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lqj vfdwwhuhg gdwd duh h{soruhg1 Wkh phwkrgv duh h{wuhpho| idvw frpsduhg
wr pdq| rwkhu phwkrgv dqg surgxfh idlu uhvxowv1 Wkh edvlf vfkhphv zhuh
dgrswhg iurp Ohh/ Zroehuj dqg Vklq ^45`1 Vhyhudo h{whqvlrqv duh sursrvhg
dqg qxphulfdo h{dpsohv duh suhvhqwhg dw wkh hqg ri wkh uhsruw1
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4 Lqwurgxfwlrq

Wkh phwkrgv h{soruhg lq wklv uhsruw wdnh d vhw ri vfdwwhuhg gdwd dv lqsxw dqg
surgxfh whqvru surgxfw E0vsolqh vxuidfhv dv rxwsxw1 Wkh dojrulwkpv uxq lq d
pxowluhvroxwlrqdo vhwwlqj ryhu xqlirup sduwlwlrqv vxfk wkdw wkh �qdo vxuidfh i lv
frpsrvhg ri d vhtxhqfh ri vxuidfhv dw g|dglf vfdohv/

i @ i � . i � . � � � . i � / +4,

zkhuh i � � V � > l @ 3> = = = > k/ dqg V � > = = = > V � lv d qhvwhg vhtxhqfh ri vxevsdfhv
ri V � /

V � � V � � � � � � V � = +5,

Qxphurxv sdshuv kdyh ehhq zulwwhq rq wklv vxemhfw/ hvshfldoo| rq pxowluhvr0
oxwlrq dqdo|vlv edvhg rq zdyhohwv> vhh iru h{dpsoh ^5/ 9/ 46`1 Pxowluhvroxwlrq
dqdo|vlv zlwk vsolqhv rq qrq0xqlirup sduwlwlrqv zdv frqvlghuhg lq ^8`1 W|slfdo
dssolfdwlrqv ri pxowluhvroxwlrq dqdo|vlv duh fduwrjudsklf jhqhudol}dwlrq dqg gdwd
frpsuhvvlrq ^7`1

Wkh edvlf dojrulwkpv xvhg iru wkh uhvxowv suhvhqwhg lq wklv uhsruw zhuh sxe0
olvkhg lq 4<<: e| Ohh/ Zroehuj dqg Vklq ^45`1 Wkh| fdoohg wkh vfkhphv pxowlohyho
E0vsolqhv1 Wkh phwkrgv kdg ehhq xvhg suhylrxvo| iru lpdjh prusklqj ^43/ 44`1
Rxu lqwhuhvw lv pdlqo| vfdwwhuhg gdwd lqwhusrodwlrq dqg dssur{lpdwlrq/ zklfk
lv dovr wkh pdlq irfxv lq ^45`1 Wkh phwkrgv duh yhu| idvw frpsduhg wr rwkhu
phwkrgv iru vfdwwhuhg gdwd lqwhusrodwlrq dqg dssur{lpdwlrq1 Wkh| fdq surfhvv
kxjh qxpehuv ri vfdwwhuhg gdwd/ wkh| duh qxphulfdoo| vwdeoh/ dqg wkh| surgxfh
idlu uhvxowv li wkh vfdwwhuhg gdwd duh hyhqo| glvwulexwhg1 Iru foxvwhuhg gdwd xq0
hyhqo| glvwulexwhg lq wkh grpdlq/ wkh phwkrgv pd| jhqhudwh luuhjxodulwlhv qhdu
wkh vfdwwhuhg gdwd lq wkh �qdo vxuidfh i 1

Wkhuh duh wzr edvlf phwkrgv wkdw surgxfh lghqwlfdo uhvxowv1 Rqh phwkrg lv
edvhg rq E0vsolqh uh�qhphqw iru surgxflqj rqh vlqjoh vsolqh vxuidfh i iurp wkh
vfdwwhuhg gdwd1 Wkh rwkhu phwkrg lv dgdswlyh lq wkh vhqvh wkdw rqo| vljql�fdqw
lqirupdwlrq lv vwruhg dw hdfk ohyho ri wkh vxuidfh klhudufk| lq +4,1 Wkh dgdswlyh
yhuvlrq uhsuhvhqwv wkh vxuidfh frpsdfwo|/ dv wkh +qrq0}hur, vsolqh frh!flhqwv
duh vwruhg lq olqhdu duud|v1 Lw fdq eh xvhg wr surgxfh vxuidfhv zlwk odujh whqvru
surgxfw julgv/ iru h{dpsoh +4 ploolrq, � +4 ploolrq,/ dqg wkxv gholyhu d vxuidfh
wkdw jlyhv d ehwwhu dssur{lpdwlrq wr wkh lqsxw gdwd1 Lqwhusrodwlrq ri wkh vfdw0
whuhg gdwd lv dfklhyhg li wkh whqvru surgxfw julg ri i � lq wkh �qhvw vsolqh vsdfh V �
lv vx!flhqwo| ghqvh1 Qdwxudoo|/ wkh dgdswlyh dojrulwkp lv vorzhu wkdq wkh qrq0
dgdswlyh/ dqg hydoxdwlrq ri wkh �qdo vxuidfh i lv vorzhu vlqfh i lv uhsuhvhqwhg
dv d vxp ri wkh vxuidfhv i � lq +4,1

Wkh sxusrvh ri wklv uhsruw lv wzrirog1 Zh suhvhqw uhflshv iru ghulylqj wkh
pdwkhpdwlfdo ghwdlov ri wkh dojrulwkpv/ dqg zh suhvhqw qxphulfdo h{shulphqwv
wr vkrz wkh fdsdelolw| ri pxowlohyho E0vsolqhv iru vfdwwhuhg gdwd dssur{lpdwlrq1
Wkh uhflshv duh phdqw wr frpsulvh d pdwkhpdwlfdo wrroer{ zkhq zrunlqj zlwk
pxowlohyho E0vsolqhv rq xqlirup sduwlwlrqv vxfk wkdw wkh phwkrgv fdq eh hdvlo|
h{whqghg dqg dgdswhg wr vshfl�f qhhgv lq dssolfdwlrqv1 Lq sduwlfxodu/ zh irfxv
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rq uh�qhphqw rshudwruv iru E0vsolqhv rq xqlirup sduwlwlrqv1 Zh dvvxph wkdw
wkh uhdghu lv idploldu zlwk edvlf E0vsolqh wkhru|1

Dowkrxjk wklv uhsruw lv vhoi0frqwdlqhg/ wkh sdshu e| Ohh/ Zroehuj dqg Vklq ^45`
vkrxog eh frqvxowhg iru ghwdlov rq gdwd vwuxfwxuhv dqg rwkhu dvshfwv ri lpsoh0
phqwdwlrq1 Zh xvh wkh vdph pdwkhpdwlfdo qrwdwlrq dv wkdw ri ^45`1

5 Wkh Edvlf Vfkhphv ri Pxowlohyho E0Vsolqhv

Jlyhq d vhw ri vfdwwhuhg srlqwv S @ i+{ � > | � > } � ,j dqg ohw  eh d uhfwdqjxodu
grpdlq lq wkh {|0sodqh vxfk wkdw +{ � > | � , lv d srlqw lq 1 Ixuwkhu/ ohw � @
� � > � � > = = = > � � eh d g|dglf vhtxhqfh ri xqlirup whqvru surgxfw julgv ryhu 
fruuhvsrqglqj wr wkh qhvwhg vhtxhqfh ri vsolqh vsdfhv lq +5,1 Vlqfh � lv d g|dglf
vhtxhqfh/ wkh qxpehu ri julg olqhv lq � � lv wzlfh wkh qxpehu ri julg olqhv lq � ��� � /
dqg wkh julg olqhv lq � ��� � lv d vxevhw ri wkh julg olqhv lq � � iru n @ 4> = = = > k1

	
1

Wkh edvlf dojrulwkp vwduwv e| fdofxodwlqj dq lqlwldo +vprrwk, dssur{lpdwlrq
i � wr S gh�qhg rq wkh frduvhvw julg � � 1 Wr surfhhg wr wkh �qhu ohyhov lq
wkh pxowluhvroxwlrqdo vhwwlqj ri Htxdwlrq +4,/ zh txrwh iurp Ohh/ Zroehuj dqg
Vklq ^45`= Wkh �uvw dssur{lpdwlrq srvvleo| ohdyhv odujh glvfuhsdqflhv dw wkh
gdwd srlqwv lq S 1 Lq sduwlfxodu/ i � ohdyhv d ghyldwlrq �

