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Rational Approximation of Nonlinear
Systems Via NL-VF

Abner Ramirez

Abstract—This paper presents an alternative vector fitting
(VF)-based approach to generate a rational model of nonlinear
system behaviors. The proposed approach, named here as
nonlinear VF (NL-VF), has its fundament in the previously
proposed time-domain VF (TD-VF). TD-VF generates rational
models using TD input/output responses and numerical
convolution. Unlike TD-VF, NL-VF utilizes input/output vectors
in the frequency domain (FD) to produce a rational approximation
of the corresponding transfer function/matrix. The input/output
FD vectors are obtained in this paper by a numerical Laplace
transform (NLT) algorithm. Alternatively, input/output TD
vectors available from any solution algorithm can be transformed
to FD via NLT and used in the NL-VF approach. Computational
efficiency and accuracy of the NL-VF are compared with the
TD-VF technique for the single-phase case. It is demonstrated that
NL-VF gives more accurate results than TD-VF, in particular when
the data is calculated from a time-window, which does not capture
the system slow dynamics. Also, unlike TD-VF, NL-VF can handle
in a natural way FD weighting, thus exhibiting error control. The
proposed approach is applied in this paper to 1) a boost converter
circuit, and 2) a network involving simultaneously a three-phase
grid-tied photovoltaic (PV) system and a nonlinear reactor load.

Index Terms—Curve fitting, frequency
frequency domain synthesis, nonlinear systems.

domain analysis,

I. INTRODUCTION

ATIONAL approximation of linear systems permits to
R generate wide-band state space models amenable for tran-
sient simulation studies [1], [2]. The main characteristics of
such models are: a) they provide a dynamic response close to
that of the original system, b) they are easy to implement in a
computer algorithm, and c) they result in fast simulations with
little memory usage.

VF is a mature and widely applied technique for rational
approximation of linear system behaviors. Its main applications
are in high-voltage power networks and high-speed electronics,
for the modeling of components and sub-systems. Classical
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VE, as it has been known since 1999, employs the transfer
function data, obtained either from analytical closed-form or
by numerical data, in the s-domain (i.e., FD) [2]. A number
of variants have since been introduced, e.g., formulations in
time domain (TD-VF) [3] and z-domain (ZD-VF) [4]. Also, the
computational performance has been improved by introduction
of relaxation [5], orthonormal basis functions [6], and usage
of an instrumental variable [7]. VF in TD (TD-VF) utilizes
TD input/output transient variables and applies the convolution
concept to find a solution for the rational approximation prob-
lem [8]. An alternative method is the autoregressive moving
average (ARMA) model, which uses a set of discrete differ-
ential equations from the z-domain data, which in its turn,
can be obtained from the FD [8]. A thorough comparison
in [8] shows that TD-VF is more accurate than ARMA and
ZD-VE

This paper focuses on rational models of nonlinear networks,
assumed here as those involving nonlinear loads and/or time-
periodic components, such as PV generators. For such systems,
their transfer function may not be amenable for direct rational
approximation due to involved nonlinear elements or frequency
cross-coupling generated by switching dynamics [9], [10], [11].
Hence, a FD solution method can initially be used for calculating
frequency responses, i.e., input X(s) and output Y(s) vectors
[11]-[12]. Alternatively, their TD counterparts x(¢) and y(f) can
be obtained from simulation software tools [13], [14], [15]. Af-
terwards, with input/output variables known, TD-VF, for exam-
ple, can be used to characterize the nonlinear system behaviors.
Currently, there are a few FD-based methods to calculate X(s)
and output Y(s) of nonlinear networks, noting that most existing
FD-based methods focus on linear networks/components [16],
[17], [19]. Among those methods, the NLT is adopted in this
paper due to its robustness and accuracy [19]. The NLT has
been applied, besides linear systems, to nonlinear loads and
inverter-based generators [11], [12], generating both X(s) and
Y(s) in a natural s-domain.

