlqj sulqflsohv ri jhqhu0
dol}hg pdsv/ ru J0pdsv1 Kljk ohyho devwudfwlrq ri ixqfwlrqv rshudwlqj
rq wuldqjxodwlrqv lv dfklhyhg xvlqj J0pdsv/ zklfk duh ghyhorshg iru jhq0
hudo erxqgdu| edvhg wrsrorjlfdo prghov1 Jhqhulf ghvljq ri d Ghodxqd|
wuldqjxodwlrq dojrulwkp dqg ri ixqfwlrqv rshudwlqj rq wuldqjxodwlrqv duh
suhvhqwhg/ dqg sulqflsohv ri lpsohphqwdwlrq xvlqj ixqfwlrq whpsodwhv lq
wkh F.. surjudpplqj odqjxdjh duh vkrzq1 Vlqfh wkh rshudwlrqv fdq eh
dojheudlfdoo| gh�qhg dqg lpsohphqwhg jhqhulfdoo|/ d wuldqjxodwlrq oleudu|
edvhg rq wklv frqfhsw fdq rshudwh rq duelwudu| gdwd vwuxfwxuhv1
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4 Lqwurgxfwlrq

Wuldqjxodwlrqv duh xvhg lq pdq| dssolfdwlrq grpdlqv iru uhsuhvhqwlqj wzr0
pdqlirog sro|jrqdo vxuidfh vwuxfwxuhv rq frpsxwhuv1 Ioljkw vlpxodwruv xvh
wuldqjoh0edvhg vxuidfhv iru odqgvfdsh ylvxdol}dwlrq ^54`/ gljlwdo whuudlq prghov
duh uhsuhvhqwhg dv wuldqjxodwlrqv lq fduwrjudsk| ^7`/ dqg �qlwh hohphqw phwk0
rgv +IHP, xvh wkhp dv d edvlv iru qxphulfdo fdofxodwlrqv ^56/ 8`1 Wuldqjxodwlrqv
duh rwkhuzlvh zlgho| xvhg lq ylvxdol}dwlrq dqg frpsxwhu judsklfv ^</ 49`1

D wuldqjxodwlrq qhhgv dq xqghuo|lqj gdwd vwuxfwxuh iru uhsuhvhqwlqj lwv wrsr0
orjlfdo hqwlwlhv= qrghv/ hgjhv dqg wuldqjohv/ wkhlu wrsrorjlfdo dgmdfhqf| lqirupd0
wlrq/ dqg wkhlu dvvrfldwhg jhrphwulf hpehgglqj lqirupdwlrq1 Gl�huhqw dssol0
fdwlrqv qhhg gl�huhqw gdwd vwuxfwxuhv ghshqglqj rq wkh qhhgv lq wkh dfwxdo
dssolfdwlrq1

Dssolfdwlrqv edvhg rq wuldqjxodwlrqv qhhg d qxpehu ri wrsrorjlfdo dqg jh0
rphwulf rshudwlrqv xvlqj wkh wrsrorjlfdo dqg jhrphwulf hqwlwlhv uhsuhvhqwhg e|
wkh gdwd vwuxfwxuh ri wkh wuldqjxodwlrq1 Wkhvh rshudwlrqv fdq eulh | eh gl0
ylghg lqwr wzr jurxsv= prgl�huv wkdw fkdqjh wkh wrsrorj| ru wkh jhrphwu|/
dqg txhulhv wkdw h{wudfw lqirupdwlrq iurp wkh wuldqjxodwlrq1 H{dpsohv ri prg0
l�huv duh hgjh0vzdsslqj rshudwlrqv dqg uh�qhphqw rshudwlrqv edvhg rq srlqw
lqvhuwlrq1 H{dpsohv ri txhulhv duh vlpsoh rshudwlrqv olnh h{dplqlqj qhljkerxu
uhodwlrqvklsv ehwzhhq qrghv/ hgjhv dqg wuldqjohv/ dqg rshudwlrqv h{wudfwlqj wul0
dqjoh vwulsv iru ylvxdol}dwlrq1

Lw lv fxvwrpdu| wr lpsohphqw vxfk ixqfwlrqv lq d vwdwlf pdqqhu lq wkh vhqfh
wkdw wkh| duh dgdswhg wr rqh vshfl�f gdwd vwuxfwxuh rqo|1 Wkh frqvhtxhqfhv duh
wkdw wkh ixqfwlrqv pxvw eh wrwdoo| uhlpsohphqwhg li wkh xqghuo|lqj gdwd vwuxf0
wxuh lv fkdqjhg1 Pruhryhu/ lq pdq| dssolfdwlrqv pruh wkdq rqh gdwd vwuxfwxuh
lv qhhghg/ iru h{dpsoh wr vshhg xs fhuwdlq wrsrorjlfdo rshudwlrqv/ dqg wkxv/
gl�huhqw dgdswlrqv wr wkh dssolfdwlrq gdwd vwuxfwxuhv duh qhhghg1

Wkh uhdvrq iru wklv uljlg dssurdfk kdv suredeo| ehhq wkh odfn ri dq devwudfw
ghvfulswlrq ri wkh wrsrorj| vwuxfwxuh dqg ri ixqfwlrqv rshudwlqj rq wkh wrsrorj|1
Jhqhudol}hg pdsv/ ru J0pdsv/ zklfk duh lqwurgxfhg odwhu/ surylgh d irupdo
dojheudlf dssurdfk wr prgho jhqhudo erxqgdu| edvhg wrsrorjlfdo prghov +E0
uhsv,1 Lwv dojheudlf gh�qlwlrq lv jhqhulf lq wkh vhqvh wkdw lw lv qrw ghshqghqw
rq wkh xqghuo|lqj gdwd vwuxfwxuh1 Wklv vxjjhvwv wkdw dojrulwkpv edvhg rq J0
pdsv fdq eh vhsdudwhg iurp wkh gdwd vwuxfwxuh dqg zrun rqo| zlwk wkh dojheudlf
frqfhswv wkdw J0pdsv duh edvhg rq1

Wkh dlp ri wklv uhsruw lv �uvw wr vkrz krz J0pdsv fdq eh xvhg dv urexvw
dqg uljrurxv dojheudlf wrrov wr prgho wkh wrsrorj| ri wuldqjxodwlrqv1 Kdylqj
gh�qhg wkh wrsrorj| ri wuldqjxodwlrqv dqg ixqfwlrqv rshudwlqj rq wkhp dojh0
eudlfdoo|/ wkh frqfhsw ri ixqfwlrq whpsodwhv lq wkh F.. surjudpplqj odqjxdjh
lv hpsor|hg wr lpsohphqw d jhqhulf oleudu| iru wuldqjxodwlrqv xvlqj wkh sulqfl0
sohv ri J0pdsv1 Wkh jhqhulf oleudu| zloo khuhdiwhu eh fdoohg WWO +Wuldqjxodwlrq
Whpsodwh Oleudu|,1 Wkh WWO zloo frpsulvh d vhw ri txhulhv dqg prgl�huv/ dqg
pruhryhu/ d Ghodxqd| wuldqjxodwlrq dojrulwkp wkdw fdq rshudwh rq duelwudu|
dssolfdwlrq gdwd vwuxfwxuhv1

Lq wkh qh{w vhfwlrq/ wkh frqfhswv ri J0pdsv duh lqwurgxfhg dqg dssolhg wr
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wuldqjxodwlrqv1 Lq Vhfwlrq 6/ ghvljq ri wkh WWO dqg lwv lqwhusod| zlwk dssolfd0
wlrqv duh rxwolqhg1 Txhulhv dqg prgl�huv lpsohphqwhg dv ixqfwlrq whpsodwhv lq
F.. duh h{hpsol�hg xvlqj wkh kdoi0hgjh gdwd vwuxfwxuh zklfk lv d frpprq gdwd
vwuxfwxuh iru erxqgdu| edvhg wrsrorjlfdo prghov1 Ilqdoo|/ Vhfwlrq 7 lv ghyrwhg
wr d jhqhulf lqfuhphqwdo Ghodxqd| wuldqjxodwlrq dojrulwkp1

5 Jhqhudol}hg Pdsv dqg Gdwd Vwuxfwxuhv

Wkh Wuldqjxodwlrq Whpsodwh Oleudu| +WWO, wr eh lqwurgxfhg lq Vhfwlrq 6 lv
edvhg rq vr0fdoohg Jhqhudol}hg pdsv/ ru J0pdsv ^47/ 5`1 J0pdsv duh jhqhudo
wrrov iru prghoolqj wkh wrsrorj| ri erxqgdu| edvhg jhrphwulf prghov dqg kdyh
ehhq dssolhg lq dssolfdwlrq duhdv vxfk dv jhrorjlfdo prghoolqj ^:/ 57`1 Lw lv do0
jheudlfdoo| gh�qhg edvhg rq d ihz qxpehuv ri fohdu frqfhswv1 Wkh wrsrorj| lv
ghvfulehg xvlqj d vlqjoh wrsrorjlfdo hohphqw/ wkh gduw/ dqg d vhw ri ixqfwlrqv
rshudwlqj rq wkh vhw ri gduwv lq wkh wrsrorj| vwuxfwxuh1 Lq wklv vhfwlrq J0pdsv
duh dssolhg wr rewdlq dq dojheudlf ghvfulswlrq ri wkh wrsrorj| ri wuldqjxodwlrqv/
dqg wkxv dfklhylqj dq devwudfw ohyho rq zklfk jhqhulf ixqfwlrqv lq wkh WWO fdq
rshudwh1 D frpprq gdwd vwuxfwxuh iru wuldqjxodwlrqv/ wkh kdoi0hgjh gdwd vwuxf0
wxuh/ lv dovr suhvhqwhg iru odwhu xvh zkhq ghprqvwudwlqj jhqhulf ixqfwlrqdolw| lq
wkh WWO1

514 J0pdsv Dssolhg wr Wuldqjxdwlrqv

D gduw lq d wuldqjxodwlrq vwuxfwxuh fdq eh frqvlghuhg dv d xqltxh wulsoh g @
+Y � > H� > W � ,/ zkhuh Y � lv d qrgh +ru d yhuwh{, ri wkh hgjh H� / dqg Y � dqg H � lv
d qrgh dqg dq hgjh ri wkh wuldqjoh W � 1 Wkxv/ iru hdfk wuldqjoh wkhuh duh vl{
srvvleoh frpelqdwlrqv ri wkh wulsoh wkdw fdq gh�qh d gduw1 Lq Iljxuh 514+d, d
gduw g lv lqglfdwhg erwk dv dq duurz dqg dv d +qrgh/ hgjh/ wuldqjoh,0wulsoh1

Uhihuulqj wr Iljxuh 514+e,/ zh gh�qh wkuhh xqltxh ixqfwlrqv/ � � / � � dqg � �
rshudwlqj rq wkh vhw ri wulsohv G lq d wuldqjxodwlrq dv rqh0wr0rqh pdsslqjv iurp
G rqwr lwvhoi/

� � = G $ G> l @ 3> 4> 5=

Lq wkh wkhru| ri jhqhudol}hg pdsv wkhvh ixqfwlrqv duh fdoohg lqyroxwlrqv dv wkh|
duh elmhfwlrqv zlwk wkh surshuw| � � +� � +g,, @ g1 Zh zloo vlpso| fdoo wkhp �0
lwhudwruv dqg gh�qh wkhp dv iroorzv zkhq dssolhg wr wuldqjxodwlrqv=

� � � +g, pdsv g wr d wulsoh zlwk d gl�huhqw qrgh/ exw nhhsv wkh hgjh dqg wkh
wuldqjoh �{hg/

� � � +g, pdsv g wr d wulsoh zlwk d gl�huhqw hgjh/ exw nhhsv wkh qrgh dqg wkh
wuldqjoh �{hg/

� � � +g, pdsv g wr d wulsoh zlwk d gl�huhqw wuldqjoh/ exw nhhsv wkh qrgh dqg
wkh hgjh �{hg1
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Iljxuh 514= +d,= D gduw frqvlghuhg dv d xqltxh wulsoh g @ +Y � > H � > W � ,1 +e,=
Vkrzv krz g lv pdsshg xqghu wkh ixqfwlrqv � � > l @ 3> 4> 51

Wkdw lv/ � � +g,/ � � +g, dqg � � +g, fkdqjh wkh qrgh/ hgjh dqg wuldqjoh ri wkh wulsoh
g @ +Y � > H� > W � , uhvshfwlyho|/ zkloh wkh rwkhu wrsrorjlfdo hohphqwv duh nhsw �{hg1
Li dq hgjh H� lq d wulsoh g @ +Y � > H � > W � , lv dw wkh erxqgdu| ri wkh wuldqjxodwlrq/
wkhq � � +g, @ g/ khqfh wkh qrgh/ wkh hgjh dqg wkh wuldqjoh duh doo nhsw �{hg1
Wklv lv fdoohg d �{hg srlqw ri wkh � � 0lwhudwru1 Zlwk wkh gh�qlwlrqv deryh d
wuldqjxodwlrq fdq eh frqvlghuhg dv d J0pds/

J+G> � � > � � > � � ,/
zklfk gh�qhv d frpelqdwruldo vwuxfwxuh/ ru dq dojheud/ rq wkh vhw ri gduwv G1

Pruh lqirupdoo|/ rqh fdq wklqn ri d gduw g @ +Y � > H� > W � , dv d dq hohphqw
srvlwlrqhg lqvlgh wkh wuldqjoh W � dw wkh qrgh Y � dqg dw wkh hgjh H� dv ghslfwhg
lq Iljxuh 514+d,1 Wkh gduw fkdqjhv lwv frqwhqw dqg srvlwlrq lq wkh wuldqjxodwlrq
vwuxfwxuh dffruglqj wr wkh gh�qlwlrq ri � � > l @ 3> 4> 5 rshudwlqj rq g1 Wkh � �
dqg � � lwhudwruv �uhsrvlwlrq� wkh gduw lqvlgh wkh vdph wuldqjoh zkloh � � �pryhv�
wkh gduw ryhu dq hgjh wr wkh qhljkerxu wuldqjoh ri W � 1

Zh zloo dovr vd| wkdw d gduw kdv d forfnzlvh ru frxqwhuforfnzlvh gluhfwlrq
zlwk uhvshfw wr d wuldqjoh dv vhhq iurp rqh vlgh ri wkh wuldqjxodwlrq1 Wkxv/ wkh
gduw g lq Iljxuh 514+d, lv rulhqwhg frxqwhuforfnzlvh lq wkh wuldqjoh dv ghwhuplqhg
e| wkh gluhfwlrq ri wkh duurz v|perol}lqj wkh gduw1 Qrwh wkdw � � +g,> l @ 4> 5> 6
fkdqjhv wkh gluhfwlrq ri g iurp forfnzlvh wr frxqwhuforfnzlvh/ ru ylfh yhuvd/
h{fhsw zkhq � � lv dssolhg wr d gduw srvlwlrqhg dw dq hgjh dw wkh erxqgdu| ri
wkh wuldqjxodwlrq1 Zh dovr gh�qh wkh uhjlrqv �ohiw ri g� dqg �uljkw ri g� lq wkh
sodqh dv vhhq iurp rqh vlgh ri wkh wuldqjoh dqg lq wkh gluhfwlrq ri wkh duurz1
Odvwo|/ d gduw g @ +Y � > H� > W � , fdq dovr eh lqwhusuhwhg dv d yhfwru zlwk gluhfwlrq
iurp Y � wr wkh rssrvlwh qrgh ri Y � / wkdw lv/ wr wkh qrgh Y �� dvvrfldwhg zlwk wkh
wulsoh ri wkh gduw g � @ +Y �� > H � > W � , @ � � +g,1