�
} � @ } � � i � +{ � > | � , iru

hdfk srlqw +{ � > | � > } � , lq S 1 Wkh qh{w �qhu whqvru surgxfw julg � � lv wkhq xvhg
wr gh�qh d ixqfwlrq i � wkdw dssur{lpdwhv wkh gl�huhqfhv S � @

��

{ � > | � > �
�
} � ��

1
Wkh vxp j � @ i � . i � qrz ohdyhv d vpdoohu ghyldwlrq �

�
} � @ } � � i � +{ � > | � , �

i � +{ � > | � , iru hdfk srlqw +{ � > | � > } � , lq S=
Lq jhqhudo/ iru hdfk ohyho n lq wkh klhudufk|/ wkh srlqw vhw S � @

��

{ � > | � > �
�
} � ��

lv dssur{lpdwhg e| d ixqfwlrq i � gh�qhg ryhu wkh whqvru surgxfw julg � � / zkhuh
�
�
} � @ } � �

S ��� ���
 � i � +{ � > | � , @ �
��� �

} � � i ��� � +{ � > | � ,/ dqg �
�
} � @ } � 1 Dv pruh

ohyhov duh lqfoxghg lq wkh klhudufk|/ wkh dssur{lpdwlrq huuruv �
�
} � ri wkh ixqf0

wlrq j � @
S ���
� i � jhwv vpdoohu dqg vpdoohu1 Wkh �qdo dssur{lpdwlrq i @ j � lv

gh�qhg dv wkh vxp ri ixqfwlrqv lq +4, ehorqjlqj wr wkh qhvwhg vhtxhqfh ri vsolqh
vsdfhv +5,1

Wkhuh duh pdq| srvvleoh zd|v ri lpsohphqwlqj wklv edvlf vfkhph/ exw wkh
dojrulwkpv h{soruhg odwhu fdq eh ghvfulehg e| wkh iroorzlqj jhqhudo svhxgr frgh1

������������� ������� ��� �!� "$#�%&����� � � '����(� #*)$� � �(+,%-#�� � �����.� /!0 � 1,%2��%2�����#*��� %$����� 0��43(#5�+,%$��0 ��67��%�0!���8���(%#�6,%2"2� 9 ":�5/76,%8��;=<?>�#�6(� � � %8+ ��#�� #�.� �@�$� #A3 #�%20CB
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Dojrulwkp 4

41 Iru hdfk ohyho n> n @ 3> = = = > k> lq wkh klhudufk| ri +4,

51 Ohw S � @
�

s
�� �

@
��

{ � > | � > �
�
} � ��

61 Iru hdfk srlqw s
�� lq S �

71 Fdofxodwh wkh frqwulexwlrq iurp s
�� wr frh!flhqwv lq � � lq d orfdo

qhljkerxukrrg durxqg s
��

81 Iru hdfk frh!flhqw lq � � / frpsurplvh ehwzhhq wkh frqwulexwlrqv iurp

wkh gl�huhqw srlqwv lq S � zkhuh wkh orfdo qhljkerxukrrgv ryhuods

91 Fdofxodwh wkh gl�huhqfhv �
��D �

} � @ �
�
} � � i � +{ � > | � , iru hdfk srlqw

lq S �
:1 Ohw � ��D � eh wkh qh{w �qhu whqvru surgxfw julg

;1 Ohw n @ n . 4

<1 JRWR 41

Zh dvvxph wkdw wkh orfdo qhljkerxukrrg lq � � ri d srlqw s
�� lq Vwhs 7 lv

d �{hg qxpehu ri frh!flhqwv lq � � 1 Pruh vshfl�fdoo|/ wkh frh!flhqwv zloo eh
wkrvh fruuhvsrqglqj wr whqvru surgxfw E0vsolqh edvlv ixqfwlrqv wkdw duh qrq0}hur
dw wkh orfdwlrq +{ � > | � , ri s

�� 1 Iru fxelf whqvru surgxfw vsolqhv +zkhwkhu F
�
ru

F
�
frqwlqxrxv,/ wkhuh duh dw prvw +7 � 7, qrq0}hur elyduldwh edvlv ixqfwlrqv wkdw

duh qrq0}hur dw d srlqw +{> |, lq 1 Wkxv/ wkh orfdo qhljkerxukrrg ri d srlqw s
��

lqfoxghv dw prvw 49 frh!flhqwv1 Iljxuh 4 vkrzv wkh +7 � 7,0qhljkerxukrrgv ri
wzr vfdwwhuhg srlqwv s � dqg s � zkhuh wkh qhljkerxukrrgv ryhuods1

p1

p2

Iljxuh 4= +7 � 7,0qhljkerxukrrgv ri frh!flhqwv lq wkh whqvru surgxfw julg ri
wzr vfdwwhuhg gdwd srlqwv s � dqg s � 1

Iurp wkh jhqhudo svhxgr frgh lq Dojrulwkp 4 zh fdq qrz hvwlpdwh wkh
frpsoh{lw| ri wkh dojrulwkp1 Wkh qxpehu ri frh!flhqwv lq � � lv d txduwhu ri
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wkdw lq wkh qh{w �qhu julg � ��D � = Khqfh/ li wkh qxpehu ri frh!flhqwv ri wkh
whqvru surgxfw julg � � dw wkh �qhvw ohyho lv +p � q, dqg wkh qxpehu ri srlqwv
lq S lv Q / wkh wlph frpsoh{lw| ri Dojrulwkp 4 lv R+Q . pq, . R+Q .

�E pq, .
� � � . R+Q .

�E�F pq,/ zklfk vxpv xs wr

R+kQ .
7

6
pq,= +6,

Wklv lv h{wuhpho| h!flhqw frpsduhg wr pdq| rwkhu dojrulwkpv iru vfdwwhuhg
gdwd dssur{lpdwlrq1 Iru h{dpsoh/ wkh rswlpdo wlph frpsoh{lw| iru frpsxwlqj
Ghodxqd| wuldqjxodwlrqv lv R+Q orj Q, ^<`1 Rwkhu phwkrgv olnh udgldo edvlv
ixqfwlrq lqwhusrodwlrq ^47` dqg wkh vr0fdoohg Pdvn phwkrg ^4` lqyroyh odujh olqhdu
htxdwlrq v|vwhpv/ zklfk dovr jlyh wlph frpsoh{lw| eh|rqg +6,1

Li wkh �qdo vxuidfh i lv uhsuhvhqwhg zlwk doo wkh vxuidfhv i � lq +4,/ wkh wlph
frpsoh{lw| iru hydoxdwlqj i lq d srlqw +{> |, lv R+k, vlqfh doo wkh vxuidfhv pxvw

eh hydoxdwhg wr jhw wkh ydoxh i+{> |, @
S ���
� i � +{> |,1 Wklv fdq eh pdgh pxfk

pruh h!flhqw e| vxffhvvlyh E0vsolqh uh�qhphqw ri wkh vxuidfhv i � 1 Vlqfh wkh
vxuidfhv i � ehorqj wr d qhvwhg vhtxhqfh ri vxevsdfhv dv h{suhvvhg lq +5,/ lw lv
fohdu wkdw i fdq eh uhsuhvhqwhg dv rqh vlqjoh whqvru surgxfw E0vsolqh vxuidfh
I � V � e| d whqvru surgxfw julg � � dw wkh �qhvw ohyho k1 Uhfdoo wkdw � lv d
g|dglf vhtxhqfh ri whqvru surgxfw julgv1 Wkh julg vsdflqj lv kdoyhg iurp rqh
julg � � wr wkh qh{w �qhu julg � ��D � / dqg wkh julg olqhv lq � � lv d vxevhw ri wkh
julg olqhv lq � ��D � 1 Wkxv/ d ixqfwlrq i � � V � gh�qhg e| � � fdq dovr eh gh�qhg
e| d whqvru surgxfw julg zlwk wkh vdph julg vsdflqj dv � ��D � lq wkh vsolqh vsdfh
V ��D � 1 Li zh ghqrwh e| U ��G � wkh uh�qhphqw rshudwru zklfk wdnhv i � iurp V �
wr V ��D � e| lqvhuwlqj julg olqhv kdoizd| ehwzhhq wkh julg olqhv lq � � / wkh whqvru
surgxfw julg � � iru I @@ i fdq eh h{suhvvhg dv/

� � @ U
� ��G � � � . U

� � ���G � � � . � � � . U
���G � � � � � . � � @

�
[

��
�
U
� �$���G � � � / +7,

zkhuh U
� ��G � ghqrwhv wkdw wkh uh�qhphqw rshudwru lv dssolhg l wlphv1

Lqvwhdg ri vwrulqj hdfk � � h{solflwo| lq Dojrulwkp 4 dqg uh�qlqj wkh �qdo
vhtxhqfh � lq d vfkhph iroorzlqj +7,/ � � fdq eh ghulyhg surjuhvvlyho| e| uh�qh0
phqw dw hdfk ohyho ri wkh klhudufk|1 Wklv fdq eh vhhq e| zulwlqj Htxdwlrq +7,
lq wkh dowhuqdwlyh qhvwhg irup/