This paper proposes the NL-VF as an alternative approach
to nonlinear systems FD characterization. NL-VF has its funda-
ment in the previously published TD-VF, noting that the former
utilizes input/output variables in the FD for the transfer function
characterization, as opposed to TD-VF, which uses their TD
counterparts. It is important to mention that, regardless the solu-
tion method utilized to solve the nonlinear system (which may
rely on its linearized version); the proposed approach utilizes
input/output FD variables. That is, the proposed approach can
generate a rational approximation of the nonlinear behavior of
the system.
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TD-VF was originally conceived to create models from com-
putationally expensive simulations, e.g., TD finite element sim-
ulations. TD-VF has the nice ability to generate a model using
a truncated TD response, and the model will be accurate when
applied to a simulation length not exceeding the time record
from which it was extracted [8]. But for long simulation records
(thousands of time steps), TD-VF becomes very slow. Also,
there is an issue with controlling the accuracy, i.e., how to deal
with weighting in TD-VF. In other words, so far one cannot
apply weight to individual frequency components in TD-VF,
e.g., inverse magnitude weighting for relative error control. On
the other hand, NL-VF can handle frequency domain weighting
in a direct way, allowing accuracy control. Another advantage
of NL-VF over TD-VF is that the former avoids convolution
operation in TD and its corresponding time approximation,
which can become a source of inaccuracy.

A major difference between classical VF and the proposed
NL-VF can be stated as follows. Classical VF requires the
knowledge of a transfer function obtained either analytically
or by measurements; such transfer function is approximated by
a rational function involving a set of poles/residues. In classical
VF there is no need of knowing input/output variables. On
the other hand, NL-VF uses input/output variables to provide
a rational approximation of an (unknown) transfer function.
This feature by NL-VF makes it applicable to systems involving
electronic switches and nonlinear components.

Section II presents the basic relations of TD-VF, which is
taken as basis for the proposed NL-VF approach. The NL-VF is
described in Section III while Sections IV and V describe two
case studies. Section VI concludes the paper.

II. TD-VF BASIC RELATIONS

The basic relations of the TD-VF technique are described
below. The details of TD-VF can be found in [3].

The main objective is to approximate a given P x Q transfer
matrix H(s) of a system by rational functions using an N-th order
pole-residue model (1). Matrix Ho corresponds to the direct
coupling matrix. The model uses a common pole set {p,,} for
all elements within the associated residue matrices {R,,}.

N
R,
H(s) ~ Z ——+ H.. (1)
1 Pn

The approximation (fitting) is performed via the following
two steps.

A. Poles Calculation

To identify the dominant poles of the system, a scalar weight-
ing function is introduced, as in (2), where {¢,,} is an initial set
of known poles which can be chosen as indicated in [2].

N
1+Zsﬁn :ngl(s—zn)
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Considering that both input X(s) and output Y(s) are available,
the following approximation holds [3]:

X(s). (3)

Yk
1+Zsfqn
n=1

] Y(s) = [Z Sl\f’;n + M,

n=1

The set of residues {k,,} permits to calculate the zeros of o (s)
which correspond to a new set of poles {p,,}. At this point, the
new set {p,} can be used within a pole relocation scheme to
obtain a better poles estimate.

To calculate the set {k, }, TD-VF formulates problem (3) as
a least squares (LS) problem using TD input x(#) and output
¥(t) as variables. First, x(f) and y(¢) are found by applying the
inverse Laplace transform to X(s) and Y(s), or they can be
obtained via simulations or measurements. Then, the concept
of TD convolution is applied to (3). Finally, the convolution
integrals are numerically discretized by using linear interpola-
tion, which corresponds to applying first-order infinite impulse
response (IIR) filters [3]. The reader is referred to [3] for the
corresponding TD expressions. Usage of trapezoidal rule is often
preferable when applying TD-VF to waveforms obtained by
EMT-type simulations software [8]. The terms involving FD
products X(s)/(s — q) or Y(s)/(s — q) in (3) are then solved
by applying the trapezoidal rule to the corresponding differential
equation.