D J0pds/ dqg wkxv d wuldqjxodwlrq/ kdv d fruuhvsrqglqj odehoohg judsk wkdw
fdq eh frqvlghuhg dv wkh gxdo ri wkh J0pds ^48`1 Wkh wuldqjxodwlrq lq Iljxuh 515
frqvlvwv ri wkuhh wuldqjohv gudzq zlwk gdvkhg hgjhv/ dqg wkh odehoohg judsk lv
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gudzq zlwk erog hgjhv1 Hdfk qrgh ri wkh judsk fruuhvsrqgv wr d gduw gudzq
dv dq duurz forvh wr wkh qrgh dqg srlqwlqj lq wkh gluhfwlrq ri wkh qrgh1 Wkh
odehoohg hgjhv lqflghqw zlwk

�
hdfk qrgh fruuhvsrqg wr wkh �0lwhudwruv dssolhg

wr wkh gduw wkdw fruuhvsrqg wr wkdw qrgh1 Iru h{dpsoh/ dq hgjh odehoohg �4�
olqnv wzr qrghv ri wkh judsk fruuhvsrqglqj wr wzr gduwv g � dqg g� wkdw duh
olqnhg wkurxjk wkh � � 0lwhudwru> � � +g � , @ g� dqg � � +g� , @ g � 1 Wkh gdvkhg hgjhv
odehoohg �5� fruuhvsrqg wr �{hg srlqwv ri wkh � � 0lwhudwru dw wkh erxqgdu| ri wkh
wuldqjxodwlrq1 Wkh judsk lv uhjxodu ri ghjuhh wkuhh lq wkh vhqvh wkdw hyhu| qrgh
kdv h{dfwo| wkuhh hgjhv lqflghqw zlwk lw1
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Iljxuh 515= D wuldqjxodwlrq zlwk wkuhh wuldqjohv/ dqg lwv fruuhvsrqglqj odehoohg
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Lq wkh iroorzlqj zh ghqrwh d frpsrvlwlrq � � +�� +� � � � � +g, � � � ,, e| � � � �� �
� � � � � � +g,1 Qrwh wkdw d frpsrvlwlrq � � � � � +g,/ zlwk l 9@ m/ grhv qrw fkdqjh
wkh rulhqwdwlrq ri g lqvlgh d wuldqjoh iurp forfnzlvh wr frxqwhuforfnzlvh/ ru ylfh
yhuvd/ xqohvv wkh frpsrvlwlrq lqyroyhv � � +g, zkhuh g lv dw wkh erxqgdu| ri wkh
wuldqjxodwlrq1 Qrwh dovr wkh iroorzlqj lqwhuhvwlqj surshuwlhv wkdw zh zloo xvh
odwhu zkhq frpsrvlqj lwhudwruv rshudwlqj rq wuldqjxodwlrqv1

� Dsso|lqj wkh frpsrvlwlrq � � � � � uhshdwhgo| lwhudwhv wkurxjk wkh qrghv
dqg wkh hgjhv ri d wuldqjoh1

� Dsso|lqj wkh frpsrvlwlrq � � � � � uhshdwhgo| lwhudwhv wkurxjk doo hgjhv
dqg wuldqjohv vkdulqj d frpprq qrgh1

� Dsso|lqj wkh frpsrvlwlrq � � � � � uhshdwhgo| lwhudwhv durxqg dq hgjh e|
ylvlwlqj wkh wzr qrghv ri wkh hgjh dqg wkh wzr wuldqjohv vkdulqj wkh hgjh1

� Li wkh rughu ri d frpsrvlwlrq � � � �� lv vzdsshg wr � � � � � / wkh lwhudwlrq
jrhv lq wkh rssrvlwh gluhfwlrq1

Lq dgglwlrq zh kdyh/

� � � � � +g, @ g> l @ 3> 4> 5> dqg

+� � � � � +g,,
�

@ � � � � � � � � � � � +g, @ g=

Gh�qlwlrq 514 +Ruelw dqg n0ruelw/ n @ 3> 4> 5, Ohw i� � j eh rqh/ wzr ru doo
wkuhh �0lwhudwruv ri d J0pds J+G> � � > � � > � � , dqg ohw g 5 G1 Dq ruelw ki� � jl +g,
ri d gduw g lv wkh vhw ri doo gduwv lq G wkdw fdq eh uhdfkhg e| vxffhvvlyho| dsso|lqj
frpsrvlwlrqv ri �0lwhudwruv lq i� � j lq dq| rughu vwduwlqj iurp g1 Wkh n0ruelw ri
d gduw g lq d J0pds lv gh�qhg dv wkh ruelw k� � > �� > l> m 9@ n> l 9@ ml +g,1

Wkxv/ wkh 30ruelw/ k� � > � � l +g,/ dqg wkh 40ruelw/ k� � > � � l +g,/ lv wkh vhw ri doo
gduwv durxqg d qrgh dqg durxqg dq hgjh uhvshfwlyho|1 Wkh 50ruelw/ k� � > � � l +g,/
lv wkh vhw ri doo gduwv lqvlgh d wuldqjoh> vhh Iljxuh 5161 Zh revhuyh wkdw wkh ruelw
k� � > � � > � � l +g,/ g ehlqj dq| gduw ri G/ lv wkh vhw ri doo gduwv lq G surylghg wkdw
doo wuldqjohv lq wkh wuldqjxodwlrq dvvrfldwhg zlwk J duh frqqhfwhg hgjh e| hgjh1
Wkxv/ doo wkh wrsrorjlfdo hohphqwv/ qrghv/ hgjhv dqg wuldqjohv/ ri d wuldqjxodwlrq
fdq eh uhdfkhg e| dsso|lqj wkh ruelw k� � > � � > � � l +g, vwduwlqj iurp dq duelwudu|
gduw g @ +Y � > H� > W � ,1

Wkh frqfhsw ri gduwv dqg �0lwhudwruv fdq eh jhqhudol}hg wr duelwudu| glphq0
vlrqv q vxfk wkdw iru dq q0J0pds zh kdyh lwhudwruv � � > l @ 3> = = = > q1 Iru
h{dpsoh/ iru q @ 6 wkh wrsrorj| ri whwudkhgul}dwlrqv fdq eh prghoohg e| dvvrfl0
dwlqj d gduw zlwk d txdguxsoh/ +qrgh> hgjh> wuldqjoh> whwudkhgurq,/ dqg lwhudwruv
� � > l @ 3> 4> 5> 6/ dqg frpsrvlwlrqv ri wkhp fdq eh xvhg iru qdyljdwlqj lq wkh
wrsrorj| vwuxfwxuh dv vlploduo| ghvfulehg deryh iru wuldqjxodwlrqv1 Dovr/ duel0
wudu| erxqgdu| edvhg +E0uhs, prghov fdq eh prghoohg e| J0pdsv> wkdw lv/ idfhv
qhhg qrw eh wuldqjohv dqg yroxphv qhhg qrw eh whwudkhgud1

:



Wkh �0lwhudwruv duh edvlfdoo| wkh rqo| wudyhuvdo rshudwruv qhhghg rq d wuldq0
jxodwlrq1 Wkxv wkh| fdq eh xvhg dv dq lqwhuidfh wr duelwudu| gdwd vwuxfwxuhv/
dqg jhqhulf dojrulwkpv iru qdyljdwlqj lq wkh wrsrorj| fdq eh edvhg vroho| rq
wkhvh lwhudwruv1 E| frpsrvlwlrqv � � � � � � � � � � � � +g, lw lv wkhq srvvleoh wr exlog
dq| wudyhuvdo rshudwru qhhghg e| dq dssolfdwlrq1 Lq Vhfwlrq 6 zh vshfli| lq
ghwdlo krz wklv fdq eh lpsohphqwhg jhqhulfdoo|/ xvlqj ixqfwlrq whpsodwhv lq wkh
F.. surjudpplqj odqjxdjh1

515 Wkh Kdoi0Hgjh Gdwd Vwuxfwxuh

Wkhuh duh pdq| srvvleoh wrsrorjlfdo vwuxfwxuhv/ ru gdwd vwuxfwxuhv/ iru uhsuh0
vhqwlqj wuldqjxodwlrqv rq frpsxwhuv1 D gdwd vwuxfwxuh pxvw eh fkrvhq lq ylhz ri
wkh qhhgv dqg uhtxluhphqwv lq wkh dfwxdo dssolfdwlrq1 Zkhq dqdo|}lqj gl�huhqw
gdwd vwuxfwxuhv rqh dozd|v idfhv d wudgh0r� ehwzhhq vwrudjh uhtxluhphqwv dqg
h!flhqf| ri fduu|lqj rxw wrsrorjlfdo dqg jhrphwulf rshudwlrqv1 Iru h{dpsoh/ iru
ylvxdol}dwlrq sxusrvhv rqh qhhgv d gdwd vwuxfwxuh zlwk idvw dffhvv wr gdwd dqg
vx!flhqw wrsrorjlfdo lqirupdwlrq iru wudyhuvlqj wkh wrsrorj| zkhq h{wudfwlqj
vhtxhqfhv ri wuldqjohv iru wkh ylvxdol}dwlrq v|vwhp1 Wklv zloo qrupdoo| uhtxluh
pruh vwrudjh wkdq d gdwd vwuxfwxuh xvhg rqo| iru vwrulqj d wuldqjxodwlrq lq d
gdwdedvh1 Lq d uhdo dssolfdwlrq rqh pljkw qhhg pruh wkdq rqh gdwd vwuxfwxuh
dqg wrrov iru pdsslqj rqh wr wkh rwkhu1 D ghwdlohg dqdo|vlv ri gl�huhqw gdwd
vwuxfwxuhv iru wuldqjxodwlrqv lv jlyhq lq ^;`1

Wkh qrwlrq ri kdoi0hgjh dv wkh edvlf wrsrorjlfdo hqwlw| iru erxqgdu| edvhg
wrsrorjlfdo uhsuhvhqwdwlrqv zdv lqwurgxfhg e| Zhlohu ^5:`1 Wkh sulqflsoh lv wr
vsolw hdfk hgjh ri d wuldqjoh lqwr wzr gluhfwhg kdoi0hgjhv/ hdfk ri zklfk duh
rulhqwhg rssrvlwh wr wkh rwkhu1 Khqfh/ zh fdq wklqn ri d kdoi0hgjh dv ehorqjlqj
wr h{dfwo| rqh wuldqjoh/ dqg wkh wkuhh kdoi0hgjhv ri d wuldqjoh fdq eh rulhqwhg
frxqwhuforfnzlvh durxqg wkh wuldqjoh dv vhhq iurp rqh vlgh ri wkh wuldqjxodwlrq1
D kdoi0hgjh kdv lwv vrxufh qrgh zkhuh lw vwduwv iurp/ dqg lwv wdujhw qrgh zkhuh lw
srlqwv wr1 Lq Iljxuh 517+d, lv vkrzq d kdoi0hgjh uhsuhvhqwdwlrq dvvrfldwhg zlwk
d wuldqjxodwlrq zlwk vl{ wuldqjohv1 E| judsk whupv wklv gdwd vwuxfwxuh uh hfwv d
sodqdu gluhfwhg pxowljudsk ^4:`1

D plqlpdo srlqwhu vwuxfwxuh/ plqlpdo lq wkh vhqvh ri vwrudjh uhtxluhphqw
zkloh pdlqwdlqlqj �vx!flhqw� lqirupdwlrq iru wrsrorjlfdo rshudwruv/ lv vkrzq lq
Iljxuh 517+e, iru wzr ri wkh wuldqjohv1 Hdfk kdoi0hgjh kdv d srlqwhu wr wkh qrgh
lw vwduwv iurp/ d srlqwhu wr wkh qh{w kdoi0hgjh lq wkh wuldqjoh/ lq frxqwhuforfnzlvh
gluhfwlrq/ dqg d srlqwhu wr lwv �wzlq0hgjh� ehorqjlqj wr d qhljkerxu wuldqjoh1

Zkhq xvlqj remhfw0rulhqwhg surjudpplqj odqjxdjhv dv F.. dqg Mdyd iru
lpsohphqwlqj gdwd vwuxfwxuhv iru wuldqjxodwlrqv/ lw lv qdwxudo wr wklqn ri wkh
wrsrorjlfdo hqwlwlhv qrghv/ hgjhv dqg wuldqjohv dv fodvvhv1 Iru h{dpsoh/ wkh kdoi0
hgjh gdwd vwuxfwxuh zrxog eh uhsuhvhqwhg dv d qrgh fodvv/ d kdoi0hgjh fodvv dqg
srvvleo| d wuldqjoh fodvv1 Iljxuh 518 ghslfwv d fodvv gldjudp iru d kdoi0hgjh gdwd
vwuxfwxuh1

Wkh wuldqjoh fodvv frqvlvwv ri d srlqwhu wr rqh ri lwv kdoi0hgjhv/ d kdoi0hgjh
fodvv kdv d srlqwhu wr lwv vrxufh qrgh/ dqg srlqwhuv wr wkh qh{w kdoi0hgjh lq
wkh wuldqjoh dqg wr lwv wzlq0hgjh lq wkh dgmdfhqw wuldqjoh1 Wkh qrgh fodvv pd|
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fduu| lwv jhrphwulf srvlwlrqdo lqirupdwlrq lq wkh Hxfolghdq vsdfh1 Lq dgglwlrq/
zh pd| kdyh d wuldqjxodwlrq fodvv zklfk frqwdlqv d olvw ri srlqwhuv wr wuldqjohv1
Zh dovr qhhg phpehu ixqfwlrqv lq wkh fodvvhv vxfk wkdw wkhlu lqirupdwlrq lv
dffhvvleoh iurp �rxwvlgh� wkh fodvvhv1 Iru wkh kdoi0hgjh fodvv wklv zrxog w|slfdoo|
eh jhwVrxufhQrgh/ jhwQh{wKdoiHgjh/ dqg jhwWzlqHgjh1