� � @ U ��G � �

= = =
�

U ��G � �

U ��G � �

U ��G � � � . � � � . � � � . � H � = = =
�

. � � = +8,

Dw ohyho n @ 4 ri Dojrulwkp 4/ wkh whqvru surgxfw julg � � ri j � @ i � . i �
fdq eh h{suhvvhg dv � � @

�

U ��G � � � . � � �/ dqg lq jhqhudo/ dw ohyho n/ � � @
U ��G � � ��� � . � � 1 Wkxv/ � � fdq eh ghulyhg e| kdoylqj wkh julg vsdflqj dv zh
surfhhg iurp rqh ohyho n wr wkh qh{w ohyho n . 41 Dv wkh qxpehu ri rshudwlrqv
uhtxluhg iru E0vsolqh uh�qhphqw lv olqhdu lq wkh qxpehu ri frh!flhqwv/ wkh wlph
frpsoh{lw| zlwk wkhvh dgmxvwphqwv ri Dojrulwkp 4 lv wkh vdph dv lq +6,1 Wkh
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vsdfh frpsoh{lw|/ rq wkh rwkhu kdqg/ zloo eh ohvv dv zh gr qrw qhhg wr vwruh doo wkh
whqvru surgxfw julgv � � 1 Pruh ghwdlov rq Dojrulwkp 4/ lqfoxglqj dgmxvwphqwv
zlwk E0vsolqh uh�qhphqw/ fdq eh irxqg lq ^45`1

Qrwh wkdw wkh wzr yhuvlrqv ri Dojrulwkp 4/ zlwk ru zlwkrxw E0vsolqh uh�qh0
phqw/ surgxfh lghqwlfdo uhvxowv1 Wkh fulwlfdo sduw ri wkh dojrulwkp lv/

Vwhs 7/ krz d srlqw s
�� @

�

{ � > | � > �
�
} � � frqwulexwhv wr wkh frh!flhqwv ri � � lq d

orfdo qhljkerxukrrg durxqg s
�� / dqg

Vwhs 8/ krz wr frpsurplvh ehwzhhq wkh frqwulexwlrqv iurp gl�huhqw srlqwv lq S �
zkhuh wkh orfdo qhljkerxukrrgv ryhuods1

Zh zloo vwxg| wkhvh vwhsv lq ghwdlo lq Vhfwlrq 71 Lq Vhfwlrq 8 zh ghulyh
h{solflw irupxodv iru wkh uh�qhphqw rshudwru U ��G � ri wkh dojrulwkp/ erwk iru
F
�
dqg F

�
frqwlqxrxv elfxelf E0vsolqhv1 Wkhvh h{huflvhv pd| eh xvhixo iru

h{whqglqj wkh dojrulwkp dqg dgdsw lw wr vshfl�f qhhgv lq dssolfdwlrqv1

6 Fxelf �
5 Frqwlqxrxv Vsolqhv rq Xqlirup Sdu0

wlwlrqv

E0vsolqhv rq xqlirup sduwlwlrqv duh dwwudfwlyh dv irupxodv fdq zulwwhq grzq
h{solflwo| dqg lpsohphqwdwlrq uhvxowv lq frpsdfw dqg hdv|0wr0uhdg frgh1 Lq
rughu wr jhw d ehwwhu xqghuvwdqglqj ri pxowlohyho E0vsolqhv lq wkh vhwwlqj ri
Dojrulwkp 4/ zh �uvw vwdwh vrph ghwdlov rq sro|qrpldo fxelf F

�
frqwlqxrxv

vsolqhv1 F
�
frqwlqxrxv vsolqhv duh vwxglhg lq Vhfwlrq 8151

D E0vsolqh edvlv ixqfwlrq ri ghjuhh wkuhh rq d xqlirup sduwlwlrq +�5> �4> 3> 4> 5,
lv gh�qhg dv wkh slhfhzlvh sro|qrpldo/

E+wm � 5> �4> 3> 4> 5, @

;

A

A

?

A

A

=

+w . 5,
H

@9> �5 ? w � �4>
�

�6w
H

� 9w
�

. 7
�

@9> �4 � w ? 3>
�

6w
H

� 9w
�

. 7
�

@9> 3 � w ? 4>

+5 � w,
H

@9> 4 � w ? 5>

+9,

vhh Iljxuh 51
Ohw � eh d xqlirup whqvru surgxfw julg ryhuodlg rq d uhfwdqjxodu grpdlq 1

Zlwkrxw orvv ri jhqhudolw| zh dvvxph wkdw  @ ^3> p, � ^3> q,/ zkhuh p dqg q
duh lqwhjhuv/ dqg wkdw � lv dq +p . 6, � +q . 6, odwwlfh wkdw vsdqv wkh lqwhjhu
julg lq > vhh Iljxuh 71 Ohw ! � I eh d frh!flhqw ri � orfdwhg dw srvlwlrq +l> m, ri
wkh lqwhjhu julg gh�qhg e| �1 Ixuwkhu/ ohw i eh d elfxelf vsolqh ixqfwlrq gh�qhg
e| � ryhu 1 Wkhq wkh ixqfwlrq ydoxh ri i dw d srvlwlrq +{> |, 5  lv jlyhq dv/

i+{> |, @

H
[
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�

H
[

J 
�
E � +v,E J +w,! K ��D$��L K I�D J L +:,
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Iljxuh 5= Xqlirup fxelf E0vsolqh edvlv ixqfwlrq rq wkh sduwlwlrq +�5> �4> 3> 4> 5,=

zkhuh l @ e{f � 4/ m @ e|f � 4/ v @ { � e{f/ dqg w @ | � e|f1 E � dqg E J
duh xqlirup fxelf E0vsolqh edvlv ixqfwlrqv/ zklfk duh wudqvodwhv ri wkh htxdwlrqv
lq +9, fryhulqj wkh lqwhuydo 3 � w ? 4/

E � +w, @ +4 � w,
H
@9

E � +w, @ +6w
H

� 9w
�

. 7,@9 +;,

E � +w, @ +�6w
H

. 6w
�

. 6w . 4,@9

E H +w, @ w
H
@9

iru 3 � w ? 4> vhh Iljxuh 61
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Iljxuh 6= Xqlirup fxelf E0vsolqh edvlv ixqfwlrqv lq wkh F
�
frqwlqxrxv fdvh rq

wkh lqwhuydo 3 � w ? 41

Zlwk wklv gh�qlwlrq ri xqlirup F
�
frqwlqxrxv fxelf vsolqhv wkh qhfhvvdu|

irupxodh iru Dojrulwkp 4 ehfrph yhu| vlpsoh dqg wkh| duh hdv| wr lpsohphqw1
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Iljxuh 7= Wkh whqvru surgxfw julg � ryhuodlg rq wkh grpdlq 1

Zh zloo dovr vhh lq Vhfwlrq 8 wkdw wkh uh�qhphqw rshudwru U ��G � wdnhv d vlpsoh
irup dqg fdq eh zulwwhq grzq h{solflwo|1

7 Ghwdlov ri Dojrulwkp 4

Zh duh qrz lq d srvlwlrq wr ghwhuplqh Vwhs 7 dqg 8 ri Dojrulwkp 41 Wkdw lv/
krz wr fdofxodwh wkh +7 � 7, frh!flhqwv lq wkh qhljkerxukrrg durxqg d srlqw
s
�� @ +{ � > | � > �

�
} � , ri S � / dqg krz wr frpsurplvh ehwzhhq wkh frqwulexwlrqv

iurp gl�huhqw srlqwv lq S � zkhuh wkh orfdo qhljkerxukrrgv ryhuods> vhh Iljxuh 41
Iru vlpsoh qrwdwlrq zh dvvxph/ zlwkrxw orvv ri jhqhudolw|/ wkdw 4 � { � > | � ? 5

vxfk wkdw l @ m @ 3 lq Htxdwlrq +:,1 Ixuwkhupruh/ zh ghulyh wkh qhfhvvdu|
irupxodh iru ohyho n @ 3 vxfk wkdw s