B. Residues Calculation

The obtained set of poles {p,, } is used to calculate the matrices
R,, and H, in (1), expressed in terms of X(s) and Y(s) as

R,

Y(s) =
S = Pn

+ H, | X(s). “4)

>

n=1

In the TD-VF approach, (4) is solved in the LS sense similar
to (3),1.e., using TD variables and applying both the convolution
concept and IIR filters (trapezoidal rule).

III. DESCRIPTION OF NL-VF

The proposed approach applies the two main steps described
in Section II in which poles and residues calculation are based
on the FD input/output vector variables, X(s) and Y(s), without
resorting to a TD formulation. These variables can be obtained,
for example, from a FD-based solution method; the NLT is
adopted in this paper due to its accuracy and robustness [19].
Alternatively, x(f) and y(¢) can be obtained from a simulation
software and be transformed to FD via NLT, then the fitting is
applied to obtain the rational model. The flow diagram of Fig. 1
describes the abovementioned two options; this paper applies the
one at the left-hand-side (FD-based) while the other (EMT-type
simulation) is left for a subsequent research work.

For simplicity of illustration, a 3-terminal case is described
next. The extension to the general multi-input multi-output
(MIMO) case is straightforward.
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Fig. 1. Input options for the proposed NL-VF approach.

A. Poles Identification

The set of residues {k,,}, which permits to calculate the new
set of poles {p,,} as the zeros of o(s), is calculated by solving
(3) in the LS sense. Consider a case with n; real poles and ny
complex poles; then (3) can be expressed as

ni kn no %
»s +zs_nq,]y<s)
n=1 T

S dn n=1

ny M n2 M/
= LB 4+ My | X(s). 5)
[zS_QWL 7;5_% ()

Equation (5) is evaluated for M frequencies, resulting in an
overdetermined system of the form (details in Appendix B):

Ax =bh. (6)

In (6), matrix A contains either products between X(s) or Y(s)
and terms of the type 1/(s — ¢, ), or evaluation of X(s) itself,
for s = s1, 52, ..., sps (see Appendix B). Note that both X(s) or
Y(s) correspond to FD column vectors of dimensions 3M x 1.
The right-side b in (6) is b = =Y (s). The unknown vector X in
(6) contains the residues {k,,} and the residue elements of both
matrices M,, and M. Note that symmetry of residue matrices
is considered in this paper; thus, for each residue matrix only 6
elements are calculated. Also, note that in this step only the set
{ky,} is relevant for the calculation of the zeros of o (s).

B. Residues Calculation

The calculated set of poles {p,,} from the step above is used to
calculate R,, and Hy in (1). Separating real and complex poles,
(1) gives (7) which is evaluated for M frequencies, resulting in
an overdetermined system similar to (6). The problem is solved
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R, L,

Vde _K

Fig. 2. Boost converter circuit for case study 1.

TABLE I
DATA OF BOOST CONVERTER CIRCUIT

Vde 1,000 V Source voltage

Ro 0.1 Ohm Source resistance

Lo 9 mH Source inductance
fs 2 kHz Switching frequency
d 0.5 Duty cycle

R 1 Ohm Load resistance

L 10 mH Load inductance

C 2200 pF Capacitance

in the LS sense.

ni

>

n=1

R,

S = Pn

no R,
Y(s) = +Zﬁ+ﬂm X(s). (D

n=1

In this step, matrix A contains either products between X(s)
and expressions of the type 1/(s — p,,), or evaluation of X(s)
itself, for s = sy, 59, ..., 537 (see Appendix B). Also, b =
Y(s). The unknown vector X now contains the (upper triangular)
residue elements of matrices R,, and Hq.

In both procedures, poles identification and residues calcu-
lation, the corresponding system (6) is formulated such that
the poles and residue matrices result real-valued and complex-
conjugate, see Appendix B.