Qrwh wkdw d kdoi0hgjh kdv lwv frxqwhusduw lq d J0pds dv d gduw/ vd| g � 1 Wkxv/
wkh ixqfwlrq JhwQh{wKdoiHgjh kdv lwv frxqwhusduw lq wkh J0pds dv wkh frpsr0
vlwlrq � � �� � +g � ,/ dqg olnhzlvh/ wkh ixqfwlrq jhwWzlqHgjh kdv lwv frxqwhusduw lq
wkh frpsrvlwlrq � � � � � +g � ,1 Zh zloo hoderudwh ixuwkhu rq wklv zkhq ghvljqlqj
jhqhulf ixqfwlrqv iru wuldqjxodwlrqv lq wkh vhtxho1

6 Wuldqjxodwlrq Whpsodwh Oleudu| +WWO,

Wkh frqfhsw ri J0pdsv lqwurgxfhg lq wkh suhylrxv vhfwlrq surylghv d vlpsoh
exw yljrurxv dojheudlf wrro iru prghoolqj wkh wrsrorj| ri wuldqjxodwlrqv1 Lw lv
zhoo irxqghg rq d ihz fohdu frqfhswv= rqh vlqjoh wrsrorjlfdo hohphqw/ wkh gduw/
dqg lwhudwruv � � / � � dqg � � rshudwlqj rq wkh vhw ri gduwv iru qdyljdwlqj lq wkh
wrsrorj| vwuxfwxuh1 J0pdsv* dojheudlf gh�qlwlrq hqdeohv jhqhulf lpsohphqwd0
wlrq vxfk wkdw dojrulwkpv fdq eh fohduo| vhsdudwhg iurp wkh xqghuo|lqj gdwd
vwuxfwxuh1

Dq remhfw0rulhqwhg ghvljq edvhg rq J0pdsv zdv suhvhqwhg lq ^:` iru wrsr0
orjlfdo nhuqhov lq 6G jhrorjlfdo prghoolqj1 Wkh gduw zdv lpsohphqwhg dv dq
devwudfw edvh fodvv lq F.. zlwk �0lwhudwruv dv sxuh yluwxdo phpehu ixqfwlrqv1
Wkh wrsrorjlfdo nhuqho zdv dgdswhg wr wkh dssolfdwlrq gdwd vwuxfwxuh e| ghulylqj
d fodvv iurp wkh devwudfw gduw fodvv dqg lpsohphqwlqj wkh �0lwhudwruv zlwk df0
fhvv wr wkh dfwxdo gdwd vwuxfwxuh1 Wkh gudzedfnv zlwk wklv vroxwlrq duh wkdw wkh
dssolfdwlrq pxvw uho| rq d �{hg olplwhg lqwhuidfh ri wkh devwudfw edvh fodvv/ dqg
wkdw g|qdplf w|sh fkhfnlqj zkhq xvlqj fodvv lqkhulwdqfh vorzv grzq wrsrorjlfdo
rshudwlrqv ^58`1

Dqrwkhu dssurdfk/ zlwkrxw fodvv lqkhulwdqfh/ zdv glvfxvvhg e| Dujh ^4` zlwk
wkh dlp ri pdnlqj d fohdu glvwlqfwlrq ehwzhhq wrsrorj| dqg jhrphwulf hpehg0
glqj lqirupdwlrq ri wuldqjxodwlrqv1 D vfkhph zdv surylghg iru wkh dssolfdwlrq
surjudpphu wr dgdsw dojrulwkpv edvhg rq J0pdsv wr duelwudu| gdwd vwuxfwxuhv
iru wuldqjxodwlrqv1

Lq wkh iroorzlqj/ zh h{whqg wkhvh lghdv dqg vxjjhvw d jhqhulf oleudu| iru
wuldqjxodwlrqv lpsohphqwhg xvlqj wkh frqfhsw ri ixqfwlrq whpsodwhv lq F.. ^58`1
Wkh jhqhulf oleudu|/ zklfk zh ghqrwh WWO +Wuldqjxodwlrq Whpsodwh Oleudu|,/
frppxqlfdwhv zlwk wkh dssolfdwlrq gdwd vwuxfwxuh e| phdqv ri wkh gduw dojheud
ri J0pdsv rxwolqhg lq Vhfwlrq 514 wkurxjk dq lqwhuidfh zklfk lv surylghg e| wkh
dssolfdwlrq surjudpphu> vhh Iljxuh 6141 Wkxv/ wkh WWO lv wrwdoo| lqghshqghqw ri
wkh xqghuo|lqj gdwd vwuxfwxuh1 Wklv lv lq frqwudvw wr wkh wudglwlrqdo uljlg ghvljq
ri wuldqjxodwlrq vriwzduh zlwk dojrulwkpv zrunlqj gluhfwo| rq d vshfl�f gdwd
vwuxfwxuh dv ghslfwhg lq Iljxuh 6151 Lpsohphqwdwlrq ri wkh lqwhuidfh ehwzhhq
wkh WWO dqg wkh dssolfdwlrq gdwd vwuxfwxuh lv h{hpsol�hg xvlqj wkh kdoi0hgjh
gdwd vwuxfwxuh ghvfulehg lq Vhfwlrq 5151
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Application Data Structure

Triangulation
Template Library (TTL)
(Generic algorithms based on G-maps)

Topological elements: Darts D = {d}
Iterators α i : D → D,  i = 0,1,2

Interface to application data structure
Implements Dart and α-iterators

Application

Iljxuh 614= Jhqhulf ghvljq ri wuldqjxodwlrq vriwzduh xvlqj J0pdsv

Fixed Application Data Structure
(e.g. half-edge data structure)

Application

Algorithms on triangulations

Iljxuh 615= Wudglwlrqdo uljlg ghvljq ri wuldqjxodwlrq vriwzduh
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614 Wrsrorjlfdo Txhulhv

Rqh fodvv ri wrsrorjlfdo rshudwlrqv rq d wuldqjxodwlrq frqvlvwv ri ixqfwlrqv wkdw
duh sxuh txhulhv rq wkh wrsrorj| vwuxfwxuh1 D qxpehu ri vxfk ixqfwlrqv duh
qhhghg lq frpphufldo wuldqjxodwlrq vriwzduh/ vxfk dv dffhvvlqj hgjhv lqflghqw
zlwk d jlyhq qrgh/ �qglqj wuldqjohv dgmdfhqw wr d jlyhq wuldqjoh/ wudyhuvlqj wkh
erxqgdu| ri wkh wuldqjxodwlrq/ hwf1 Wkhvh txhulhv fdq hdvlo| eh lpsohphqwhg
jhqhulfdoo| lq wkh WWO xvlqj wkh frqfhswv ri gduwv dqg �0lwhudwruv lq J0pdsv1

Zh vwduw zlwk d yhu| vlpsoh ixqfwlrq/ wkdw ri ghflglqj li dq hgjh ri d wuldqjoh
lv dw wkh erxqgdu| ri wkh wuldqjxodwlrq1 Uhfdoo iurp wkh dojheudlf ghvfulswlrq ri
J0pdsv lq Vhfwlrq 514 wkdw zh doorzhg iru �{hg srlqwv iru wkh � � 0lwhudwru1 Wkxv/
li dq hgjh H � ri d gduw g @ +Y � > H� > W � , lv dw wkh erxqgdu| ri wkh wuldqjxodwlrq/
wkhq � � +g, @ g1 D svhxgr frgh iru d ixqfwlrq lvErxqgdu|Hgjh wkdw �qgv li H�
lv d erxqgdu| hgjh fdq eh zulwwhq vlpso| dv=

li � � +g, @@ g
uhwxuq WUXH

hovh
uhwxuq IDOVH

Qrwh wkdw wkh ehkdylrxu ri wklv ixqfwlrq lv qrw d�hfwhg e| krz wkh lqfrplqj
gduw lv lpsohphqwhg/ wkdw lv/ krz qrghv/ hgjhv dqg wuldqjohv ri wkh wuldqjxodwlrq
duh uhsuhvhqwhg lq wkh dfwxdo gdwd vwuxfwxuh1 Wklv vxjjhvwv wkdw d F.. ixqfwlrq
whpsodwh gh�qhv lvErxqgdu|Hgjh ^4;`1 Li/ iru d fhuwdlq gdwd vwuxfwxuh/ wkh gduw
lv gh�qhg dv d fodvv lq F.. dqg wkh � � 0lwhudwru lv lpsohphqwhg dv d phpehu
ixqfwlrq doskd5 ri wkh gduw fodvv/ wkhq wkh dojrulwkp deryh fdq eh lpsohphqwhg
jhqhulfdoo| xvlqj d ixqfwlrq whpsodwh sdudphwul}hg rq d gduw w|sh1

whpsodwh ?fodvv GduwW|shA

erro lvErxqgdu|Hgjh+frqvw GduwW|sh) gduw, ~

GduwW|sh gduwblwhu @ gduw>

li +gduwblwhu1doskd5+, @@ gduw,

uhwxuq wuxh>

hovh

uhwxuq idovh>

�

Wklv jhqhulf ixqfwlrq fdq eh xvhg e| dssolfdwlrqv edvhg rq dq| gdwd vwuxfwxuh
iru wuldqjxodwlrqv li d surshu lpsohphqwdwlrq ri d gduw fodvv lv surylghg e| wkh
dssolfdwlrq dv dq lqwhuidfh wr wkh dfwxdo gdwd vwuxfwxuh1 Wkh ixqfwlrq whpsodwh
h{shfwv wkdw d phpehu ixqfwlrq doskd5 lv suhvhqw lq wkh gduw fodvv dqg vkrxog
uhwxuq d gduw dv gh�qhg e| wkh � � 0lwhudwru1 Lq dgglwlrq/ wkh ixqfwlrq whpsodwh
h{shfwv d frs| frqvwuxfwru dqg d errohdq rshudwru@@ iru frpsdulqj gduw re0
mhfwv1 Dffruglqj wr wkh gh�qlwlrq ri d �{hg srlqw/ doskd5 vkrxog ohdyh wkh
gduw xqfkdqjhg li wkh hgjh dvvrfldwhg zlwk wkh gduw lv dw wkh erxqgdu| ri wkh
wuldqjxodwlrq1
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Vlploduo|/ d idplo| ri rwkhu wrsrorjlfdo txhulhv fdq eh lpsohphqwhg dv ixqf0
wlrq whpsodwhv1 Gl�huhqw txhulhv zloo uhtxluh wkdw gl�huhqw phpehu ixqfwlrqv
duh lpsohphqwhg lq wkh gduw fodvv1 Exw lq jhqhudo/ iru wrsrorjlfdo txhulhv zkhuh
wkh wrsrorj| ri wkh wuldqjxodwlrq vwuxfwxuh lv qrw fkdqjhg/ rqo| wkh �0lwhudwruv
qhhg wr eh suhvhqw/ lq dgglwlrq wr vwdqgdug fodvv phpehu ixqfwlrqv vxfk dv
frqvwuxfwruv/ dvvljqphqw rshudwruv dqg wkh olnh1 Wkh frgh olvwlqj lq Iljxuh 616
vkrzv dq h{dpsoh ri d gduw fodvv wkdw fdq vhuyh dv dq lqwhuidfh ehwzhhq wkh WWO
dqg wkh kdoi0hgjh gdwd vwuxfwxuh1 Wkh phpehu ixqfwlrqv doskd3/ doskd4 dqg
doskd5 fruuhvsrqg wr wkh lwhudwruv � � / � � dqg � � uhvshfwlyho|1 Lw lv dvvxphg
wkdw d fodvv KdoiHgjh lv lpsohphqwhg zlwk phpehu ixqfwlrqv jhwQh{wKdoiHgjh

dqg jhwWzlqHgjh dv h{sodlqhg lq Vhfwlrq 5151
Wkh gdwd phpehuv ri wkh gduw fodvv frqvlvw ri d srlqwhu wr d kdoi0hgjh dqg

d errohdq yduldeoh lqglfdwlqj zkhwkhu wkh gduw lv srvlwlrqhg dw wkh vrxufh qrgh
ri wkh kdoi0hgjh ru dw wkh wdujhw qrgh ri wkh kdoi0hgjh1 Wkh �0lwhudwruv fkdqjh
wkh frqwhqw ri wkh gduw dqg uhwxuq d uhihuhqfh wr wkh gduw lwvhoi1 Wklv lv iru
frqyhqlhqfh/ dv wkh ixqfwlrq whpsodwhv ehfrph pruh frpsdfw dqg duh hdvlhu wr
zulwh> vhh lvErxqgdu|Hgjh deryh1 Wkxv/ wkh gduw lv lpsohphqwhg dv d g|qdplf
hohphqw zklfk fkdqjhv lwv frqwhqw dqg srvlwlrq lq wkh wuldqjxodwlrq wkurxjk wkh
�0lwhudwruv1 Wkh phpehu ixqfwlrq doskd3/ zklfk fruuhvsrqgv wr wkh � � 0lwhudwru/
mxvw vzlwfkhv wkh errohdq yduldeoh glub vxfk wkdw wkh gduw lv uhsrvlwlrqhg wr wkh
rwkhu qrgh ri wkh hgjh1 Wkh phpehu ixqfwlrqv doskd4 dqg doskd5 qhhg vrph
pruh rshudwlrqv wr fduu| rxw wkh � � dqg � � rshudwlrqv1 Qrwh wkdw doskd5 dv0
vxphv wkdw KdoiHgjh==jhwWzlqHgjh uhwxuqv QXOO li wkh hgjh lv dw wkh erxqgdu|
ri wkh wuldqjxodwlrq1 Wklv fruuhvsrqgv wr d �{hg srlqw ri wkh � � 0lwhudwru1

Wkh vlpsoh h{huflvh rxwolqhg deryh dovr dssolhv iru rwkhu erxqgdu| edvhg
prghov zkhuh idfhv duh qrw qhfhvvdulo| wuldqjohv1 Wkh rqo| dvvxpswlrq deryh
derxw idfhv ehlqj wuldqjohv lv wkh phpehu ixqfwlrq doskd4 ri wkh gduw fodvv
lq Iljxuh 616/ zklfk pxvw eh prgl�hg voljkwo| wr kdqgoh idfhv zlwk duelwudu|
qxpehu ri hgjhv1

Lq dgglwlrq wr lvErxqgdu|Hgjh d qxpehu ri rwkhu wrsrorjlfdo txhulhv duh
qhhghg lq dq dssolfdwlrq1 Wkh iroorzlqj vlpsoh ixqfwlrqv duh sdudphwul}hg rq
d gduw w|sh dqg zloo zrun surshuo| li wkh gduw lv lpsohphqwhg dv vkrzq lq
Iljxuh 6161

� erro lvErxqgdu|Wuldqjoh+frqvw GduwW|sh) g,>

Wkh jlyhq gduw g @ +Y � > H � > W � , lv dq duelwudu| rqh srvlwlrqhg lq wkh wul0
dqjoh W � wr eh h{dplqhg1 Hgjhv duh fkhfnhg dv lq lvErxqgdu|Hgjh deryh
dqg wkh frpsrvlwlrq � � �� � +g, lv xvhg wr uhsrvlwlrq wkh gduw lq wkh 50ruelw
wr wkh qh{w hgjh lq wkh wuldqjoh1