�� @@ s � @ +{ � > | � > } � , dqg i � @@ i 1

714 Vwhs 7 ri Dojrulwkp 4

Lw lv qdwxudo wr uhtxluh h{dfw lqwhusrodwlrq ri s � lq Vwhs 7 ri Dojrulwkp 4 li wkhuh
duh qr rwkhu vfdwwhuhg gdwd srlqwv zlwk d +7 � 7, qhljkerxukrrg ri frh!flhqwv
wkdw ryhuods zlwk wkdw ri s � 1 Lq dgglwlrq zh pd| uhtxluh d vroxwlrq lq wkh ohdvw
vtxduh vhqvh wkdw plqlplvhv wkh vtxduh vxp ri wkh 49 frh!flhqwv1 Wklv ohdgv wr

<



wkh iroorzlqj vwdqgdug frqvwudlqhg plqlpl}dwlrq sureohp/

plqlplvh M+i! � J j, @

H
[

��
�

H
[

��
�
!
�
� J +<d,

vxemhfw wr k+i! � J j, @

H
[

��
�

H
[

J 
�
z � J ! � J @ } � +<e,

zkhuh z � J @ E � +v,E J +w, dqg v @ { � 4> w @ | � 41 Lqwurgxflqj wkh Odjudqjh
pxowlsolhu �/ M dqg k pxvw vdwlvi|

uM @ �uk +43,

zkhuh u lv wkh judglhqw rshudwru/

uM @
� M,NM O P�P >

M,NM O P2Q > � � � >
M,NM O R.R �

@ +5! �S� > 5! � � > = = = > 5! HSH ,

�uk @
�

�
M �M O P�P > �

M �M O P2Q > � � � > �
M �M O R�R �

@ +�z �S� > �z � � > = = = > �z HSH ,=

Wkxv/ +43, dqg wkh lqwhusrodwlrq frqvwudlqw +<e, jlyhv d olqhdu v|vwhp ri 4:
htxdwlrqv lq � dqg wkh vl{whhq ! � I *v1

5! �S� @ �z �S�
5! � � @ �z � �

� � �

5! HSH @ �z HSH
H

[

T 
�

H
[

U 
�
z T U ! T U @ } � =

Holplqdwlqj � zh jhw d xqltxh vroxwlrq dqg dq h{solflw irupxod iru hdfk ri wkh
49 frh!flhqwv/

! � J @
z � J } �

S HT 
� S HU 
� z
�T U > +n> o, @ +3> 3,> +3> 4,> = = = > +6> 6,= +44,

Wkh frh!flhqwv dw srvlwlrqv lq wkh lqwhjhu julg ri � qhdu +{ � > | � , jhw odujhu
ydoxhv vlqfh wkh| duh dvvrfldwhg zlwk odujhu ydoxhv ri z � J 1 Wkxv/ i+{> |, @
S H ��
� S HJ 
� z � J ! � J kdv wkh ydoxh } � dw +{ � > | � , dqg wkhq wdshuv r� vprrwko|
dzd| iurp +{ � > | � ,1

Qrwh wkdw wkh fkrlfh ri frh!flhqwv lq +44, grhv qrw jlyh d!qh lqyduldqfh iru
i 1 Li } � lv fkdqjhg wr d gl�huhqw } V� / wkhq wkh judglhqw �hog ri i lv dovr fkdqjhg1
Wklv lv gxh wr wkh idfw wkdw wkh remhfw ixqfwlrq M lq +<d, whqgv wr plqlplvh
wkh ghyldwlrq ri i iurp }hur ryhu wkh grpdlq1 D vroxwlrq sursrvhg lq ^45` lv wr
pdnh dq lqlwldo dssur{lpdwlrq i � � / iru h{dpsoh d ohdvw vtxduhv olqhdu �w wr wkh
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ruljlqdo vfdwwhuhg gdwd S � / dqg exlog wkh dssur{lpdwlrq ixqfwlrq i ryhu i � � 1
Wkxv/ wkh lqlwldo gdwd iru Dojrulwkp 4 zloo eh S V� @ i+{ � > | � > } � � i � � +{ � > | � ,,j
dqg wkh remhfw ixqfwlrq M zloo whqg wr plqlplvh wkh ghyldwlrq ri i iurp i � �
ryhu wkh grpdlq1

Dq dowhuqdwlyh zd| wr frqvwuxfw wkh remhfw ixqfwlrq lv wr ohw lw whqg wr plq0
lplvh wkh ghyldwlrq ri i iurp } � lq wkh orfdo qhljkerxukrrg ri +{ � > | � ,/

plqlplvh M+i! � J j, @

H
[

��
�

H
[

��
?�
+! � J � } � ,

�

vxemhfw wr wkh vdph lqwhusrodwlrq frqglwlrq dv lq +<e,1 Wklv jlyhv d plqlpxp
dw M+i! � J j, @ 3 zlwk wkh vroxwlrq

! � J @ } � > +n> o, @ +3> 3,> +3> 4,> = = = > +6> 6,=

Wkdw lv/ doo wkh 49 frh!flhqwv duh htxdo dqg i wdnhv wkh frqvwdqw ydoxh } � lqvlgh
wkh uhfwdqjxodu julg fhoo ri � zkhuh +{ � > | � , lv orfdwhg1 Wklv fdq eh frpelqhg
zlwk wkh vroxwlrq lq +44, wkurxjk d olqhdu eohqg/

! � J @ +4 � �,
z � J } �

S HT 
� S HU 
� z
�T U . �} � > +n> o, @ +3> 3,> +3> 4,> = = = > +6> 6,> +45,

zlwk � 5 ^3> 4`/ zklfk dovr vdwlvi| wkh lqwhusrodwlrq frqglwlrq i+{ � > | � , @ } � 1
Frpsduhg wr +44,/ wkh h�hfw lv wkdw wkh dssur{lpdwlrq ixqfwlrq i wdshuv r�
vorzhu dzd| iurp +{ � > | � , li 3 ? � ? 41

715 Vwhs 8 ri Dojrulwkp 4

Iru hdfk srlqw s � @ +{ � > | � > } � ,/ Htxdwlrq +45, jlyhv d gl�huhqw frh!flhqw ! � iru
! � I zkhuh wkh orfdo qhljkerxukrrgv ri +7 � 7, frh!flhqwv ryhuods/

! � @ +4 � �,
z � } �

S HT 
� S HU 
� z
�T U . �} � > w 5 ^3> 4`=

Lq Vwhs 8 ri Dojrulwkp 4 zh frpsurplvh ehwzhhq wkh gl�huhqw ! � *v wr jhw d
xqltxh ydoxh iru ! � I 1 Wklv fdq eh grqh vlpso| e| d zhljkwhg dyhudjh/

! � I @

S � z � ! �
S � z � > +46,

zkhuh wkh zhljkwv z � duh wkh ydoxhv ri wkh whqvru surgxfw edvlv ixqfwlrqv dw wkh
orfdwlrqv +{ � > | � , ri srlqwv zlwk ryhuodsslqj qhljkerxukrrgv1 Wkh frqwulexwlrqv
iurp srlqwv orfdwhg qhdu ! � I lq wkh whqvru surgxfw julg qrz jhw odujhu ydoxhv
vlqfh wkh| duh dvvrfldwhg zlwk odujhu z � 1

Dowhuqdwlyho|/ dv sursrvhg lq ^45`/ ! � I fdq eh fkrvhq wr plqlplvh h+! � I , @
S �

�

z � ! � I � z � ! � �
�

= Gl�huhqwldwlqj h+! � I , zlwk uhvshfw wr ! � I / jlyhv

! � I @

S � z
�� ! �

S � z
�� = +47,
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Dowkrxjk h{shulphqwv vkrz wkdw xvlqj +47, jlyhv ehwwhu dssur{lpdwlrq wr wkh
vfdwwhuhg gdwd lq prvw fdvhv/ wkh dowhuqdwlyh zlwk +46, lv ohvv vhqvlwlyh wr rxw0
olhuv lq wkh gdwd1 Li ! � I kdv frqwulexwlrq iurp rqh srlqw s � rqo|/ erwk dowhuqd0
wlyhv +46, dqg +47, uhgxfhv wr ! � I @ ! � 1 Wkxv/ ! � I lv ghwhuplqhg e| +45, dqg
ohdyhv qr dssur{lpdwlrq huuru gxh wr wkh lqwhusrodwlrq frqglwlrq +<e,1

716 ]hur0Frh!flhqwv dqg Gdwd Frpsuhvvlrq

Zkhq d frh!flhqw !
�� I lq wkh whqvru surgxfw julg � � grhv qrw ehorqj wr dq| +7�

7,0qhljkerxukrrg ri frh!flhqwv ri dq| gdwd srlqw lq S / wkhq !
�� I kdv qr lq xhqfh

rq i+{ � > | � , iru dq| srlqw +{ � > | � > } � , lq S 1 Wkxv/ !
�� I fdq eh dvvljqhg dq duelwudu|

ydoxh/ zlwkrxw d�hfwlqj wkh dssur{lpdwlrq huuru1 Wkh qdwxudo dssurdfk lq wklv
fdvh lv vlpso| wr dvvljq }hur wr !