IV. CASE STUDY 1: BOOST CONVERTER CIRCUIT

This case study aims at showing the advantages of NL-VF
over TD-VF in terms of accuracy, efficiency, and noise immu-
nity. To achieve this, a single-input single-output (SISO) boost
converter circuit is utilized.

A. Circuit Description

Consider the boost converter circuit in Fig. 2 with parameters
listed in Table I. For this case study, the input and output are
assumed to be the DC voltage source and voltage at capacitor
terminals, respectively. The solution variables are obtained by
an NLT algorithm programmed in Matlab and using a computer
with Intel Core 17-8565U CPU@1.8 GHz, 16.0 GB, HD 500
GB. The NLT provides both the FD variable vectors, Vg .(s)
and V.(s), fed into the NL-VF algorithm, and the instantaneous
values, v4.(¢) and v.(t), utilized in the TD-VF. Note that a well-
established relation between time-step length and maximum
frequency is obeyed by the NLT [19].

It is mentioned that for inverter-based systems the transfer
function involves frequency cross-coupling [9], [10], [11] which
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Fig. 3. (a) Capacitor voltage, v.(f), and its approximations by TD-VF and

NL-VF using a time-window of 0.1 s and 2048 samples, (b) absolute errors of
approximations, and (c) FD spectrum corresponding to V.(s).

hinders its direct rational approximation. In other words, instead
of having a single-valued element, e.g., H1 1 (s), the transfer ma-
trix elements are Toeplitz-type sub-matrices with the frequency
content of the switching function. This is confirmed by the FD
input/output relation presented in Appendix A for the boost
converter circuit of Fig. 2.

B. Numerical Results

Fig. 3(a) presents the “exact” transient waveform v.(¢) (given
by the NLT algorithm) and its approximation from the TD-VF
and NL-VF fittings, using 2048 samples and a time-window
of 0.1 s. With both TD-VF and NL-VF, a model with N =
40 poles is calculated using 10 pole relocating iterations. The
corresponding absolute errors are shown in Fig. 3(b), indicating
a similar accuracy with both modeling approaches. Note that
the chosen order of approximation is arbitrary and by increasing
it, a smaller error is obtained. The cpu-times by TD-VF and
NL-VF are 0.16 s and 0.075 s, respectively. Fig. 3(c) presents
the FD spectrum of the output V.(s), given by NLT, and its
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Fig. 4. (a) v(?) using a time record of 0.1 s and a simulation time-window of
0.2 s and 512 samples. (b) v.(¢) using a time record of 0.01 s and a simulation
time-window of 0.2 s and 512 samples.

approximation given by NL-VF. The peaks in the FD spectrum
correspond to the switching frequency of 2 kHz and its first
harmonic.

Based on the obtained rational models by TD-VF and NL-VF
(i.e., 40th order using 2048 samples and 0.1 s of time-window),
Fig. 4(a) presents an extended time-window simulation of 0.2 s
and using now only 512 samples. Although the time record of
0.1 s permits to capture the low-frequency dynamics, TD-VF
starts showing a larger error, compared to NL-VF, for the 0.2 s
time-window. An extreme case is presented in Fig. 4(b) where
a rational model is obtained with a time record of 0.01 s and
the simulation time-window is again 0.2 s with 512 samples.
Fig. 4(b) shows that, although some low-frequency dynamics
are missed, NL-VF still gives a smaller error than TD-VF. The
results in Fig. 4 conclude that NL-VF s less sensitive to time-step
and time-window length compared to TD-VFE.

As an additional experiment, random noise with maximum
magnitude of 10 is added to the voltage source v4.(f) and the
capacitor voltage is calculated via NLT. These two variables
are used again as input/output to both TD-VF and NL-VF to
obtain two new rational models of order 40. Fig. 5 presents the
absolute errors given by TD-VF and NL-VF for the capacitor
voltage, v.(f). Fig. 5 shows that the latter is much less sensitive
to noise in the TD input/output variables than TD-VF.