� erro lvErxqgdu|Qrgh+frqvw GduwW|sh) g,>

Wkh frpsrvlwlrq � � � � � +g, uhsrvlwlrqv wkh gduw lq wkh 30ruelw wr dq hgjh
ri wkh qh{w wuldqjoh wkdw kdv wkh qrgh ri wkh jlyhq gduw dv d phpehu1 Wkh
qrgh lv dw wkh erxqgdu| ri wkh wuldqjxodwlrq li rqh ri wkh hgjhv lv1 Hdfk
hgjh lv fkhfnhg dv h{sodlqhg suhylrxvo|1
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Iljxuh 616= H{dpsoh ri d gduw fodvv iru wkh kdoi0hgjh gdwd vwuxfwxuh1
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� lqw jhwGhjuhhRiQrgh+frqvw GduwW|sh) g,>

Wkh ghjuhh +ru ydohqf|, ri d qrgh Y � lq d wuldqjxodwlrq/ lv gh�qhg dv wkh
qxpehu ri hgjhv lqflghqw zlwk Y � / wkdw lv/ wkh qxpehu ri hgjhv mrlqlqj
Y � zlwk dqrwkhu qrgh1 Wkh hgjhv duh frxqwhg e| frxqwlqj wkh qxpehu ri
� � � � � frpsrvlwlrqv wkdw fdq eh grqh lq wkh 30ruelw xqwlo wkh jlyhq gduw
lv uhdfkhg djdlq1

Wkh odvw ixqfwlrq lv voljkwo| pruh lqyroyhg vlqfh wkh qrgh pd| eh dw wkh
erxqgdu| ri wkh wuldqjxodwlrq/ lq zklfk fdvh d �{hg srlqw iru wkh � � 0lwhudwlrq
lv uhdfkhg1 Dvvxplqj wkdw wkh dfwxdo qrgh lv qrw dw wkh erxqgdu|/ wkh ixqfwlrq
fdq eh lpsohphqwhg dv=

whpsodwh ?fodvv GduwW|shA

lqw jhwGhjuhhRiQrgh+frqvw GduwW|sh) gduw, ~

GduwW|sh gduwblwhu @ gduw>

lqw ghjuhh @ 3>

gr ~

gduwblwhu1doskd4+,1doskd5+,>

..ghjuhh>

� zkloh +gduwblwhu $@ gduw,>

uhwxuq ghjuhh>

�

Rwkhu txhulhv frpprqo| suhvhqw lq wuldqjxodwlrq vriwzduh duh ixqfwlrqv wkdw
uhwxuq wrsrorjlfdo hohphqwv iurp wkh wuldqjxodwlrq vwuxfwxuh1 Li d �{hg qxpehu
ri wrsrorjlfdo hohphqwv vkrxog eh uhwxuqhg/ iru h{dpsoh wkuhh wuldqjohv W � / W �
dqg W � dgmdfhqw wr d jlyhq wuldqjoh/ wkhq wkh wuldqjohv fdq eh uhwxuqhg e| d
ixqfwlrq whpsodwh dv wkuhh gduwv g � � / g � � dqg g � � wkdw kdyh W � / W � dqg W � dv
phpehuv ri wkhlu uhvshfwlyh gduw wulsohv1 Wkh ghfodudwlrq pd| uhdg dv iroorzv=

� yrlg jhwDgmdfhqwWuldqjohv+frqvwGduwW|sh)g/

GduwW|sh)gw4/ GduwW|sh) gw5/ GduwW|sh) gw6,>

Li wkh jlyhq wuldqjoh lv dw wkh erxqgdu| ri wkh wuldqjxodwlrq/ rqh ru pruh ri
wkh uhwxuqhg gduwv zloo lqglfdwh d �QXOO remhfw�1 D ghidxow frqvwuxfwru
pd| suhsduh vxfk dq remhfw/ dqg d errohdq ixqfwlrq Gduw==lvQxoo+, pd|
lqglfdwh li wkh gduw lv d QXOO remhfw1

Wkh fodvv whpsodwh olvw lq VWO/ Wkh Vwdqgdug Whpsodwh Oleudu| zklfk lv
sduw ri wkh F.. vwdqgdug/ fdq eh xvhg li dq xqnqrzq qxpehu ri wrsrorjlfdo ho0
hphqwv vkrxog eh jlyhq ru uhwxuqhg iurp d ixqfwlrq1 Vwloo/ wkh ixqfwlrq whpsodwh
fdq eh sdudphwul}hg rq d gduw w|sh rqo|1 D ixqfwlrq iru �qglqj wkh erxqgdu|
ri d wuldqjxodwlrq pd| eh ghfoduhg wkxv=

� yrlg jhwErxqgdu|+frqvw GduwW|sh) g/

olvw?GduwW|shA) erxqgdu|,>

Wklv ixqfwlrq dvvxphv wkdw d gduw dw wkh erxqgdu| ri wkh wuldqjxodwlrq lv
jlyhq dv lqsxw1 Wkh 30ruelw dw hdfk erxqgdu| qrgh lv lwhudwhg zlwk � � �� �
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frpsrvlwlrqv dqg wkh ixqfwlrq uhwxuqv dq VWO olvw ri gduwv uhsuhvhqwlqj
doo wkh hgjhv dw wkh erxqgdu|1 +Dowhuqdwlyho|/ wkh olvw w|sh fdq dovr eh
sdudphwul}hg e| wkh ixqfwlrq whpsodwh1,

Zh kdyh sdudphwul}hg wkh ixqfwlrq whpsodwhv rq d gduw w|sh rqo| wr nhhs wkh
lqwhuidfhv fohdq dqg wr olplw wkh ixqfwlrqdolw| qhhghg rq wkh dssolfdwlrq vlgh1
Lw pd| zhoo wxuq rxw wkdw rwkhu vroxwlrqv duh pruh h!flhqw1 Dq dowhuqdwlyh
wr uhwxuqlqj wrsrorjlfdo hohphqwv iurp wkh ixqfwlrqv dv gduwv lv wr sdudphwul}h
wkh ixqfwlrq whpsodwhv rq QrghW|sh/ HgjhW|sh dqg WuldqjohW|sh1 Wkh dfwxdo
gdwd vwuxfwxuh qhhgv qrw frqwdlq wkhvh w|shv/ exw wkhuh pxvw eh d phfkdqlvp/
iru h{dpsoh lq wkh gduw fodvv/ iru uhwulhylqj d uhihuhqfh +ru d srlqwhu, wr d qrgh/
dq hgjh ru d wuldqjoh iurp wkh wulsoh uhsuhvhqwhg e| d gduw1 Wkxv/ jhwErxqgdu|

deryh pd| uhwxuq olvw?HgjhW|sh-A uhsuhvhqwlqj wkh erxqgdu| dv d olvw ri
srlqwhuv wr hgjhv1 Wklv zrxog vdyh phpru| dqg dyrlg frs|lqj ri gduw remhfwv/
exw lw zrxog uhtxluh vrph pruh lpsohphqwdwlrq e| wkh dssolfdwlrq surjudpphu1

Wkh n0ruelwv lq Gh�qlwlrq 514 uhsuhvhqw flufxodu vhtxhqfhv lq wkh vhqvh wkdw
zkhq wudyhuvlqj wkh gduwv ri dq ruelw lq rqh gluhfwlrq wkh vdph gduw lv uhdfkhg
djdlq +wkrxjk wklv lv qrw wkh fdvh iru d 30ruelw dw d erxqgdu| qrgh,1 Wkxv/ wkh|
duh gl�huhqw iurp olqhdu vhtxhqfhv vxssruwhg e| lwhudwruv dqg frqwdlqhu fodvvhv
lq VWO1 Wkh vlpsoh frqfhsw ri flufxodwruv ^43` fdq eh xvhg wr lqwhjudwh vxfk
flufxodu vhtxhqfhv lq wkh iudphzrun ri VWO1 Wudyhuvdo ri gduwv lq d n0ruelw fdq
wkhq eh grqh xvlqj wkh vdph v|qwd{ dv zkhq wudyhuvlqj d olvw ru d yhfwru lq VWO/
dqg pruhryhu/ jhqhulf dojrulwkpv lq VWO fdq rshudwh rq wkh n0ruelwv1

615 Jhrphwulf Txhulhv

Lq wkh suhylrxv vhfwlrq/ rqo| wrsrorjlfdo lqirupdwlrq zdv xvhg e| wkh ixqfwlrq
whpsodwhv/ dqg wkh wrsrorjlfdo rshudwlrqv uhtxluhg lq wkh gduw fodvv zdv olplwhg
wr wkh �0lwhudwruv rqo|1 Lq wklv vhfwlrq wkh WWO lv h{whqghg wr kdqgoh jhrphwulf
srvlwlrqdo hpehgglqj lqirupdwlrq ri qrghv lq wkh wuldqjxodwlrq vwuxfwxuh1 Wkh
jhrphwulf rshudwlrqv zloo vwloo eh dw d txhu| ohyho lq wkh vhqvh wkdw qr fkdqjhv ri
wkh wuldqjxodwlrq wdnh sodfh wkurxjk wkh rshudwlrqv1 Wrsrorjlfdo dqg jhrphwulf
rshudwlrqv wkdw prgli| wkh wuldqjxodwlrq zloo eh glvfxvvhg lq Vhfwlrq 6161

D vlpsoh h{dpsoh lqyroylqj jhrphwulf fdofxodwlrqv lv wkdw ri �qglqj li d
jlyhq srlqw s lv orfdwhg lqvlgh d jlyhq wuldqjoh1 Wklv rshudwlrq lv qhhghg lq
pdq| frqwh{wv/ iru h{dpsoh zkhq hydoxdwlqj vxuidfh wuldqjxodwlrqv/ dqg zkhq
lqvhuwlqj d qhz srlqw lqwr dq h{lvwlqj wuldqjxodwlrq1 Wkh odwwhu lv ghdow zlwk lq
Vhfwlrq 7 lq frqqhfwlrq zlwk dq lqfuhphqwdo Ghodxqd| wuldqjxodwlrq dojrulwkp1
Dvvxph wkdw d gduw g @ +Y � > H� > W � , lv rulhqwhg frxqwhuforfnzlvh lq wkh wuldqjoh
W � 1 Ohw K+g, ghqrwh wkh kdoi0sodqh wr wkh ohiw ri g/ dqg frqwdlqlqj Y � dqg wkh
rssrvlwh qrgh wr Y � / wkdw lv/ wkh qrgh Y �� dvvrfldwhg zlwk wkh gduw g � @ � � +g,1
Wkh uhjlrq gh�qhg e| wkh lqwhuvhfwlrq

K+g, _ K +� � � � � +g,, _ K +� � � � � +g,, +614,

lv wkh wuldqjoh W � zkhuh wkh gduw g lv srvlwlrqhg1 Wkxv/ s lv orfdwhg lq W � li dqg
rqo| li s olhv lq wkh wkuhh kdoi0sodqhv ri h{suhvvlrq +614,1 Wkh txhu| s 5 K+g,
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fdq eh lpsohphqwhg e| hydoxdwlqj wkh vljq ri d ghwhuplqdqw1 Ohw +{ � > | � , dqg
+{ � > | � , eh wkh srvlwlrqv lq wkh sodqh ri Y � dqg Y �� / dqg ohw s @ +{ � > | � ,1 Wkh
ghwhuplqdqw/

�

�

�

�

�

�

{ � | � 4
{ � | � 4
{ � | � 4

�

�

�

�

�

�

@ { � | � � { � | � � { � | � . { � | � . { � | � � { � | � >

hydoxdwhv wr }hur li s lv rq wkh olqh ehwzhhq Y � dqg Y �� / dqg lw lv juhdwhu wkdq
}hur li s lv wr wkh ohiw ri wkh olqh ehwzhhq Y � dqg Y �� 1 Wkhuh duh pdq| srv0
vleoh zd|v ri vroylqj wkh srlqw orfdwlrq sureohp/ dqg vlplodu sureohpv/ xvlqj
ixqfwlrq whpsodwhv1 Lq sulqflsoh wkhuh duh wzr urdgv dkhdg1 Rqh ohdgv wr lp0
sohphqwlqj ixqfwlrqdolw| olnh wkh txhu| s 5 K+g, lqvlgh wkh WWO1 Xvlqj wkh
vdph dssurdfk dv iru wrsrorjlfdo txhu| rshudwlrqv lq Vhfwlrq 614/ wkh jhrphw0
ulf rshudwlrqv uhtxluhg lq wkh gduw fodvv frxog vlpso| eh wkh dffhvv ixqfwlrqv/
grxeoh Gduw=={+,/ dqg olnhzlvh iru | dqg }/ zklfk uhwxuq wkh srvlwlrq lq vsdfh
ri d qrgh dvvrfldwhg zlwk d gduw1 Wkh WWO zrxog wkhq lpsohphqw vwdqgdug
frpsxwdwlrqdo jhrphwu| ixqfwlrqdolw| qhfhvvdu| iru h{hfxwlqj wkh oleudu| ixqf0
wlrqv1 Wkh sureohp zlwk wklv dssurdfk lv wkdw wkh dssolfdwlrq surjudpphu pxvw
uho| rq d �{hg frpsxwdwlrqdo jhrphwu| oleudu| klgghq lqvlgh wkh WWO1