�� I 1 Dw ohyho n @ 3 ri Dojrulwkp 4/ wkh whqvru

surgxfw julg � � fdq eh pdgh vx!flhqwo| frduvh vxfk wkdw dq| !
�� I ri � � ehorqjv

wr dw ohdvw rqh +7 � 7,0qhljkerxukrrg ri frh!flhqwv durxqg gdwd srlqwv lq S � 1
Exw dv � � jhwv ghqvhu dw lqfuhdvlqj ohyhov n/ pruh dqg pruh frh!flhqwv ri
� � idoov rxwvlgh wkh +7 � 7,0qhljkerxukrrgv/ dqg pruh !

�� I *v pxvw eh dvvljqhg
}hur1 Wklv pd| fdxvh dqrpdolhv/ hvshfldoo| li wkh vfdwwhuhg gdwd duh xqhyhqo|
glvwulexwhg lq wkh grpdlq1 Wkh dssur{lpdwlrq ixqfwlrq i @

S � i � lv sxoohg
pruh dqg pruh wrzdugv wkh gdwd srlqwv orfdoo| zlwk lqfuhdvlqj ohyhov n/ zkloh
wkh qhljkerxukrrgv zlwk qr gdwd duh qrw fkdqjhg1

Rq wkh rwkhu kdqg/ wkh idfw wkdw pruh dqg pruh frh!flhqwv fdq eh dvvljqhg
}hur dw wkh �qhu ohyhov fdq eh xwlolvhg iru gdwd frpsuhvvlrq lq dq dgdswlyh
yhuvlrq ri Dojrulwkp 41 Wkh whqvru surgxfw julgv � � / zklfk ehfrph pruh dqg
pruh vsduvh zlwk lqfuhdvlqj n/ fdq eh uhsuhvhqwhg frpsdfwo| lq olqhdu duud|v e|
vwrulqj rqo| wkrvh frh!flhqwv wkdw duh qrq0}hur1 Wkxv/ wkh julg � � dw wkh �qhvw
ohyho pd| eh h{wuhpho| ghqvh/ iru h{dpsoh/ +4 ploolrq�4 ploolrq, julg olqhv1

Qrwh wkdw zlwk wklv dssurdfk zh fdqqrw ehqh�w iurp frpsxwdwlrqdo vdy0
lqjv ri xvlqj E0vsolqh uh�qhphqw1 Lq wkdw fdvh wkh uh�qhphqw rshudwru U ��G �
�oov lq qrq0}hur frh!flhqwv vxfk wkdw wkh whqvru surgxfw julgv � � dw hdfk ohyho
uhsuhvhqw ixoo pdwulfhv ri frh!flhqwv> vhh wkh qh{w vhfwlrqv1 Wkh dgdswlyh dojr0
ulwkp dovr lqyroyhv vruwlqj dw hdfk ohyho n ri wkh klhudufk| vxfk wkdw wkh ryhudoo
frpsxwdwlrqdo frpsoh{lw| ehfrphv R+Q orj Q,> vhh ^45` iru ghwdlov1

8 E0Vsolqh Uh�qhphqw rq Xqlirup Sduwlwlrqv

Lq wklv vhfwlrq zh ghulyh h{solflw h{suhvvlrqv iru wkh uh�qhphqw rshudwru U ��G �
lqwurgxfhg lq Vhfwlrq 51 Zlwk wkh uhvwulfwlrqv wr xqlirup sduwlwlrqv/ wkh uh�qh0
phqw rshudwru uhvxowv lq vlpsoh irupxodh zklfk fdq eh lpsohphqwhg frpsdfwo|
lq rswlplvhg frgh1 Wzr fdvhv duh frqvlghuhg> fxelf F

�
frqwlqxrxv vsolqhv dqg

fxelf F
�
frqwlqxrxv vsolqhv rq whqvru surgxfw julgv1 Wkh prwlydwlrq iru frq0

vlghulqj F
�
frqwlqxrxv vsolqhv lv wkh idfw wkdw wkh| fdq/ lq vrph vhqvh/ srvvhvv

pruh vkdsh suhvhuylqj surshuwlhv wkdq F
�
frqwlqxrxv vsolqhv +rq wkh h{shqvh ri

vprrwkqhvv,> vhh iru h{dpsoh ^;`1 D jhqhudo dojrulwkp iru E0vsolqh uh�qhphqw/
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wkh vr0fdoohg �Rvor dojrulwkp�/ zlwkrxw uhvwulfwlrq wr xqlirup sduwlwlrqv zdv
ghyhorshg e| Frkhq/ O|fkh dqg Ulhvhqihog ^6`1

814 Uh�qhphqw ri Elfxelf �
W

Frqwlqxrxv Vsolqhv

Wkh uh�qhphqw rshudwru U ��G � wdnhv i � iurp wkh vsolqh vsdfh V � wr V ��D � e|
lqvhuwlqj julg olqhv kdoizd| ehwzhhq wkh julg olqhv lq � � wr rewdlq � ��D � 1 Li
zh ghqrwh e| U � +w,> l @ 3> 4> 5> 6/ wkh xqlyduldwh E0vsolqh edvlv ixqfwlrqv lq wkh
uh�qhg vsdfh/ wkhq wkh U � +w, duh +g|dglf, vfdolqjv ri wkh edvlv ixqfwlrqv lq +;,/

U � +w, @ E � +5w,

rq wkh lqwhuydo 3 � w ? 3=8/

U � +w, @
4

9
+4 � 5w,

H
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� 7w
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6
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vhh Iljxuh 81
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Iljxuh 8= Wkh xqlyduldwh fxelf E0vsolqh edvlv ixqfwlrqv U � +w, @ E � +5w,> l @
3> 4> 5> 6 lq wkh uh�qhg vsdfh V ��D � lq wkh F

�
frqwlqxrxv fdvh1

D xqlyduldwh vsolqh ixqfwlrq i+w, fdq qrz dovr eh h{suhvvhg lq wkh uh�qhg
vsdfh V ��D � rq wkh lqwhuydo 3 � w ? 3=8/
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i+w, @

H
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�
u � U � +w, @

H
[

��
�
f � E � +w,/ +49,

zkhuh iu � j dqg if � j duh vsolqh frh!flhqwv lq V ��D � dqg V � uhvshfwlyho|1 Lqvhuwlqj
iurp wkh htxdwlrqv +;, dqg +48,/ dqg vruwlqj wkh whupv e| ghjuhh lq w lq erwk
vsdfhv zh jhw/
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Frpsdulqj whup e| whup iru hdfk ghjuhh lq w/ zh jhw d olqhdu v|vwhp ri 7
htxdwlrqv lq wkh xqnqrzqv u � /
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Wkh vroxwlrq jlyhv wkh frh!flhqwv lq wkh uh�qhg vsdfh lq whupv ri wkh nqrzq
frh!flhqwv lq wkh ruljlqdo vsdfh/

5

9

9

7

u � @
�� +f � . f � ,

u � @
�Y +f � . 9f � . f � ,

u � @
�� +f � . f � ,

u H @
�Y +f � . 9f � . f H ,

6

:

:

8

Qrwh wkdw u � lv mxvw d �wudqvodwh� ri u � / dqg olnhzlvh iru u H dqg u � 1 Wklv lv gxh
wr v|pphwu| ri wkh E0vsolqh edvlv ixqfwlrq durxqg d julg srlqw> vhh Iljxuh 51
u � dqg u � fruuhvsrqg wr qhz julg srlqwv lq wkh uh�qhg julg L V kdoizd| ehwzhhq
h{lvwlqj julg srlqwv lq wkh ruljlqdo julg L/ dqg u H dqg u � fruuhvsrqg wr qhz julg
srlqwv lq wkh vdph srvlwlrq dv wkrvh lq wkh ruljlqdo julg1 Li zh ghqrwh e| ! V � � d
frh!flhqw dvvrfldwhg zlwk d julg srlqw lq L V zklfk frlqflghv zlwk wkdw ri ! � lq
L/ wkhq wkh frh!flhqwv lq L V duh rewdlqhg iurp wkrvh lq L e| +vhh dovr Iljxuh 9,/