V. CASE STUDY 2: PHOTOVOLTAIC SYSTEM

A. System Description

The PV system of Fig. 6 is adopted from [11] to further
illustrate the NL-VF approach. The system involves, besides
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Fig. 6.

PV system, adopted from [11].

a transmission network, a three-phase PV generator and a three-
phase nonlinear reactor, connected at nodes 4 and 3, respectively.
Within the PV generator, the PV modules are modeled as a
Thévenin equivalent, i.e., a DC voltage source in series with
a resistance [11]. The corresponding data can be found in [11].
The startup of the PV system is simulated in FD via the NLT
algorithm with an observation time of 40 ms and considering
512 samples.

From the adopted NLT algorithm, the voltage at bus 4, V4(s),
and the current across the filter inductor, I(s), of the PV gen-
erator, are arbitrarily assumed as input and output, respectively,
and fed into the NL-VF. Each of them is a FD column vector of
dimensions 512 samples x 3 phases = 1536 x 1; note that only
half of samples (positive frequencies only) plus DC component
are used in the NL-VF approximation algorithm.

Fig. 7 presents the FD spectra, corresponding to phase a only,
for both V4(s) and I¢(s). It is observed in the spectra of Fig. 7 the
presence of resonance peaks corresponding to the PV’s inverter
switching frequency of 2 kHz and its harmonics.

The initial set of poles in NL-VF is assumed as 150 complex
conjugate poles that are linearly distributed. Ten pole iterations
are utilized.

For verification purposes, the original output (/¢, phase a) pro-
vided by the NLT algorithm and the output given by the product
between the approximated transfer matrix (given by NL-VF)
and input FD vector, as in (4), are compared in Fig. 8(a). Both
outputs are practically superimposed. Also, the absolute error is
included in Fig. 8(a). The rms errors for the approximations are

IEEE TRANSACTIONS ON POWER DELIVERY, VOL. 38, NO. 3, JUNE 2023
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Fig. 7. FD spectra, corresponding to phase a, of (a) voltage at node 4, V4(s),
and (b) current across the filter inductor, /(s).
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Fig.8.  Comparison of output /(s) from NLT and NLT-VF for phase a (a) with
no weighting and (b) with weighting for the last 60 samples.

of 3.45 x 107'1,2.93 x 10!, and 3.41 x 107!, for phases a,
b, and c, respectively. The cpu-time by NL-VF is 11 s.

To highlight the control error feature of the NL-VF, which
is not exhibited by TD-VF, Fig. 8(b) presents the results cor-
responding to Fig. 8(a) with a weight of 10 given to the last
60 samples of Y(s) [and last 60 rows of A in (6)], in the range
4.9 kHz-6.4 kHz. Fig. 8(b) shows the effectiveness of weighting
by the smaller absolute error obtained in the last 60 samples.
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Fig.9. Comparison of transient waveforms corresponding to if(s), phase a, as
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0.025 0.03 0.035 0.04

Fig. 9 presents the transient waveforms corresponding to i(?),
phase a, as given by the NLT algorithm, and its approximated
response via NL-VF. The rms error is of 1.72 x 1077,

Next, an extreme numerical experiment is performed. The
NL-VF is now applied to this case study by using only 5 pairs
of complex poles and ten iterations. Fig. 10 presents the spectra
of the original output and its approximation via NL-VF and
the corresponding transient waveforms. The rms errors for the
FD approximation and TD waveforms are 1.54 x 10~ and
5.28 x 107>, respectively. Fig. 10 shows that, despite the low
order, a fair approximation is achieved and, furthermore, the
dynamics of the system are reproduced with remarkable accu-
racy. The cpu-time is of 0.21 s, which represents around 2% of
the cpu-time using 150 complex poles. This low-order rational
model represents substantial computational savings when used
to obtain the dynamic simulation of the system.
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Fig. 11.  Comparison of the approximation error for output /4(s) as given by

NL-VF and classical VF for phase a using 150 complex poles.