Wkh rwkhu dssurdfk ohdgv wr d kljkhu ohyho ri devwudfwlrq e| uhtxlulqj wkdw
+orz ohyho, frpsxwdwlrqdo jhrphwu| ixqfwlrqdolw| eh surylghg iurp rxwvlgh wkh
WWO1 Lw lv wkhq wkh dssolfdwlrq*v wdvn wr lpsohphqw wklv ixqfwlrqdolw|1 Wklv ds0
surdfk vxjjhvwv wkdw wkh txhu| s 5 K+g, eh lpsohphqwhg dv d errohdq ixqfwlrq
lqOhiwKdoiSodqh+Srlqw5g), lq wkh gduw fodvv � 1 Dowkrxjk vrph pruh lpsoh0
phqwdwlrq zrun lv uhtxluhg e| wkh dssolfdwlrq surjudpphu/ wkh odwwhu dssurdfk
pljkw eh suhihudeoh iru vhyhudo uhdvrqv1 Wkh prvw lpsruwdqw lv wkdw wkh ds0
solfdwlrq surjudpphu fdq fkrrvh wkh ohyho ri dffxudf|1 Whvwv olnh s 5 K+g,
fdq eh lpsohphqwhg vlpso| dv deryh e| hydoxdwlqj wkh vljq ri d ghwhuplqdqw1
Exw wkh whvw lqyroyhv  rdwlqj srlqw dulwkphwlf zklfk pd| ohdg wr dq lqfruuhfw
uhvxow gxh wr urxqg0r� huuruv zkhq wkh ghwhuplqdqw lv qhdu }hur1 Wkh sureohp
fdq eh vroyhg xvlqj h{dfw dulwkphwlf/ exw wkhq wkh vshhg zrxog suredeo| eh
uhgxfhg e| rughuv ri pdjqlwxgh1 Vkhzfkxn ^55` ghvfulehv gl�huhqw whfkqltxhv
iru vroylqj wkh sureohp deryh dqg uhodwhg sureohpv lqyroylqj srlqw dqg yhfwru
dojheud/ zlwk gl�huhqw ohyhov ri dffxudf|1 D ixqfwlrq lqWuldqjoh fdq qrz eh
lpsohphqwhg lq F.. wkxv=

whpsodwh ?fodvv Srlqw5gW|sh/ fodvv GduwW|shA

erro lqWuldqjoh+frqvw Srlqw5gW|sh) srlqw/ GduwW|sh) gduw, ~

iru +lqw l @ 3> l ? 6> l.., ~

li +$gduw1lqOhiwKdoiSodqh+srlqw,,

uhwxuq idovh>

gduw1doskd3+,1doskd4+,>
�a� ���-� �����
��" %������m���� �¡�¢&£�¤� a¥m¤�£��m�W¦&§�§�§�¨©��%���ª �«��ª �%¬)�-��� ®��
�-� �����
��" %��W¯)��� �����
��" %��«" �«�����°±��.����
��¯�%�®/" �$�²�#®³��" ����
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�

uhwxuq wuxh>

�

Wkh ixqfwlrq whpsodwh lv sdudphwul}hg rq d srlqw w|sh lq dgglwlrq wr d gduw w|sh1
Wkh wuldqjoh lq txhvwlrq lv jlyhq dv d gduw wkdw kdv wkh wuldqjoh dv d phpehu
ri lwv wulsoh1 D errohdq ixqfwlrq lqOhiwKdoiSodqh pxvw eh lpsohphqwhg lq
wkh gduw fodvv dqg vkrxog uhwxuq idovh li wkh jlyhq srlqw lv qrw srvlwlrqhg wr
wkh ohiw ri wkh gduw1 Wkh ixqfwlrq dovr dvvxphv wkdw wkh jlyhq gduw lv rulhqwhg
frxqwhuforfnzlvh lq wkh wuldqjoh1

D ixqfwlrq frpprq lq wuldqjxodwlrq vriwzduh lv wkdw ri orfdwlqj wkh wuldqjoh
lq d wuldqjxodwlrq frqwdlqlqj d jlyhq srlqw1 Lw fdq eh lpsohphqwhg edvhg rq
wkh vdph ixqfwlrqdolw| lq wkh gduw fodvv dv uhtxluhg e| lqWuldqjoh deryh1 Qrwh
�uvw krz �{hg srlqwv iru wkh � � 0lwhudwru dw wkh erxqgdu| ri wkh wuldqjxodwlrq
fdq eh kdqgohg1 Li iru vrph gduw g ´ zh kdyh � � +g ´ , @ g ´ / wkhq g ´ lv srvlwlrqhg
dw d erxqgdu| hgjh1 Li g ´ lv rulhqwhg frxqwhuforfnzlvh lq wkh wuldqjoh dqg wkh
erxqgdu| ri wkh wuldqjxodwlrq lv frqyh{/ wkhq s olhv rxwvlgh wkh wuldqjxodwlrq li
s @5 K+g ´ ,1 Wkh iroorzlqj wdnhv dv lqsxw d srlqw s lq wkh sodqh dqg dq duelwudu|
gduw g � @ +Y � > H � > W � , rulhqwhg frxqwhuforfnzlvh lq W � 1 Lw lv dvvxphg wkdw d
kdoi0sodqh K+g � , lv gh�qhg dv deryh1

Dojrulwkp 614 +Gduw orfdwhWuldqjoh+Srlqw s/ Gduw g � / erro irxqg,,

41 g µ �·¶�¸�� @ g ¹
51 li s 5 K+g ¹ , @@ lv s lq wkh kdoi0sodqh K+g ¹ ,B
61 g ¹ @ � º � � » +g ¹ , @@ qh{w hgjh frxqwhuforfnzlvh +ffz1,

71 li g ¹ @@ g ¼#½·¾�¿�½
81 irxqg @ WUXH/ UHWXUQ g ¹ @@ lqvlgh wuldqjoh ri g ¹
91 hovh @@ wu| wr pryh wr wkh dgmdfhqw wuldqjoh

:1 li � À +g ¹ , @@ g ¹ @@ fkhfn li rq erxqgdu|

;1 irxqg @ IDOVH/ UHWXUQ g ¹ @@ rxwvlgh wuldqjxodwlrq

<1 g ¼#½·¾�¿�½ @ � » � � À +g ¹ ,
431 g ¹ @ � º � � À +g ¹ , @@ qh{w hgjh ffz1 lq dgmdfhqw wuldqjoh

441 JRWR Vwhs 5

Iljxuh 617 vkrzv krz wkh jlyhq gduw g ¹ lv vxffhvvlyho| uhsrvlwlrqhg xqwlo lw
uhdfkhv wkh wuldqjoh zkhuh s lv orfdwhg1 Wkh frpsrvlwlrq � º � � » +g ¹ , +Vwhs 6,
pryhv wkh gduw lqvlgh d wuldqjoh/ dqg zlwk wkh frpsrvlwlrq � º �� À +g ¹ , +Vwhs 43,/
wkh gduw lv pryhg dfurvv dq hgjh ri wzr dgmdfhqw wuldqjohv dqg srvlwlrqhg dw wkh
qh{w hgjh1 Vlqfh d frpsrvlwlrq ri wzr �0lwhudwruv lv xvhg wr pryh wkh gduw/ lw lv
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di

Iljxuh 617= Orfdol}lqj d srlqw s vwduwlqj iurp d gduw g ¹ 1

dozd|v nhsw lq frxqwhuforfnzlvh gluhfwlrq lqvlgh d wuldqjoh1 Wkh gdvkhg gduwv lq
wkh �jxuh uhsuhvhqw g ¼#½·¾�¿�½ lq Vwhs <1 Qr wuldqjoh ru kdoi0sodqh dvvrfldwhg zlwk dq
hgjh lv hyhu frqvlghuhg wzlfh1 Wkh dojrulwkp whuplqdwhv zlwk g ¹ lq wkh orfdwhg
wuldqjoh/ ru lw whuplqdwhv dw Vwhs ; zlwk g ¹ dw wkh erxqgdu| li s lv rxwvlgh wkh
wuldqjxodwlrq1 Lq wkh odwwhu fdvh ri Vwhs ;/ zh kdyh d �{hg srlqw/ � À +g ¹ , @ g ¹ /
dqg s @5 K+g ¹ ,1 Lw lv dvvxphg wkdw wkh erxqgdu| ri wkh wuldqjxodwlrq lv frqyh{
dqg wkdw wkhuh duh qr krohv lq wkh wuldqjxodwlrq1 D wuldqjoh lv dovr orfdwhg li
s lv rq dq hgjh ru rq d qrgh1 Wkh dojrulwkp lv idvw/ exw lw lv qrw urexvw zlwk
uhvshfw wr wuldqjohv wkdw duh ghjhqhudwh ru doprvw ghjhqhudwh1

Vlploduo|/ d udqjh ri phwkrgv frpprqo| suhvhqw lq wuldqjxodwlrq vriwzduh fdq
eh lpsohphqwhg jhqhulfdoo| dv ixqfwlrq whpsodwhv edvhg rq d olplwhg qxpehu ri
+sulplwlyh, jhrphwulf rshudwlrqv uhtxluhg lq wkh lqwhuidfh wr wkh dfwxdo gdwd
vwuxfwxuh1 Lq dgglwlrq wr lqOhiwKdoiSodqh/ vfdodu surgxfw dqg furvv surgxfw
ehwzhhq yhfwruv +dv gh�qhg e| gduwv, zloo vx!fh wr fryhu d ydulhw| ri jhrphwulf
ixqfwlrqv1

616 Jhrphwulf dqg Wrsrorjlfdo Prgl�huv

Wkh vfrsh vr idu kdv ehhq rq jhqhulf ixqfwlrq whpsodwhv wkdw duh txhulhv/ lq wkh
vhqvh wkdw wkh wrsrorj| dqg wkh jhrphwu| ri wkh wuldqjxodwlrq lv qrw fkdqjhg
wkurxjk wkh rshudwlrqv1 Ehorz zh glvfxvv krz wkh WWO fdq eh h{whqghg wr
lqfoxgh rshudwlrqv wkdw prgli| wkh wrsrorj| dqg wkh jhrphwulf hpehgglqj lq0
irupdwlrq ri wuldqjxodwlrqv1

Lq pdq| dssolfdwlrqv/ iru h{dpsoh whuudlq prghoolqj/ wkh rqo| jhrphwulf
hpehgglqj lqirupdwlrq lq d wulqjxodwlrq lv wkh 6G srvlwlrqv ri qrghv1 Wkxv/
d qdwxudo h{whqvlrq ri wkh frqfhswv deryh lv wr uhtxluh hohphqwdu| jhrphwulf
prgl�huv lq wkh gduw fodvv/ iru h{dpsoh/ Gduw==vhwQrgh[+uhdoW|sh {,/ dqg
olnhzlvh iru | dqg }/ wkdw prgli| wkh srvlwlrq lq vsdfh ri d qrgh dvvrfldwhg zlwk
d gduw1 Wrjhwkhu zlwk fruuhvsrqglqj dffhvv ixqfwlrqv dqg wrsrorjlfdo txhu|
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ixqfwlrqv edvhg rq �0lwhudwruv/ wklv zrxog vx!fh iru ixqfwlrqv wkdw prgli| wkh
jhrphwu| ri d wuldqjxodwlrq1

Wrsrorjlfdo prgl�huv duh pruh frpsoh{ wkdq jhrphwulf prgl�huv1 Wkh| fdq
eulh | eh vxeglylghg lqwr wkuhh pdlq fdwhjrulhv1

41 Prgl�huv wkdw suhvhuyh doo qrghv dqg wkh qxpehu ri hgjhv dqg wuldqjohv1
Wklv fdq eh grqh e| vzdsslqj hgjhv wkdw duh gldjrqdov ri vwulfwo| frqyh{
txdgulodwhudov1 Lw lv zhoo nqrzq wkdw doo srvvleoh wuldqjxodwlrqv ri d vhw ri
srlqwv fdq eh uhdfkhg e| d vhtxhqfh ri hgjh0vzdsv vwduwlqj iurp dq lqlwldo
wuldqjxodwlrq ri wkh srlqwv ^44`1

51 Prgl�huv wkdw uhpryh qrghv hgjhv dqg wuldqjohv1 Uhprylqj rqh ri wkhvh
hohphqwv pd| dovr lpso| uhprylqj vrph ri wkh rwkhuv1 Iru h{dpsoh/ uh0
prylqj dq lqwhuqdo hgjh dovr lpsolhv uhprylqj wzr wuldqjohv1

61 Prgl�huv wkdw dgg qrghv/ hgjhv dqg wuldqjohv lq d wuldqjxodwlrq1

Vhyhudo h{whqvlrqv ri wkh WWO ghvfulehg suhylrxvo| duh qhfhvvdu| wr lqfru0
srudwh wrsrorjlfdo prgl�huv dv jhqhulf ixqfwlrqv/ dqg pruh h�ruw zloo eh sxw rq
wkh dssolfdwlrq surjudpphu wr lpsohphqw frxqwhusduwv lqwhuidflqj wkh dfwxdo
gdwd vwuxfwxuh1

Wrsrorjlfdo prgl�huv fdq eh ghvfulehg dojheudlfdoo| xvlqj wrsrorjlfdo rs0
hudwruv edvhg rq wkh frqfhsw ri vhzlqj lq J0pdsv1 Wkhvh rshudwruv hvwdeolvk
wkh lqyroxwlrqv lq d J0pds/ wkdw lv/ wkh uhodwlrqvklsv ehwzhhq gduwv dv gh�qhg
wkurxjk �0lwhudwruv1 Wzr gduwv g ¹ dqg gÁ duh vdlg wr eh n0vhzhg/ ru � Â 0vhzhg/
lq d J0pds li � Â +g ¹ , @ gÁ +dqg � Â +gÁ , @ g ¹ ,1 Wklv pd| vxjjhvw wkdw wrsr0
orjlfdo prgl�huv lq wkh WWO fdq eh edvhg rq vhzlqj0rshudwruv li lw lv srvvleoh
wr lpsohphqw dvvrfldwhg frxqwhusduwv lq wkh lqwhuidfh wr wkh dssolfdwlrq gdwd
vwuxfwxuh1

Ohw xv dqdo|}h wkh hgjh0vzdsslqj rshudwlrq phqwlrqhg deryh dojheudlfdoo|
wkurxjk vhzlqj0rshudwruv1 Iljxuh 618 vkrzv wzr wuldqjohv iruplqj d frqyh{
txdgulodwhudo lq d wuldqjxodwlrq1 Wkh hgjh H ¹ zlwk qrghv Y º dqg Y À fdq eh
vzdsshg wr ehfrph d qhz hgjh H �¹ zlwk qrghv Y Ã dqg Y Ä 1 Dsduw iurp dvvljqlqj
qhz qrghv wr H �¹ / d wrwdo ri vl{ vhzlqj0rshudwlrqv duh uhtxluhg wr shuirup wkh
hgjh0vzdsslqj= hdfk xqsulphg gduw g ¹ lq wkh �jxuh pxvw eh � º 0vhzhg zlwk wkh
sulphg gduw g � ¹ / l @ 4> = = = > 9 iru hvwdeolvklqj d fruuhfw wrsrorj|1 Wklv lqyroyhv
doo gduwv ri wkh wzr wuldqjohv1 Rqo| � º 0vhzlqjv duh lqyroyhg lq wkh vzdsslqj/
� » 0vhzlqjv dqg � À 0vhzlqjv duh doo pdlqwdlqhg1

Li zh wu| wr lpsohphqw wkhvh orzhu ohyho vhzlqj0rshudwruv lq dq lqwhuidfh
wr wkh kdoi0hgjh gdwd vwuxfwxuh/ zh pd| idfh vhyhuh sureohpv1 Dq dwwhpsw
wr lpsohphqw d ixqfwlrq olnh vhz4+g º / g À ,/ wkdw hvwdeolvkhv wkh uhodwlrqvkls
� º +g º , @ g À dqg � º +g À , @ g º / zrxog ghvwur| wkh srlqwhu vwuxfwxuh dqg fuhdwh
dq lqwhuphgldwh wrsrorjlfdo uhsuhvhqwdwlrq wkdw lv qrw ohjdo iru d wuldqjxodwlrq1