! V � � @
4

;
+! �5� � . 9! � . ! ��D � , +4:d,

! V � ��D � @
4

5
+! � . ! ��D � ,= +4:e,
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Iljxuh 9= Qhz frh!flhqwv +sulphg, ri wkh uh�qhg julg L V lq wkh xqlyduldwh F
�

fdvh1

Zh qrz wxuq wr wkh elyduldwh fdvh wr �qg wkh frh!flhqwv ri wkh uh�qhg
whqvru surgxfw julg � ��D � lq whupv ri wkh frh!flhqwv ri � � 1 Ohw i+v> w, @
S � S J f � J E � +v,E J +w, ghqrwh d xqlirup whqvru surgxfw E0vsolqh vxuidfh lq wkh
vsdfh gh�qhg e| � � 1 Wklv htxdwlrq fdq eh uhzulwwhq dv

i+v> w, @
[

�
E � +w,

%

[

J f � J E J +v,

&

=

Qrwlfh wkdw/ iru hdfk urz qxpehu n lq � � / wkh vxp lq wkh vtxduh eudfnhwv
ghvfulehv d xqlirup E0vsolqh fxuyh lq wkh yduldeoh v1 Wkxv/ hdfk urz lq wkh
whqvru surgxfw kdv d fruuhvsrqglqj E0vsolqh fxuyh1 Zh fdq qrz uh�qh wkhvh
fxuyhv iru doo n xvlqj wkh xqlyduldwh uh�qhphqw rshudwru lq +4:,/

i+v> w, @
[

�
E � +w,

%

[

J u V � J U J +v,

&

@
[

�
[

J u V� J U J +v,E � +w,= +4;,

Wkh uhvxow vr idu lv wkh ruljlqdo vsolqh vxuidfh h{suhvvhg e| d qhz whqvru surgxfw
julg � V ��D � zkhuh qhz julg olqhv lq wkh w0gluhfwlrq kdyh ehhq lqvhuwhg kdoizd|
ehwzhhq wkh julg olqhv ri � � 1 Vlploduo| dv deryh zh fdq uhzulwh +4;, dv

i+v> w, @
[

J U J +v,

%

[

�
u V � J E � +w,

&

>

vxfk wkdw iru hdfk froxpq o lq � V ��D � / wkh vxp lq wkh vtxduh eudfnhwv ghvfulehv d
xqlirup E0vsolqh fxuyh lq wkh yduldeoh w1 Djdlq/ wkhvh fxuyhv fdq eh uh�qhg e|
wkh xqlyduldwh uh�qhphqw rshudwru lq +4:,/

i+v> w, @
[

J U J +v,

%

[

�
u � J U � +w,

&

@
[

�
[

J u � J U J +v,U � +w,=
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Wkxv/ uh�qhphqw kdv ehhq grqh lq erwk gluhfwlrqv ri wkh whqvru surgxfw julg
vxfk wkdw iu � J j duh frh!flhqwv ri wkh uh�qhg julg � ��D � 1 Lw lv qrz dq hdv|
h{huflvh wr ghwhuplqh wkh elyduldwh uh�qhphqw rshudwru U ��G � iurp wkh xqlyduldwh
rshudwru +4:,1 Iurp wkh frh!flhqwv rq wkh uljkw kdqg vlgh ri +4:d, dqg 4:e zh
pdnh wkh pdwulfhv P � @ ^4@;> 9@;> 4@;` dqg P � @ ^4@5> 4@5`1 Wkh iroorzlqj
pdwul{ surgxfwv grhv wkh mre/
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�
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Vlplodu dv lq wkh xqlyduldwh fdvh/ ohw ! V � ��[ � I fruuhvsrqg wr d julg srlqw lq � ��D �
zklfk frlqflghv zlwk ! � I lq � � = Wkhq wkh frh!flhqwv ri � ��D � duh rewdlqhg iurp
wkrvh lq � � e| wkh pdwul{ surgxfwv deryh/

! V � �5[ � I @
4

97
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4

7

�

! ��[ I . ! ��[ I�D � . ! ��D � [ I . ! ��D � [ I�D � � =

Wkh uh�qhphqw rshudwru U ��G � fdq qrz eh lpsohphqwhg dv irxu vhsdudwh ixqf0
wlrqv rshudwlqj rq wkh frh!flhqw pdwul{ � � wr rewdlq wkh qhz uh�qhg frh!flhqw
pdwul{ � ��D � 1

815 Uh�qhphqw ri Elfxelf �
\

Frqwlqxrxv Vsolqhv

Wkh E0vsolqh edvlv ixqfwlrqv iru F
�
frqwlqxrxv sro|qrpldo vsolqhv/ zklfk duh

rxwolqhg ehorz/ gr qrw srvvhvv wkh v|pphwu| surshuw| ri edvlv ixqfwlrqv lq wkh
F
�
fdvh1 Zh pxvw qrz frqvlghu wzr E0vsolqh edvlv ixqfwlrqv/
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rq wkh sduwlwlrq +�4> �4> 3> 3> 4,/ dqg

E+wm � 4> 3> 3> 4> 4, @

�

+w . 4,
H
@5> �4 ? w � 3>

�

8w
H

� <w
�

. 6w . 4
�

@5> 3 � w ? 4/
+53,

rq wkh sduwlwlrq +�4> 3> 3> 4> 4,> vhh Iljxuh :1
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Iljxuh := Fxelf E0vsolqh edvlv ixqfwlrqv rq wkh sduwlwlrqv +�4> �4> 3> 3> 4, dqg
+�4> 3> 3> 4> 4,1

Wkh wudqvodwhv E+w . l, ri +4<, dqg +53, fryhulqj wkh lqwhuydo 3 � w ? 4 duh

jlyhq dv/

E � +w, @ +4 � w,
H
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8w
H
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. 6w . 4
�

@5 +54,

E � +w, @
�

�8w
H

. 9w
�
�

@5

E H +w, @ w
H
@5>

vhh Iljxuh ;1
Lq wkh xqlyduldwh fdvh zh qrz dvvrfldwh wzr frh!flhqwv zlwk hdfk julg srlqw1

Wkxv/ jlyhq d julg srlqw zlwk lqgh{ l/ wkhq wkh frh!flhqwv �ohiw� dqg �uljkw� ri
l duh ! � ��� � dqg ! � � uhvshfwlyho|1 Lq wkh uh�qhg sduwlwlrq wkh julg srlqw lqgh{ l V
wkdw fruuhvsrqg wr dq rog julg srlqw l lv l V @ 5l1 Wkxv/ wkh frh!flhqwv �ohiw� dqg
�uljkw� ri dq h{lvwlqj julg srlqw lq wkh uh�qhg julg duh ! VE ��� � dqg ! VE � uhvshfwlyho|/
dqg wkh frh!flhqwv lq qhz srvlwlrqv �ohiw� dqg �uljkw� ri d qhz julg srlqw duh
! VE ��D � dqg ! VE ��D � 1

Wkh whqvru surgxfw vsolqh ixqfwlrq i dw d srvlwlrq +{> |, 5  lv jlyhq dv/

i+{> |, @

H
[

��
�

H
[

J 
�
E � +v,E J +w,! K ��D$��L K I�D J L

zkhuh l @ 5 e{f � 4/ m @ 5 e|f � 4/ v @ { � e{f/ dqg w @ | � e|f/ dqg E J dqg E �
duh wkh edvlv ixqfwlrqv lq +54,1
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t

Iljxuh ;= Fxelf E0vsolqh edvlv ixqfwlrqv lq wkh F
�
frqwlqxrxv fdvh rq wkh lqwhuydo

3 � w ? 41

Wkh xqlyduldwh E0vsolqh edvlv ixqfwlrqv U � +w, @ E � +5w,> l @ 3> 4> 5> 6/ lq wkh
uh�qhg vsdfh duh qrz/
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� 4;w
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. 6w .
4
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U � +w, @ �53w

H
. 45w

�

U H +w, @ 7w
H
>

rq wkh lqwhuydo 3 � w ? 3=8> vhh Iljxuh <1
Zh surfhhg h{dfwo| dv lq wkh F

�
frqwlqxrxv fdvh dqg jhw wkh iroorzlqj iru0

pxodh iru wkh uh�qhphqw rshudwru lq wkh xqlyduldwh fdvh +vhh dovr Iljxuh 43,/
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4
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7
! � ��D � +�ohiw� ri qhz julg srlqw, +55f,

! VE ��D � @
4

7
! � � .

8

;
! � ��D � .