Finally, a transfer matrix corresponding to the PV system of
Fig. 6is approximated by classical VF. The approximation errors
for the output, phase a, as given by both NL-VF and classical VF
are compared in Fig. 11. In both methods, 150 complex poles are
used. In the overall, both approximations agree, noting that NL-
VF provides a smaller approximation error in the low-frequency
range.

VI. DISCUSSION

Although conceptually similar, the main difference between
TD-VF and NL-VF is that the LS solutions of (3) and (4) are
carried out in TD and FD, respectively. By using FD variables,
NL-VF avoids numerical approximation of convolution integrals
and very small time-step issues. Such FD variables are taken
from the adopted NLT solution algorithm; nevertheless, other
FD-based methods can be adapted to handle nonlinear compo-
nents [16], [17], [18]. Alternatively, we can utilize any EMT-type
software, such as EMTP-RV, PSCAD/EMTDC, or XTAP, to
obtain the TD input/output variables for a given time-window
[13], [14], [15]. These variables are then converted to FD via
NLT and used within the NL-VF approach.

Similar to TD-VF, NL-VF s also applicable to any simulation
time-window length despite a short time record. As shown in
Fig. 4, the rational models by the two methods are prone to
lose low-frequency dynamics and the accuracy deteriorates with
simulation times being much longer than the time record. But
the NL-VF was demonstrated to provide a smaller error in the
transient response than TD-VF. Also, the excitation shape can
have an influence in cases where some spectral components are
inaccurately captured by the fitting. This is left as future research
topic.

The primary objective of the paper is to compare NL-VF
against TD-VFE. Note that EMT-type models generally require a
very small time-step to accurately reproduce high dynamics by
electronic switches; moreover, it may require iterative methods
when nonlinear components, represented as polynomial rela-
tions, are also included. In those cases, a rationally fitted model,
such as NL-VF (or TD-VF), results advantageous. For example,
the nonlinear circuit of Fig. 6 is accurately simulated by using 5
pairs of complex poles (Fig. 10), while the detailed EMT model
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would involve a larger system of a combination of linear and non-
linear differential equations, including rational approximations
for the lines/cable, switching devices, and nonlinear reactor.

In this paper, inverter-based systems, as the PV system in
Section V, are under interest due to the presence of elec-
tronic switches. As further investigation, the combination of
frequency-dependent network equivalents (FDNE) with equiv-
alents of nonlinear systems, as given by NL-VF, will be consid-
ered.

Finally, a possible limitation of NLT-VF can be the dimen-
sions of the LS solution system, as given by (6), when either X(s)
or Y(s) or both have many resonance peaks in their frequency
response, requiring a large number of samples. A preliminary
solution utilized in this paper is to use positive frequencies only,
translating in half cpu-time compared to using a complete FD
vector with both positive and negative frequencies. This is also
left as future research topic.

VII. CONCLUSION

An alternative FD-based fitting approach, named here as NL-
VF, has been presented in this paper. A main application of
NL-VF is to characterize, via rational functions, FD spectra of
networks involving nonlinear loads and inverter-based networks.
The input/output FD variables, used to obtain the fitted transfer
matrix, are obtained from a FD-based simulation technique, i.e.,
the NLT, in a precise manner. It has been shown that, compared
to the TD-VF approach, NL-VF does not present inaccuracies
due to extended time-windows, it is less sensitive to noise, and
exhibits error control via FD weighting.

APPENDIX A

The FD input/output relation of the boost circuit in Fig. 2 is
described by

Vo=[(Yo+ 27 + 82, 8) 'S Z, Ve, (8a)

In (8a), Sy denotes a switching Toeplitz-type matrix with the
frequency content of the corresponding switching function. Also
in (8a), and based on the circuit of Fig. 2, we have:

Zo=Ryo+5sL,, Z;=R+sL, Y.=sC. (8b)

APPENDIX B

The evaluation of (5) for M frequencies results in (6) where
matrix A is decomposed as A = [A; Ay A3 Ay Aj]
with details given in (9), where subscripts a, b, and ¢ denote
the three-phases and subscript k stands for frequency sample.
Due to space limitations, the submatrices in (9) present only one
of their elements; the suspension points indicating frequency
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evaluation downward and pole evaluation to the right.