Dqrwkhu dssurdfk lv wr uhtxluh wkdw d kljkhu ohyho ixqfwlrq vzdsHgjh+Gduw g,/
wkdw vzdsv dq hgjh dvvrfldwhg zlwk d gduw/ eh lpsohphqwhg lq wkh lqwhuidfh wr
wkh gdwd vwuxfwxuh +dqg qrw dv sduw ri wkh WWO,1 Wkh uhvsrqvlelolw| iru orzhu
ohyho rshudwlrqv fduu|lqj rxw wkh hgjh0vzds rq wkh dfwxdo gdwd vwuxfwxuh zrxog
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Iljxuh 618= Vzdsslqj dq hgjh lq d wuldqjxodwlrq

wkhq eh ohiw wr wkh dssolfdwlrq surjudpphu1 Dffrpsdqlhg e| d errohdq ixqf0
wlrq vzdssdeohHgjh+Gduw g, wkdw fkhfnv li wkh hgjh lv d gldjrqdo lq d vwulfwo|
frqyh{ txdgulodwhudo/ wklv zrxog eh vx!flhqw iru dojrulwkpv lq wkh WWO edvhg
rq hgjh0vzdsslqj1 Zh zloo xvh wklv dssurdfk iru wkh lqfuhphqwdo Ghodxqd|
wuldqjxodwlrq dojrulwkp lq wkh qh{w vhfwlrq1

Prgl�huv wkdw uhpryh qrghv/ hgjhv dqg wuldqjohv iurp d wuldqjxodwlrq fdq
dovr eh kdqgohg wkh WWO/ dv zhoo dv prgl�huv wkdw fuhdwh dqg dgg wrsrorjlfdo
hohphqwv1 Exw wkhuh duh pdq| srvvleoh zd|v ri gh�qlqj surshu v|qwd{ dqg vh0
pdqwlfv iru wkh lqwhusod| ehwzhhq wkh WWO rq wkh rqh vlgh/ dqg wkh dssolfdwlrq
zlwk wkh dfwxdo gdwd vwuxfwxuh rq wkh rwkhu1 H{lvwlqj qrghv/ hgjhv dqg wuldq0
johv fdq eh sdvvhg dv gduw remhfwv zkhq uhpryh0rshudwlrqv duh uhtxluhg rq wkh
dssolfdwlrq vlgh/ dqg ixqfwlrq whpsodwhv lq wkh WWO fdq eh sdudphwul}hg rq
QrghW|sh/ HgjhW|sh/ dqg WuldqjohW|sh zkhq fuhdwh0rshudwlrqv duh uhtxluhg
+wkrxjk wkhvh wrsrorjlfdo hohphqwv qhhg qrw eh sduw ri wkh dfwxdo gdwd vwuxf0
wxuh,1 Wkxv/ wkh dssolfdwlrq surjudpphu zloo frqwuro wkh frqwhqw ri wkhvh wrsr0
orjlfdo w|shv/ dv zhoo dv fuhdwlqj dqg ghohwlqj wkhp1 D qhz lqwhuidfh fkdqqho
ehwzhhq wkh WWO dqg wkh dssolfdwlrq zrxog dovr eh qhhghg lq dgglwlrq wr wkh
gduw fodvv iru fuhdwlqj dqg ghohwlqj qrghv/ hgjhv dqg wuldqjohv/ dqg wr fduu|
rxw edvlf rshudwlrqv edvhg rq wkhvh w|shv wkdw fdq eh xvhg e| kljkhu ohyho rs0
hudwlrqv lq wkh WWO1 Wklv fdq/ iru h{dpsoh/ eh vxssruwhg e| d wudlwv fodvv lq
F.. zklfk lv sdvvhg dv d whpsodwh dujxphqw wr wkh jhqhulf ixqfwlrqv ^4<`1 Wkh
wudlwv fodvv zrxog frqwdlq w|sh gh�qlwlrqv dqg vwdwlf ixqfwlrqv olnh fuhdwhQrgh

dqg ghohwhQrgh/ dqg olnhzlvh iru hgjh dqg wuldqjoh1 Dqrwkhu ixqfwlrq zrxog
eh vsolwWuldqjoh+GduwW|sh) g/ QrghW|sh) q, iru lqvhuwlqj d qhz qrgh e|
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vsolwwlqj d jlyhq wuldqjoh dvvrfldwhg zlwk d gduw lqwr wkuhh qhz wuldqjohv1 Wkh
odwwhu zloo eh xvhg e| wkh jhqhulf Ghodxqd| wuldqjxodwlrq dojrulwkp wkdw iroorzv1

7 Jhqhulf Ghodxqd| Wuldqjxodwlrq

Ghodxqd| wuldqjxodwlrqv duh wkh prvw iuhtxhqwo| xvhg frqvwuxfwlrqv iru pdnlqj
wuldqjxodwlrqv iurp d vhw ri srlqwv lq wkh sodqh1 Wkh| kdyh d qlfh htxldqjxodu
surshuw| lq wkh vhqvh wkdw wkh| dlp dw dyrlglqj orqj dqg wklq wuldqjohv/ zklfk
pd| fdxvh qxphulfdo xqvwdelolw| lq pdq| dojrulwkpv1 Lq wklv vhfwlrq zh eulh |
vxppdul}h vrph ri wkh fodvvlfdo wkhru| ri Ghodxqd| wuldqjxodwlrqv dqg xvh wkhvh
uhvxowv gluhfwo| wr rewdlq d jhqhulf dojrulwkp iru wkhlu frqvwuxfwlrq1

714 Wkhruhwlfdo Irxqgdwlrq

D Ghodxqd| wuldqjxodwlrq � ri d vhw ri srlqwv S lq wkh sodqh pd{lpl}hv wkh
plqlpxp lqwhulru dqjoh ri wkh wuldqjohv zklfk kdyh wkhlu qrghv lq S 1 Pruhryhu/
lw lv wkh wuldqjxodwlrq ri S wkdw pd{lpl}hv wkh oh{lfrjudsklfdo phdvxuh ri dq
lqglfdwru yhfwru L+�,/ vruwhg qrq0ghfuhdvlqj/ zkhuh hdfk hqwu| � ¹ ri wkh yhfwru
uhsuhvhqwv wkh vpdoohvw lqwhulru dqjoh ri hdfk wuldqjoh lq wkh wuldqjxodwlrq/

L+�, @ +� º > � À > = = = > � m Å m,> � ¹ � � Á > l ? m>

zkhuh mW m lv wkh qxpehu ri wuldqjohv lq �1 Zh vd| wkdw d yhfwru L lv oh{lfr0
judsklfdoo| odujhu wkdq d yhfwru L Æ li iru vrph lqwhjhu p/ zh kdyh � ¹ @ � Æ ¹ iru
l @ 4> = = = > p � 4 zkloh � Ç A � Æ Ç 1 Vr/ dprqj doo srvvleoh wuldqjxodwlrqv ri d
srlqw vhw S d Ghodxqd| wuldqjxodwlrq lv rqh wkdw kdv wkh odujhvw lqglfdwru yhfwru
phdvxuhg oh{lfrjudsklfdoo|1 Lw lv dvvxphg wkdw wkh erxqgdu| hgjhv ri wkh wul0
dqjxodwlrqv irup wkh frqyh{ kxoo È ri S 1 Wkh hgjhv dqg wuldqjohv ri d Ghodxqd|
wuldqjxodwlrq duh fdoohg Ghodxqd| hgjhv dqg Ghodxqd| wuldqjohv1

Dq htxlydohqw fkdudfwhul}dwlrq lv wkdw wkh Ghodxqd| wuldqjxodwlrq ri d srlqw
vhw S lv wkh vwudljkw olqh gxdo ri wkh Yrurqrl gldjudp ri S > vhh iru h{dpsoh Odz0
vrq ^45` ru Suhsdudwd ) Vkdprv ^53`1 \hw dqrwkhu htxlydohqw fkdudfwhul}dwlrq
ri d Ghodxqd| wuldqjxodwlrq lv wkdw wkh flufxpflufoh ri hdfk wuldqjoh grhv qrw
frqwdlq dq| srlqwv iurp S lq lwv lqwhulru1

Iljxuh 714+d, vkrzv wzr wuldqjohv ri d wuldqjxodwlrq wkdw lv qrw Ghodxqd|
vlqfh wkh srlqw s º lv lqwhulru wr wkh flufxpflufoh ri rqh ri wkh wuldqjohv1 Wklv lv
fdoohg wkh flufxpflufoh whvw zkhq dssolhg wr wzr wuldqjohv iruplqj d txdgulodwhudo
dv lq wkh �jxuh1 Lw lv hdv| wr vkrz wkdw li wkh hgjh H ¹ lv vzdsshg wr ehfrph d
qhz hgjh H Æ¹ zlwk qrghv s º dqg s À / wkh flufxpflufoh whvw zrxog krog iru wkh wzr
wuldqjohv> vhh Iljxuh 714+e,1 Dq hgjh lv fdoohg orfdoo| rswlpdo li wkh ghflvlrq lv
qrw wr vzds lw dffruglqj wr wkh flufxpflufoh whvw1 Dq hgjh lv dovr fdoohg orfdoo|
rswlpdo li lw fdqqrw eh vzdsshg/ wkdw lv/ li wkh hgjh lv dw wkh erxqgdu| ri wkh
wuldqjxodwlrq ru li lw lv d gldjrqdo lq d txdgulodwhudo wkdw lv qrw vwulfwo| frqyh{1

Dq dojrulwkplf dssurdfk wr ghwhuplqh li dqg hgjh H ¹ lv orfdoo| rswlpdo lv
wr h{dplqh wkh lqwhulru dqjohv � dqg � rssrvlwh wr H ¹ lq wkh txdgulodwhudo1 LiÉ�Ê �$����" /��%����#��Ë&�/�#�����
%��&Ì���Ë$�&��ª ªW%��:ÍÎ" /������Ï�Ð�Ñ&134�Ò�Ó#Ô�%��?�#����³°±��ª ª �
³���
%��&Ì���Ë$�����%��BÍS<
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Iljxuh 714= Flufxpflufoh whvw1 Wkh hgjh H ¹ lq +d, lv vzdsshg wr H Æ¹ lq +e, dqg
ehfrphv orfdoo| rswlpdo1

� . � A � wkhq H ¹ lv qrw orfdoo| rswlpdo li lw lv d gldjrqdo lq d vwulfwo| frqyh{
txdgulodwhudo1 Li wkh irxu srlqwv iruplqj wkh txdgulodwhudo olh rq d frpprq
flufoh/ wkhq � . � @ � dqg wkh fkrlfh ri gldjrqdo lv duelwudu|1 Wklv lv fdoohg d
qhxwudo fdvh iru wkh flufxpflufoh whvw1

Wkh iroorzlqj wkhruhp hvwdeolvkhv wkh wkhruhwlfdo irxqgdwlrq iru wkh Ghodx0
qd| wuldqjxodwlrq dojrulwkp/ zklfk zloo eh rxwolqhg lq wkh vhtxho1 Wkh surri fdq
eh irxqg lq ^45`1

Wkhruhp 714 D wuldqjxodwlrq � ri d vhw ri srlqwv S lv d Ghodxqd| wuldqjxod0
wlrq li dqg rqo| li doo hgjhv ri � duh orfdoo| rswlpdo1

Lw fdq eh vkrzq wkdw zkhq vzdsslqj wkh hgjh H ¹ lq Iljxuh 714/ wkh plqlpxp
lqwhulru dqjoh ri wkh wzr wuldqjohv lq wkh txdgulodwhudo ehfrphv odujhu1 Wkxv/
wkh oh{lfrjudsklfdo phdvxuh ri wkh lqglfdwru yhfwru ri d wuldqjxodwlrq dovr eh0
frphv odujhu hdfk wlph dq hgjh0vzds rffxuv1 Vxssrvh qrz wkdw hgjh0vzdsslqj
lv dssolhg uhshdwhgo| wr hgjhv wkdw duh qrw orfdoo| rswlpdo lq dq duelwudu| wul0
dqjxodwlrq1 Vlqfh wkh qxpehu ri srvvleoh wuldqjxodwlrqv ri d �qlwh srlqw vhw
lv �qlwh/ wklv surfhvv frqyhujhv wr d �qdo wuldqjxodwlrq � Õ zkrvh hgjhv duh doo
orfdoo| rswlpdo1 Wkhq/ e| Wkhruhp 714/ � Õ pxvw eh d Ghodxqd| wuldqjxodwlrq1
Pruhryhu/ li wkhuh duh qr qhxwudo fdvhv lq d Ghodxqd| wuldqjxodwlrq ri d srlqw
vhw S / rqh fdq dovr vkrz wkdw d Ghodxqd| wuldqjxodwlrq lv xqltxh dqg wkdw lwv
lqglfdwru yhfwru lv oh{lfrjudsklfdoo| pd{lpxp1

715 Lqfuhphqwdo Ghodxqd| Wuldqjxodwlrq

Wkh jhqhulf wuldqjxodwlrq dojrulwkp/ zklfk zloo eh rxwolqhg ehorz/ lv dq lqfuh0
phqwdo Ghodxqd| wuldqjxodwlrq dojrulwkp ^9/ 46/ 59`1 Wkhvh dojrulwkpv vwduw
zlwk dq lqlwldo wuldqjxodwlrq dqg lqvhuw doo srlqwv iurp d srlqw vhw S rqh e| rqh
lqwr wkh wuldqjxodwlrq1 Diwhu hdfk srlqw lqvhuwlrq wkh wuldqjxodwlrq lv xsgdwhg
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wr eh Ghodxqd|/ vxfk wkdw doo wuldqjohv vdwlvi| wkh flufxpflufoh whvw1 Wkh lqlwldo
wuldqjxodwlrq fdq/ iru h{dpsoh/ eh wzr +odujh, wuldqjohv hqforvlqj doo srlqwv ri
S 1

Zh zloo xvh wkh iroorzlqj vfkhph wr lqvhuw d srlqw s lqwr dq h{lvwlqj Ghodxqd|
wuldqjxodwlrq � Ö zlwk Q qrghv wr rewdlq d qhz Ghodxqd| wuldqjxodwlrq � Ö±× º
zlwk Q . 4 qrghv +frqvxow Iljxuh 718,=

41 Orfdwh wkh wuldqjoh W ¹ lq � Ö wkdw frqwdlqv s1

51 Vsolw W ¹ lqwr wkuhh wuldqjohv e| pdnlqj wkuhh qhz hgjhv ehwzhhq s dqg wkh
qrghv ri W ¹ dqg wkxv rewdlq d qhz wuldqjxodwlrq � Æ Ö±× º 1

61 Dsso| d vzdsslqj surfhgxuh edvhg rq wkh flufxpflufoh whvw wr vzds hgjhv
wkdw duh qrw orfdoo| rswlpdo lq � Æ Ö±× º xqwlo doo hgjhv duh orfdoo| rswlpdo1
Wkhq e| Wkhruhp 714 wkh �qdo wuldqjxodwlrq � Ö²× º lv Ghodxqd|1