4

;
! � ��D � +�uljkw� ri qhz julg srlqw, +55g,

Qrwh wkdw doo wkhvh irxu h{suhvvlrqv pxvw eh frqvlghuhg zkloh wkh F
�
fdvh rqo|

lqyroyhg wkh wzr h{suhvvlrqv lq +4:, gxh wr v|pphwu| ri wkh edvlv ixqfwlrq1
Djdlq zh surfhhg dv iru F

�
frqwlqxrxv vsolqhv wr rewdlq wkh uh�qhphqw rs0

hudwru U ��G � lq wkh elyduldwh fdvh1 Irxu frh!flhqwv duh qrz dvvrfldwhg zlwk hdfk

4;
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Iljxuh <= Wkh fxelf E0vsolqh edvlv ixqfwlrqv U � +w, @ E � +5w,> l @ 3> 4> 5> 6 lq wkh
uh�qhg vsdfh V ��D � lq wkh F

�
frqwlqxrxv fdvh1

12 −iφ
I

i i+1

I’

12 +iφ

’
4iφ’

14 −iφ

i’=2i 2i+1 2i+2

i2φ 22 +iφ

’
14 +iφ ’

24 +iφ

Iljxuh 43= Qhz frh!flhqwv +sulphg, ri wkh uh�qhg julg L ] lq wkh xqlyduldwh F ^
fdvh1
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srlqw lq wkh whqvru surgxfw julg1 Iurp wkh irxu htxdwlrqv +55d, � +55g, zh
pdnh wkh pdwulfhv P ^ @ ^6@7> 4@7`/ P _ @ ^4@7> 6@7`/ P ` @ ^4@;> 8@;> 4@7` dqg
P a @ ^4@7> 8@;> 4@;`1 Zh irup vl{whhq pdwul{ surgxfwv
P b^ P ^ > P b^ P _ > P b^ P ` > = = = > P ba P a / dqg wkh frh!flhqwv ri � c�d ^ lq wkh uh0
�qhg vsdfh V c�d ^ duh rewdlqhg iurp wkrvh ri � c lq V c e| wkh iroorzlqj vl{whhq
htxdwlrqv/
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9 Qxphulfdo H{dpsohv dqg Glvfxvvlrq

Wkh dojrulwkpv kdyh ehhq whvwhg rq d ydulhw| ri gl�huhqw w|shv ri phdvxuh0
phqw gdwd= lqwhusuhwhg vhlvplf gdwd uhsuhvhqwlqj jhrorjlfdo idxowv dqg krul}rqv/
vhdehg gdwd rewdlqhg iurp pxowl0ehdp hfkr vrxqghuv/ gdwd iurp 6G vfdqqlqj
ghylfhv/ gl�huhqw JLV0gdwd uhsuhvhqwlqj whuudlq/ dqg sdudphwulvhg 6G vfdwwhuhg
gdwd1

Frpprq wr doo wkhvh gdwd vhwv duh wkdw wkh| frqwdlq qrlvh dqg rxwolhuv1 Uh0
fdoo wkdw h{dfw lqwhusrodwlrq ri d gdwd srlqw s i lv dfklhyhg li wkhuh duh qr rwkhu
vfdwwhuhg gdwd srlqwv zlwk d fruuhvsrqglqj +7 � 7, qhljkerxukrrg ri frh!flhqwv
zklfk ryhuods zlwk wkdw ri s i 1 Wkxv/ wkh whqvru surgxfw julg dw wkh �qhvw ohyho
lq wkh vxuidfh klhudufk| vkrxog qrw eh wrr ghqvh dv wklv zrxog |lhog h{dfw lqwhu0
srodwlrq ri wkh gdwd dqg uhvxow lq rvfloodwlrqv dqg dqrpdolhv dv h{sodlqhg hduolhu1
Hyhq li wkh gdwd zhuh dffxudwh zlwkrxw qrlvh dqg rxwolhuv/ h{dfw lqwhusrodwlrq
pd| fdxvh orfdo shdnv qhdu wkh vfdwwhuhg gdwd1

Vrph ri wkh gdwd vhwv phqwlrqhg deryh kdyh vrph qlfh surshuwlhv zklfk
pdnh wkhp zhoo vxlwhg iru dssur{lpdwlrq zlwk pxowlohyho E0vsolqhv1 Wkh| duh
w|slfdoo| zhoo glvwulexwhg dqg wkh| duh ghqvho| vdpsohg lq wkh grpdlq1 Wkxv/
pdq| vfdwwhuhg gdwd srlqwv frqwulexwh wr hdfk frh!flhqw lq wkh whqvru surgxfw
julg e| Htxdwlrq +46, dqg +47,1 Hyhq li wkhuh duh frlqflghqw srlqwv lq wkh
grpdlq zlwk gl�huhqw }0ydoxhv/ wkhvh htxdwlrqv hqvxuh wkdw wkh vsolqh vxuidfh
srvvhvvhv d jrrg zhljkwhg dyhudjh ri wkh vfdwwhuhg gdwd srlqwv1

D vsolqh vxuidfh zlwk 73<: � ;4<6 frh!flhqwv zdv fuhdwhg iurp d odujh gdwd
vhw frqvlvwlqj ri dssur{lpdwho| 86 ploolrq gdwd srlqwv1 Wkh gdwd vhw zdv d
pl{wxuh ri whuudlq gdwd dqg vhdehg gdwd iurp pxowl0ehdp hfkr vrxqghuv iurp d
kxjh duhd ri 46:np�633np iurp wkh frdvw ri Qruzd|1 Wkxv/ wkh vl}h ri hdfk julg
fhoo zdv dssur{lpdwho| 66=7�69=9 phwhuv1 Wklv jlyhv dq dyhudjh ri 4=9 srlqwv shu
julg fhoo/ dqg vlqfh wkh gdwd zhuh zhoo glvwulexwhg lq prvw ri wkh grpdlq/ pdq|
vfdwwhuhg gdwd srlqwv frqwulexwhg wr hdfk vsolqh frh!flhqw1 Wkh dojrulwkpv
shuiruphg uhpdundeo| zhoo rq wklv gdwd vhw/ wkrxjk vrph luuhjxodulwlhv frxog eh
revhuyhg lq duhdv zkhuh wkh vfdwwhuhg gdwd zhuh vsduvh1 +Zh kdyh qr lpdjhv
iurp wklv h{shulphqw1,

Wkh whuudlq gdwd lq Iljxuh 44 frqvlvwv ri dssur{lpdwho| 7;> 333 srlqwv iurp
gljlwlvhg frqwrxuv ryhu d grpdlq ri 47=<np � 5:=;np1 Vlqfh wkh gdwd duh gljlwlvhg
frqwrxuv/ wkh| duh qrw zhoo glvwulexwhg lq wkh grpdlq1 Li wkh whqvru surgxfw julg
lv pdgh wrr ghqvh/ iru h{dpsoh 4358 � 537< frh!flhqwv dv lq Iljxuh 47/ pdq| ri
wkh frqwrxuv duh ylvleoh lq wkh 6G vxuidfh dv �whuudfhv�1 Lq wklv fdvh hdfk julg
fhoo lv dssur{lpdwho| 47=8 � 46=9 phwhuv dqg wkh dyhudjh ghyldwlrq +phdvxuhg
yhuwlfdoo|, ri wkh vsolqh vxuidfh iurp wkh jlyhq gdwd lv 3=56 phwhuv1 Li wkh whqvru
surgxfw julg lv uhgxfhg wr 58:�846 frh!flhqwv zlwk julg fhoov 8;=4�87=7 phwhuv/
ohdylqj dq dyhudjh huuru ri 4=:: phwhuv/ pdq| ri wkh ylvxdo luuhjxodulwlhv zrxog
glvdsshdu1 Wklv zrxog eh vx!flhqw iru ylvxdol}dwlrq/ exw iru whuudlq dqdo|vlv lq
JLV0dssolfdwlrqv/ rqh pxvw suredeo| rshudwh dw rqh g|dglf ohyho orzhu zlwk julg
fhoov 449=5 � 43;=: phwhuv/ zklfk pdnhv wkh prgho vprrwkhu +vhh Iljxuh 46,1
Wklv ohdyhv dq dyhudjh huuru ri 6=<6 phwhuv1 Wkh whuudlq prghov vkrzq duh F

_
vsolqh vxuidfhv dqg wkh sorwv duh vfdohg e| d idfwru ri irxu lq wkh }0gluhfwlrq1
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Rq dq ;33 P} SF zlwk 589 Pe UDP/ wkh FSX0wlph xvhg wr fuhdwh wkh vsolqh
vxuidfh zlwk 45< � 58: frh!flhqwv zdv 4=: vhfrqgv/ dqg 6=: vhfrqgv zdv xvhg wr
fuhdwh wkh �qhvw vxuidfh zlwk 4358 � 537< frh!flhqwv +fi1 Htxdwlrq 6,1