Pr

A

(9a)

where, for any phase and any real pole:
pr=Re{Y (sr)/(sk — qn)}
pi =Im{Y (s)/(sk — qn)},
Also,

_ar + 67" —a; + Bi_

Lo + 53
[a, + B,

ap — B a

—a; + 5]

Ay

i+ B ar—Br ], ’ (Ob)

_ar + ﬁr —ay + 51'_

_ai+5i ar_/Br_

where, for any phase and one pair of complex poles:
ar = Re{Y(sr)/(sx — a,)}
a; =Im{Y(sr)/(sx = ¢,)}
B, = Re{Y (s1)/ (s, — conj(g}))}
Bi = Tm{Y (s)/ (s — conji(gy))},

Also, equation (9c) shown at the top of next page,
where, for any phase and any real pole:

pr =Re{=X(sr)/(sr — qn)}
pi = Im{—X(sr)/(sk — qn)},

Also,
N, Ny, N. 0 0 O
0 N, 0O N, N. O e
where (similarly for Ny and N.):
ar + pr  —a;+
N, = 0 ’ ; (%e)
a; + Bi Qp — B’r’
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([ [er Pr Pr i |
0 0 0
Pil, LPily, Lpil,
Pr Pr Pr
0 0 0
A; = pPild, Pi Pil, , (9¢)
Pr Pr Pr
0 0 0
pil, Pily LPid,
where, for any phase and one pair of complex poles: Aj3 has the same structure as an instance of A; where, for any
hase and any real pole:
r = Re{~X(s1)/(sx — 4,)} b YD
a; =Im{—X(s)/(sk — q,)} pr = Re{X (sp)}
By = Re{=X(si)/(sx — conji(g,,))} pi = Im{X(sp)}.
Bi = Im{—=X(s1)/(sx — conj(g,))}- The state space vector in (6) is now:
A5 has the same structure as an instance of A; with
X = [Xl X2 X3] ) (11)
» = Re{—=X(s)}
where
pi = Im{~X(s1)}.
T
The state space vector in (6) is: X1 = HRU Rss ] 1 [Rll Rz ]nJ
x=[x % x X %), (10) [Riyy Riy - Rige Ryl -]
X9 =
where: [ T1r /m 330 %3z’ ]ng
T
x1 = [k Fen1 | x3 = [Hoo11 Hoo33]T
xo = [k, Ky - K / ]T
2 rl il rn2  Vin2 The dimensions of A in the evaluation of (5) are (2 x
T np x M) x (8 x ny + 14 X nsy), where M, np, nq,
x3 = || M M. M M. P 1 2
s H 1 33]1 [ H 33]"1] and ny denote number of frequency samples, phases, real
[Milr M, M}, :l33¢]1 T poles, and complex poles, respectively. The dimensions of
X4 = M e M , A, b, and x in the evaluation of (7) are (2 x np x M)
[ 11r 114 33r 33 ]n2 x (12 X ny + 12 X no).
T
x5 = [My M3

The evaluation of (7) for M frequencies results in (6) with

matrix A decomposed now as A = [A4

A, Aj] where:

A1 has the same structure as an instance of A3 where, for any

phase and any real pole:
pr = Re{X(sk)/(skx —qn)}
pi =Im{X (sx)/(sr — qn)}-

A, has the same structure as an instance of A4 where, for any

phase and one pair of complex poles:
r=Re{X(sx)/(sr — dn)}
a; = Im{X (sk)/ (s — ¢,)}
By = Re{X (s)/(sk — conj(q,
Bi =Im{X (sr)/(

)}

/
/ W)}

s —conj(q
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