Iruwxqdwho|/ wkh vzdsslqj surfhgxuh lq Vwhs 6 dsshduv wr eh d orfdo surfhvv
vxfk wkdw rqo| hgjhv lq d orfdo qhljkerxukrrg durxqg s qhhg wr eh h{dplqhg1
Wkh iroorzlqj uhvxowv ohdg wr d vzdsslqj surfhgxuh zklfk surgxfhv wkh qhz
Ghodxqd| wuldqjxodwlrq � Ö±× º = +Vhh iru h{dpsoh ^9` ru ^;` iru surriv,1
Wkhruhp 715 Ohw � Ö±× º eh d Ghodxqd| wuldqjxodwlrq rewdlqhg e| lqvhuwlqj d
srlqw s lqwr d Ghodxqd| wuldqjxodwlrq � Ö 1 Wkhq doo qhz hgjhv ri � Ö±× º zloo
kdyh s dv d frpprq qrgh1

Wklv lpsolhv wkdw wkh uhjlrq ri � Ö wkdw qhhgv wr eh prgl�hg e| wkh lqvhuwlrq
ri s lv frqqhfwhg dqg vwdu0vkdshg dv vhhq iurp s1 Pruhryhu/ wkh iroorzlqj
wkhruhp vwdwh wkdw wkh wkuhh qhz hgjhv fuhdwhg lq Vwhs 5 duh douhdg| Ghodxqd|
hgjhv1

Wkhruhp 716 Dvvxph s lv lqvhuwhg lqwhulru wr d wuldqjoh W ¹ lq d Ghodxqd|
wuldqjxodwlrq � Ö 1 Wkhq wkh wkuhh hgjhv rewdlqhg e| frqqhfwlqj s wr wkh qrghv
ri W ¹ duh Ghodxqd| hgjhv ri � Ö±× º 1

Ilqdoo|/ iroorzlqj iurp Wkhruhp 715 lv d wkhruhp zklfk lpsolhv wkdw wkh
vzdsslqj surfhgxuh lq Vwhs 6 fdq eh grqh lq olqhdu wlph1

Wkhruhp 717 Dq hgjh zloo qhyhu eh vzdsshg pruh wkdq rqfh dv wkh uhvxow ri
dsso|lqj wkh flufxpflufoh whvw diwhu lqvhuwlrq ri d srlqw lqwr d Ghodxqd| wuldq0
jxodwlrq1

Zh duh qrz lq d srvlwlrq wr jlyh wkh dojrulwkplf ghwdlov ri Vwhs 4/ 5 dqg 6
deryh1 Iljxuh 715+e, vkrzv wkh vlwxdwlrq diwhu srlqw s kdv ehhq lqvhuwhg lqwr
dq h{lvwlqj Ghodxqd| wuldqjxodwlrq � Ö +Iljxuh 715+d,, lq Vwhs 5 deryh/ exw
ehiruh wkh surfhhglqj vwhs ri vzdsslqj hgjhv1 Qrwh �uvw wkdw wkh wkuhh qhz
hgjhv fuhdwhg lq Vwhs 5 duh orfdoo| rswlpdo vlqfh wkh| duh gldjrqdov ri qrq0
frqyh{ txdgulodwhudov1 Dovr/ wkrvh wkuhh hgjhv duh Ghodxqd| hgjhv lq � Ö±× º e|
Wkhruhp 716/ dqg lw iroorzv iurp wkh surfhhglqj wkhruhp wkdw wkh| zloo qhyhu
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Iljxuh 715= Looxvwudwlrq iru Dojrulwkp 715 zkhq vwduwlqj wkh vzdsslqj surfhgxuh1

eh vzdsshg1 Wkh rqo| hgjhv wkdw duh fdqglgdwhv iru vzdsslqj zkhq vwduwlqj
wkh vzdsslqj surfhgxuh/ l1h1/ hgjhv wkdw pljkw qrw eh orfdoo| rswlpdo/ duh wkrvh
dvvrfldwhg zlwk wkh gduwv g º / g À dqg g Ã lq wkh �jxuh1 Doo wkh rwkhu hgjhv lq
wkh wuldqjxodwlrq duh gldjrqdov ri wkh vdph txdgulodwhudov dv wkh| zhuh ehiruh
lqvhuwlqj s lqwr � Ö / dqg vlqfh � Ö lv d Ghodxqd| wuldqjxodwlrq wkrvh hgjhv duh
orfdoo| rswlpdo1

Dvvxph wkdw rqh ri wkh hgjhv dvvrfldwhg zlwk g º / g À ru g Ã lq Iljxuh 715+e,/
vd| H ¹ dvvrfldwhg zlwk g ¹ / lv vzdsshg dv d uhvxow ri wkh flufxpflufoh whvw1 Wkhq
wkh wzr hgjhv rssrvlwh wr g ¹ dvvrfldwhg zlwk g ¹·Ø º dqg g ¹·Ø À dovr ehfrph fdqglgdwhv
iru vzdsslqj vlqfh wkh| ehfrph gldjrqdov ri qhz txdgulodwhudov1 Wkh rwkhu wzr
hgjhv ri wkh qhz txdgulodwhudo kdyh douhdg| rqh ri wkhlu qrghv lq wkh lqvhuwlrq
srlqw s/ dqg lw iroorzv iurp wkh wkhruhpv deryh wkdw wkh| duh Ghodxqd| hgjhv
zlwk uhvshfw wr � Ö²× º dqg qhhg qrw eh h{dplqhg djdlq1 Wkxv/ zkhq H ¹ lv
vzdsshg lw jhqhudwhv h{dfwo| wzr qhz fdqglgdwh hgjhv/ H ¹³Ø º dqg H ¹·Ø À iru vzds0
slqj1 Wklv dujxphqw fdq eh uhshdwhg iru H ¹³Ø º dqg H ¹³Ø À / dqg vr iruwk/ vxfk wkdw
wkh vzdsslqj surfhgxuh �wv lqwr d elqdu| wuhh vwuxfwxuh zkhuh hdfk vzdsshg
hgjh jhqhudwhv h{dfwo| wzr qhz fdqglgdwhv iru vzdsslqj1

Wkh svhxgrfrghv wkdw iroorz pdnh xvh ri wkh gduw dojheud ri J0pdsv rxwolqhg
lq Vhfwlrq 5141 Lpsohphqwdwlrq lq F.. lv d vwudljkwiruzdug h{huflvh wkdw fdq
eh grqh vlploduo| wr wkh h{dpsohv lq Vhfwlrq 614 dqg 6151 Lw lv dvvxphg wkdw d
gduw g jlyhq dv lqsxw ru rxwsxw iurp wkh jhqhulf dojrulwkpv lv dozd|v nhsw lq d
frxqwhuforfnzlvh gluhfwlrq lqvlgh d wuldqjoh1 Qrwh wkdw vrph ghwdlov/ iru h{dpsoh
kdqgolqj �{hg srlqwv dw wkh erxqgdu|/ duh rplwwhg1 Wkh �uvw dojrulwkp/ zklfk
lv jlyhq dv lqsxw dq lqvhuwlrq srlqw s dqg dq duelwudu| gduw g lq wkh h{lvwlqj
Ghodxqd| wuldqjxodwlrq � Ö / lpsohphqwv Vwhs 4/ 5 dqg 6 deryh1
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Dojrulwkp 714 +lqvhuwQrghDqgVzdsGhodxqd|+Srlqw s/ Gduw g,,

41 g ½ @ wwo==orfdwhWuldqjoh+s/ g/ irxqg,

51 g » @ dss==vsolwWuldqjoh+g ½ / s,

61 g º @ � À � � º � � » � � º � � À � � º +g » ,
71 g À @ � À � � º � � » � � º +g » ,
81 g Ã @ � À � � º � � À � � » +g » ,
91 wwo==uhfVzdsGhodxqd|+g º ,
:1 wwo==uhfVzdsGhodxqd|+g À ,
;1 wwo==uhfVzdsGhodxqd|+g Ã ,
Wkh suh�{ �wwo==� dw d ixqfwlrq fdoo lqglfdwhv wkdw wkh ixqfwlrq lv sduw

ri wkh jhqhulf WWO oleudu|/ dqg �dss==� lqglfdwhv wkdw wkh ixqfwlrq pxvw eh
suhvhqw rq wkh dssolfdwlrq vlgh dv dq lqwhuidfh wr wkh dfwxdo gdwd vwuxfwxuh>
vhh Iljxuh 6141 Lq Vwhs 4/ Dojrulwkp 614 lq Vhfwlrq 615 lv fdoohg wr orfdwh wkh
wuldqjoh wkdw frqwdlqv s1 Wkh orfdwhg wuldqjoh lv uhsuhvhqwhg e| wkh gduw g ½ =
Wkhq wkh orfdwhg wuldqjoh lv vsolw lqwr wkuhh qhz wuldqjohv e| vsolwWuldqjoh/
zklfk dovr gholyhuv d qhz gduw g » rulhqwhg frxqwhuforfnzlvh dqg orfdwhg dw wkh
lqvhuwlrq srlqw s> vhh Iljxuh 7151 Wkh odwwhu ixqfwlrq lv uhtxluhg lq wkh lqwhuidfh
wr wkh dssolfdwlrq gdwd vwuxfwxuh dqg lv qrw sduw ri wkh WWO1 Qh{w/ wkh gduwv
g º / g À dqg g Ã vkrzq lq Iljxuh 715 duh irxqg e| frpsrvlwlrqv ri �0lwhudwruv1
Wkh elqdu| wuhh vwuxfwxuh ri wkh vzdsslqj surfhvv h{sodlqhg deryh vxjjhvwv d
uhfxuvlyh vfkhph iru d vzdsslqj surfhgxuh vwduwlqj zlwk hdfk ri g º / g À dqg g Ã 1
Wkh ixqfwlrq uhfVzdsGhodxqd| wdnhv wkh gduwv g º / g À dqg g Ã dv lqsxw/ rqh dw
d wlph/ dqg vzdsv uhfxuvlyho| hgjhv wkdw duh qrw orfdoo| rswlpdo1

Dojrulwkp 715 +uhfVzdsGhodxqd|+Gduw g ¹ ,,

41 li +wwo==flufxpflufohWhvw+g ¹ , @@ RN,

51 UHWXUQ

61 g ¹·Ø º @ � À � � º +g ¹ ,
71 g ¹·Ø À @ � À � � » � � º � � » +g ¹ ,
81 dss==vzdsHgjh+g ¹ ,
91 wwo==uhfVzdsGhodxqd|+g ¹·Ø º , @@ Fdoo wklv surfhgxuh uhfxuvlyho|

:1 wwo==uhfVzdsGhodxqd|+g ¹·Ø À , @@ Fdoo wklv surfhgxuh uhfxuvlyho|
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Lq Vwhs 4 wkh flufxpflufoh whvw lv dssolhg wr wkh fxuuhqw hgjh H ¹ dvvrfldwhg
zlwk wkh gduw g ¹ 1 Dv lqglfdwhg e| wkh suh�{/ lw lv dvvxphg wkdw wkh whvw lv
sduw ri wkh WWO> vhh Dojrulwkp 716 ehorz1 Wkh uhfxuvlrq lv vwrsshg li H ¹ lv
orfdoo| rswlpdo1 Rwkhuzlvh/ fdqglgdwh hgjhv iru vzdsslqj lq wkh qh{w uhfxuvlrq/
uhsuhvhqwhg e| wkh gduwv g ¹·Ø º dqg g ¹³Ø À rssrvlwh wr g ¹ / duh irxqg e| frpsrvlwlrqv
ri �0lwhudwruv1 Diwhu H ¹ lv vzdsshg lq Vwhs 8/ wkh vdph surfhgxuh lv fdoohg
djdlq uhfxuvlyho| zlwk g ¹³Ø º dqg g ¹³Ø À 1 Wkh uhvxow lv wkdw doo hgjhv ri wkh qhz
wuldqjxodwlrq � Ö±× º duh orfdoo| rswlpdo dqg lw iroorzv iurp Wkhruhp 714 wkdw
� Ö±× º lv d Ghodxqd| wuldqjxodwlrq1

Iljxuh 717 vkrzv wkh zkroh vzdsslqj surfhvv ri Dojrulwkp 714 zkhq lqvhuwlqj
s1 Iurp +e, wr wkh �qdo wuldqjxodwlrq lq +h,/ hdfk slfwxuh vkrzv wkh wuldqjxodwlrq
diwhu rqh qhz hgjh kdv ehhq vzdsshg1 Dv fdq eh vhhq lq +h,/ wkh d�hfwhg uhjlrq
lv frqqhfwhg dqg doo qhz hgjhv udgldwh iurp wkh lqvhuwlrq srlqw s1

α

β

d1d2

d3

d4

Ei
d

Iljxuh 716= Flufxpflufoh whvw dqg gduwv lqwhusuhwhg dv yhfwruv1

Wkh flufxpflufoh whvw lq Dojrulwkp 715 lqyroyhv  rdwlqj srlqw dulwkphwlf
dqg frxog kdyh ehhq uhtxluhg rq wkh dssolfdwlrq vlgh wr irufh wkh dssolfdwlrq
surjudpphu wr frqwuro wkh ohyho ri dffxudf| ri wkh qxphulfdo fdofxodwlrqv1 Zh
lqfoxgh wkh dojrulwkp lq wkh WWO qrz wr vkrz wkh sulqflsoh ri krz gduwv fdq
eh lqwhusuhwhg dv yhfwruv lq jhqhulf dojrulwkpv1

Uhfdoo wkdw wkh hgjh H ¹ vkrxog eh vzdsshg li � . � A �1 Vlqfh � . � ? 5�/
wklv lv htxlydohqw wr vlq+� . �, ? 3 zklfk h{sdqgv wr

vlq � frv � . frv � vlq � ? 31 +714,

Wklv dovr dssolhv iru txdgulodwhudov wkdw duh qrw frqyh{ vxfk wkdw whvwlqj iru
frqyh{lw| lv qrw qhfhvvdu|1 Vxssrvh wkdw wkh gduwv g ¹ > l @ 4> 5> 6> 7 lq Iljxuh 716
duh lqwhusuhwhg dv xqlw yhfwruv1 Iru frpprq qrwdwlrq zh dvvxph wkdw wkh yhfwruv
duh gh�qhg lq 6G vsdfh vxfk wkdw wkh }0frpsrqhqwv duh }hur1 Ohw h Ã eh wkh xqlw
yhfwru +3> 3> 4,1 Wkhq/ vlqh dqg frvlqh ri � dqg � fdq eh frpsxwhg e| furvv
surgxfwv dqg vfdodu surgxfwv/
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vlq � @ +g º � g À , � h Ã
vlq � @ +g Ã � g Ä , � h Ã
frv � @ g º � g À
frv � @ g Ã � g Ä =

Dvvxph wkdw furvv surgxfw dqg vfdodu surgxfw ehwzhhq yhfwruv/ uhsuhvhqwhg dv
gduwv/ duh suhvhqw rq wkh dssolfdwlrq vlgh1 Ohw d ixqfwlrq furvvSurgxfw+g ¹ > gÁ ,
gholyhu wkh vfdodu +g ¹ � gÁ , � h Ã / wkdw lv/ wkh vlqh ri wkh dqjoh ehwzhhq g ¹ dqg gÁ
lq dffrugdqfh zlwk wkh htxdwlrqv deryh1 Wkh flufxpflufoh whvw wdnhv d gduw g
uhsuhvhqwlqj d gldjrqdo hgjh lq d txdgulodwhudo dv lqsxw=