Wkh 6G vfdwwhuhg gdwd lq Iljxuh 48/ vdpsohg iurp d khdg dqg d irrw/ zhuh
sdudphwulvhg ryhu uhfwdqjxodu grpdlqv e| d phwkrg ghyhorshg e| Iordwhu ^:`1
Hdfk srlqw lq wkh sdudphwhu grpdlq fruuhvsrqgv wr d vfdwwhuhg gdwd srlqw lq
6G vsdfh1 Wkh uhfwdqjxodu erxqgdu| ri wkh grpdlqv fruuhvsrqg wr erxqgdulhv
ri wkh sk|vlfdo prghov +ehorz wkh qhfn lq wkh khdg0prgho dqg deryh wkh dqnoh
lq wkh irrw0prgho,1 Gxh wr wkh +vkdsh suhvhuylqj, sdudphwulvdwlrq phwkrg wkdw
zdv xvhg/ wkh srlqwv duh xqhyhqo| glvwulexwhg lq wkh sdudphwhu grpdlq> vhh wkh
�jxuhv lq wkh plggoh1 Wkxv/ h{wuhpho| ghqvh whqvru surgxfw julgv zhuh qhfhvvdu|
wr uhfryhu doo ghwdlov lq wkh prghov 0 iru h{dpsoh/ wkh irrw0prgho lq wkh �jxuh
lv uhsuhvhqwhg e| 496;7 � 496;7 E0vsolqh frh!flhqwv1 Wkh dgdswlyh dssurdfk
h{sodlqhg lq Vhfwlrq 716 zdv lq wklv fdvh xvhg wr olplw vwrudjh uhtxluhphqwv1
Vrph luuhjxodulwlhv duh ylvleoh lq wkh 6G sorwv qhdu wkh erxqgdulhv zkhuh wkh
whqvru surgxfw julgv duh ghqvh frpsduhg wr wkh ghqvlw| ri wkh sdudphwulvhg
srlqwv1

Dfnqrzohgjphqwv Wklv zrun zdv vxssruwhg e| wkh Uhvhdufk Frxqflo ri Qru0
zd| wkurxjk edvlf ixqglqj wr VLQWHI1 Wkh dxwkru wkdqnv Wru Grnnhq/ Plfkdho
Iordwhu dqg Ndl Krupdqq iru iuxlwixo glvfxvvlrqv rq pxowlohyho vsolqhv dqg uh0
odwhg wrslfv gxulqj wklv zrun> dqg N|uuh Vwuûp iru xvhixo khos zkhq ghulylqj
h{solflw irupxodh iru uh�qhphqw rshudwruv1
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Uhihuhqfhv

^4` H1 Dujh/ P1 Gékohq/ dqg D1 Wyhlwr1 Dssur{lpdwlrq ri vfdwwhuhg gdwd xvlqj
vprrwk julg ixqfwlrqv1 Mrxuqdo ri Frpsxwdwlrqdo dqg Dssolhg Pdwkhpdwlfv/
8<=4<4�538/ 4<<81

^5` F1 N1 Fkxl1 Dq Lqwurgxfwlrq wr Zdyhohwv1 Dfdghplf Suhvv/ Ervwrq/ 4<<51

^6` H1 Frkhq/ W1 O|fkh/ dqg U1 Ulhvhqihog1 Glvfuhwh E0Vsolqhv dqg vxeglyl0
vlrq whfkqltxhv lq frpsxwhu dlghg jhrphwulf ghvljq dqg frpsxwhu judsklfv1
Frpsxwhu Judsklfv dqg Lpdjh Surfhvvlqj/ 47+5,=;:�444/ 4<;31

^7` P1 Gékohq dqg Û1 Kmhooh1 Frpsdfw uhsuhvhqwdwlrq ri vhlvplf vhfwlrqv1
Whfkqlfdo Uhsruw <4345806/ VLQWHI/ 4<<51

^8` P1 Gékohq dqg W1 O|fkh1 Ghfrpsrvlwlrq ri vsolqhv1 Lq W1 O|fkh dqg O1 O1
Vfkxpdnhu/ hglwruv/ Pdwkhpdwlfdo Phwkrgv lq Frpsxwhu Dlghg Jhrphwulf
Ghvljq LL/ sdjhv 468�4931 Dfdghplf Suhvv/ Qhz \run/ 4<<51

^9` L1 Gdxehfklhv1 Whq Ohfwxuhv rq Zdyhohwv1 VLDP Sxeolfdwlrqv/ Sklodghoskld/
4<<51

^:` P1 V1 Iordwhu1 Sdudphwul}dwlrq dqg vprrwk dssur{lpdwlrq ri vxuidfh wul0
dqjxodwlrqv1 Frpsxwhu Dlghg Jhrphwulf Ghvljq/ 47+6,=564�583/ 4<<:1

^;` M1 H1 Odyhu|1 Xqlyduldwh fxelf Oj vsolqhv dqg vkdsh0suhvhuylqj/ pxowlvfdoh
lqwhusrodwlrq e| xqlyduldwh fxelf O ^ vsolqhv1 Frpsxwhu Dlghg Jhrphwulf
Ghvljq/ 4:+7,=64<�669/ 53331

^<` G1 W1 Ohh dqg E1 M1 Vfkdfkwhu1 Wzr dojrulwkpv iru frqvwuxfwlqj d Gh0
odxqd| wuldqjxodwlrq1 Lqwhuqdwlrqdo Mrxuqdo ri Frpsxwhu dqg Lqirupdwlrq
Vflhqfhv/ <+6,=54<�575/ 4<;31

^43` V1 Ohh/ N10\1 Fkzd/ M1 Kdkq/ V1 \1 Vklq/ dqg J1 Zroehuj1 Lpdjh phwd0
pruskrvlv xvlqj vqdnhv dqg iuhh0irup ghirupdwlrqv1 Lq Frpsxwhu Judsklfv/
VLJUDSK*<8/ yroxph 6/ sdjhv 76<�77;/ 4<<81

^44` V1 Ohh/ J1 Zroehuj/ N10\1 Fkzd/ dqg V1 \1 Vklq1 Lpdjh phwdpruskrvlv
zlwk vfdwwhuhg ihdwxuh frqvwudlqwv1 LHHH Wudqvdfwlrq rq Ylvxdol}dwlrq dqg
Frpsxwhu Judsklfv/ 5+7,=66:�687/ 4<<91

^45` V1 Ohh/ J1 Zroehuj/ dqg V1 \1 Vklq1 Vfdwwhuhg gdwd lqwhusrodwlrq zlwk
pxowlohyho E0vsolqhv1 LHHH Wudqvdfwlrqv rq Ylvxdol}dwlrq dqg Frpsxwhu
Judsklfv/ 6+6,=55<�577/ 4<<:1

^46` \1 Ph|hu1 Rqgrohwwhv hw Rshudwhxuv1 Khupdqq/ Sdulv/ 4<<31

^47` P1 M1 G1 Srzhoo1 Wkh wkhru| ri udgldo edvlv ixqfwlrq dssur{lpdwlrq lq
4<<31 Lq Z1 Oljkw/ hglwru/ Dgydqfhv lq Qxphulfdo Dqdo|vlv/ Yro LL/ sdjhv
438�5431 R{irug Vflhqfh Sxeolfdwlrqv/ 4<<51
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D Iljxuhv iurp Qxphulfdo H{shulphqwv

Iljxuh 44= Frqwrxu gdwd dv lqsxw wr wkh vxuidfh prgho vkrzq lq wkh qh{w �jxuhv1

Iljxuh 45= Vxuidfh prgho dw d frduvh +dqg vprrwk, ohyho zlwk 66 � 98 E0vsolqh
frh!flhqwv1
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Iljxuh 46= Vxuidfh prgho zlwk 45< � 58: E0vsolqh frh!flhqwv1

Iljxuh 47= Vxuidfh prgho zlwk 4358 � 537< E0vsolqh frh!flhqwv1 Wklv lv wrr
ghqvh uhodwlyh wr wkh ghqvlw| ri wkh frqwrxu gdwd vkrzq lq Iljxuh 441 Wkhuh duh
dqrpdolhv lq wkh 6G prgho ylvleoh dv �whuudfhv� dorqj wkh frqwrxu gdwd1
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Iljxuh 48= 6G phdvxuhphqw gdwd iurp d khdg dqg d irrw sdudphwulvhg ryhu uhfw0
dqjxodu grpdlqv1 Wkh dgdswlyh Pxowlohyho E0vsolqh vfkhph zdv xvhg wr fuhdwh
wkh 6G prghov1 Wkh irrw0prgho frqvlvwv ri 496;7 � 496;7 E0vsolqh frh!flhqwv1

59