Dojrulwkp 716 +erro flufxpflufohWhvw+g,,

41 g º @ � º � � » � � º � � À +g,

51 g À @ � » � � º � � À +g,

61 g Ã @ � » � � º +g,

71 g Ä @ � º � � » � � º +g,

81 vlq � @dss==furvvSurgxfw+g º > g À ,
91 vlq � @dss==furvvSurgxfw+g Ã > g Ä ,
:1 frv � @dss==vfdoduSurgxfw+g º > g À ,
;1 frv � @dss==vfdoduSurgxfw+g Ã > g Ä ,
<1 li +vlq � frv � . frv � vlq �, ? 3

431 uhwxuq RN

441 hovh

451 uhwxuq IDOVH

Juhdw fduh vkrxog eh wdnhq wr hqvxuh qxphulfdo vwdelolw| ri wkh vzds whvw1
Zkhq wkhuh duh doprvw qhxwudo fdvhv/ ru zkhq srlqwv ri d txdgulodwhudo duh
doprvw frlqflghqw ru doprvw froolqhdu/ urxqg0r� huuruv pd| ohdg wr lqfruuhfw
uhvxowv1 Iru h{dpsoh/ f|folqj pd| rffxu dqg ohdg wr lq�qlwh orrsv lq wkh dojr0
ulwkpv1 Wkh whvw fdq eh lpsuryhg e| xvlqj pxowlsoh dqg pruh urexvw whvwv ^6`/
ru xvlqj h{dfw ru �doprvw h{dfw� dulwkphwlf ^55`1 Wkxv/ wkhuh duh vrph prwlyhv
iru gluhfwlqj wkh flufxpflufoh whvw dqg rwkhu ixqfwlrqdolw| lqyroylqj qxphulfdo
fdofxodwlrqv wr wkh dssolfdwlrq surjudpphu1 D vroxwlrq pd| eh wr gluhfw wkh
whvwv wr wkh dssolfdwlrq/ exw dovr lpsohphqw wkhp lq wkh WWO1 Wkhq wkh dssol0
fdwlrq surjudpphu fdq fkrrvh zkhwkhu wr lpsohphqw wkh ixqfwlrqv dw ghvluhg
ohyho ri dffxudf| ru fdoo wkh ixqfwlrqv suhvhqw lq wkh WWO1
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716 Il{lqj wkh Erxqgdu|

Wkh dojrulwkpv rxwolqhg deryh frpsulvh wkh qhfhvvdu| ixqfwlrqdolw| iru dq lqfuh0
phqwdo Ghodxqd| wuldqjxodwlrq dojrulwkp1 Vwduwlqj zlwk dq lqlwldo wuldqjxodwlrq
fuhdwhg rq wkh dssolfdwlrq vlgh/ Dojrulwkp 714 lv fdoohg uhshdwhgo| iru doo srlqwv
lq d srlqw vhw S= Wkh lqlwldo wuldqjxodwlrq fdq/ iru h{dpsoh/ eh wzr wuldqjohv
iruplqj d uhfwdqjoh hqforvlqj doo srlqwv ri S dv lq Iljxuh 718+d,1 Iljxuh 718+e,
vkrzv dq h{dpsoh ri d Ghodxqd| wuldqjxodwlrq �+S ^ E, diwhu doo srlqwv ri S
kdyh ehhq lqvhuwhg/ zkhuh E ghqrwhv wkh irxu srlqwv dw wkh erxqgdu|1

Lq prvw fdvhv rqh zdqwv wkh �qdo uhvxow wr eh wkh Ghodxqd| wuldqjxodwlrq
�+S , zlwkrxw qrghv dw wkh erxqgdu| ri wkh lqlwldo wuldqjxodwlrq1 Wklv lpsolhv
wkdw vrph ri wkh hgjhv qhdu wkh erxqgdu| pxvw eh vzdsshg vxfk wkdw wkh frqyh{
kxoo ri S / frqy+S ,/ lv iruphg e| wuldqjoh hgjhv lq �+S ,1 Lq dgglwlrq/ wuldqjohv
zlwk rqh ru wzr qrghv lq E pxvw eh uhpryhg1 Wkh wuldqjxodwlrq �+S ^ E, lq
Iljxuh 718+e, kdv wkuhh uhjlrqv zlwk gl�huhqw wrsrorjlfdo fdvhv zkhuh hgjhv pxvw
eh vzdsshg wr irup frqy+S ,1 Wkh hgjh H º dw wkh ohiw erxqgdu| fdq eh vzdsshg
lpphgldwho| wr ehfrph d olqh vhjphqw ri Frqy+S ,1 Dw wkh uljkw erxqgdu| erwk
H º dqg H À pxvw eh vzdsshg +lq dq| rughu, vxfk wkdw rqh ri wkhp lv frqwdlqhg
lq frqy+S ,1 Wkhvh duh wkh rqo| wrsrorjlfdo fdvhv wkdw fdq rffxu dw wkh erxqgdu|
zkhuh frqy+S , lv qrw iruphg e| wuldqjoh hgjhv lq �+S ^ E,/ exw wkh| fdq eh
�qhvwhg� dv vkrzq dw wkh orzhu erxqgdu| ri �+S ^ E, lq Iljxuh 718+e,1 Wkh
gl�huhqw wrsrorjlfdo fdvhv fdq eh lghqwl�hg e| d jhqhulf dojrulwkp lq wkh WWO
edvhg rq gduw dojheud dqg uhtxluhv qr dgglwlrqdo ixqfwlrqdolw| rq wkh dssolfdwlrq
vlgh wkdq uhtxluhg e| wkh dojrulwkpv deryh1 D uhfxuvlyh vzdsslqj surfhgxuh
pxvw eh fdoohg hdfk wlph dq hgjh lv vzdsshg1 Wkh vzdsslqj surfhgxuh lv vlplodu
wr wkdw ri Dojrulwkp 715/ exw lv vrphzkdw pruh lqyroyhg1 Vzdsslqj dq hgjh
qrz jhqhudwhv irxu qhz fdqglgdwh hgjhv iru vzdsslqj/ dv rssrvhg wr wzr rqo|
lq Dojrulwkp 7151 Lq dgglwlrq/ vrph whvwv duh uhtxluhg wr dyrlg lq�qlwh orrsv e|
vzdsslqj hgjhv wr dqg iurp wkh erxqgdu|1

Iljxuh 718+f, vkrzv wkh uhvxow diwhu wkh vzdsslqj surfhgxuh kdv ehhq uxq/
dqg lq +g, wkh �qdo uhvxow lv vkrzq diwhu wuldqjohv dw wkh erxqgdu| kdyh ehhq uh0
pryhg1 Wkh odwwhu surfhgxuh uhtxluhv d ixqfwlrq uhpryhErxqgdu|Wuldqjoh+g,

rq wkh dssolfdwlrq vlgh/ zklfk uhpryhv d wuldqjoh W Â dvvrfldwhg zlwk d gduw
g @ +Y ¹ > HÁ > W Â , dw wkh erxqgdu| ri wkh wuldqjxodwlrq1

717 Vrph Uhpdunv

Lw fdq eh vkrzq wkdw lqfuhphqwdo Ghodxqd| wuldqjxodwlrq lv ri rughu R+Q
À
, lq

wkh zruvw fdvh/ zkhuh Q lv wkh qxpehu ri lqsxw srlqwv1 Wklv lv frqwudu| wr
R+Q orj Q, zklfk lv wkh wkhruhwlfdo rswlpdo uxqqlqj wlph iru Ghodxqd| wuldq0
jxodwlrq zklfk fdq eh dfklhyhg zlwk glylgh0dqg0frqtxhu dojrulwkpv ^9/ 46`1 Exw
R+Q

À
, iru wkh lqfuhphqwdo dssurdfk rqo| rffxuv iru srlqw frq�jxudwlrqv wkdw

duh yhu| uduh/ dqg lq sudfwlfdo dssolfdwlrqv/ dyhudjh shuirupdqfh ri R+Q orj Q,
ru hyhq ehwwhu lv dfklhyhg1

Iru rswlpdo shuirupdqfh wkh srlqwv lq S fdq eh vruwhg lq oh{lfrjudsklfdoo|
dvfhqglqj rughu vxfk wkdw s ¹ @ +{ ¹ > | ¹ , ? +{ Á > |Á , @ s Á li dqg rqo| li { ¹ ? {Á /
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ru { ¹ @ { Á dqg | ¹ ? | Á 1 Wkhq wkh qh{w srlqw wr eh lqvhuwhg zloo eh forvh wr
wkh suhylrxv rqh1 E| uhwxuqlqj d gduw iurp Dojrulwkp 714 forvh wr wkh lqvhuwlrq
srlqw/ wklv gduw fdq eh xvhg dv lqsxw zkhq wkh dojrulwkp lv fdoohg djdlq iru
wkh qh{w lqvhuwlrq srlqw1 Wkxv/ wkh dyhudjh shuirupdqfh ri orfdwhWuldqjoh

lq Vwhs 4 zrxog eh pxfk idvwhu wkdq R+Q,/ zklfk lv wkh wlph frpsoh{lw| lq
jhqhudo1

Lq wkh dfwxdo lpsohphqwdwlrq lq F.. lw zdv dgrswhg dv d jhqhudo uxoh wkdw
d gduw rxwvlgh d txdgulodwhudo vkrxog qrw eh fkdqjhg dv wkh uhvxow ri vzdsslqj
wkh gldjrqdo ri wkh txdgulodwhudo/ zkloh gduwv lqvlgh wkh txdgulodwhudo frxog eh
fkdqjhg1 Wklv zdv qhfhvvdu| iru vrph ri wkh gdwd vwuxfwxuhv wkdw zhuh dgdswhg
wr wkh jhqhulf Ghodxqd| wuldqjxodwlrq dojrulwkp gxulqj whvwlqj1 Iljxuh 715+e, lv
lq djuhhphqw zlwk wklv uxoh dv wkh gduwv g º Ø º dqg g º Ø À duh �klgghq� rxwvlgh wkh
txdgulodwhudo zkhuh wkh hgjh dvvrfldwhg zlwk g º lv vzdsshg1

8 Frqfoxvlrq

Jhqhulf dojrulwkpv iru wuldqjxodwlrqv fdq eh irxqghg rq vrxqg dojheudlf frq0
fhswv dv gh�qhg e| jhqhudol}hg pdsv/ ru J0pdsv1 J0pdsv surylgh dq dojheud
zlwk doo wkh qhfhvvdu| ixqfwlrqv iru qdyljdwlqj lq wkh wrsrorj| ri d wuldqjxodwlrq
dw dq devwudfw ohyho lqghshqghqw ri d vshfl�f xqghuo|lqj gdwd vwuxfwxuh1 Wkh ihz
dqg fohdu edvlf frqfhswv wkdw J0pdsv duh edvhg rq duh lqwxlwlyh dqg hdv| wr ghdo
zlwk iru dssolfdwlrq surjudpphuv1 Lpsohphqwdwlrq e| phdqv ri ixqfwlrq whp0
sodwhv lq F.. vhsdudwhv dojrulwkpv iurp gdwd vwuxfwxuhv vxfk wkdw dssolfdwlrqv
fdq dgdsw duelwudu| gdwd vwuxfwxuhv iru wuldqjxodwlrqv wr d jhqhulf oleudu|/ zklfk
zh kdyh fdoohg WWO1 Dprqj pdq| xvhixo wrrov wkdw kdyh ehhq lpsohphqwhg lq
wkh WWO lv dq lqfuhphqwdo Ghdodxqd| wuldqjxodwlrq dojrulwkp1 Dojrulwkpv lq
wkh WWO duh frpsdfw dqg hdv| wr uhdg/ dqg wkxv/ hdv| wr pdlqwdlq dqg h{whqg
zlwk qhz ixqfwlrqdolw|1 Lqwhuidfhv ehwzhhq wkh WWO dqg dssolfdwlrq gdwd vwuxf0
wxuhv duh fohdq dqg qduurz zlwk rqo| d ihz sdudphwhuv lq wkh dujxphqw olvwv1 Lq
idfw/ pdq| dojrulwkpv lq wkh WWO sdvv rqo| rqh vlqjoh remhfw lq wkhlu lqwhuidfhv=
d gduw/ zklfk uhsuhvhqwv d +qrgh/ hgjh/ wuldqjoh,0wulsoh1

Wkh vroxwlrqv zh vxjjhvw uxq zlwkrxw vljql�fdqw orvv ri h!flhqf| frpsduhg
wr dojrulwkpv wkdw zrun gluhfwo| rq d vshfl�f gdwd vwuxfwxuh1 Lq sduwlfxodu/ wkh
edvlf wrsrorjlfdo wudyhuvdo rshudwruv/ � » / � º dqg � À ri J0pdsv wkdw grplqdwh wkh
uxqqlqj wlph ri pdq| dojrulwkpv/ fdq eh lpsohphqwhg dv F.. lqolqh ixqfwlrqv
lq d gduw fodvv1 Frpsduhg wr devwudfwlrq wkurxjk fodvv lqkhulwdqfh dqg g|qdplf
elqglqj wkh dojrulwkpv lq wkh WWO duh pxfk pruh h!flhqw1

Dfnqrzohgjphqwv Wklv zrun zdv vxssruwhg e| wkh Uhvhdufk Frxqflo ri Qru0
zd| xqghu wkh uhvhdufk surjudp 44:9772556/ �G\QDPDS LL/ Pdqdjhphqw
dqg Xvh ri Jhrgdwd�1 Wkh dxwkru wkdqnv \yrq Kdoezdfkv/ Uxqh Ddvjddug
dqg Wkrpdv Hqjk Vhydoguxg iru iuxlwixo glvfxvvlrqv rq jhqhulf surjudpplqj lq
F.. dqg iru surylglqj pdq| xvhixo klqwv zkhq lpsohphqwlqj wkh WWO1
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Iljxuh 717= Vzdsslqj surfhgxuh zkhq lqvhuwlqj d srlqw s lqwr d Ghodxqd| wul0
dqjxodwlrq1 Iurp +e, wr wkh �qdo wuldqjxodwlrq lq +h,/ hdfk slfwxuh vkrzv wkh
wuldqjxodwlrq diwhu rqh qhz hgjh kdv ehhq vzdsshg1
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Iljxuh 718= Looxvwudwlrq ri wkh lqfuhphqwdo Ghodxqd| wuldqjxodwlrq dojrulwkp1
+d,= wzr wuldqjohv hqforvlqj wkh srlqw vhw S > +e,= doo srlqwv lq S duh lqvhuwhg>
+f,= iruplqj wkh frqyh{ kxoo ri S e| vzdsslqj hgjhv dzd| iurp wkh erxqgdu|>
+g,= wkh �qdo Ghodxqd| wuldqjxodwlrq1 Wkh exoohwv lqglfdwh yhuwlfhv ri wkh frqyh{
kxoo ri S 1
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