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Passivity Enforcement for Transmission Line Models
Based on the Method of Characteristics

Bjørn Gustavsen, Senior Member, IEEE

Abstract—The Universal Line Model (ULM) has been imple-
mented in several EMT programs for simulation of electromag-
netic transients. In some cases, instability problems have been
encountered. This paper shows that the current approach for ra-
tional function approximation adopted in ULM can lead to large
out-of-band passivity violations, thereby causing an unstable sim-
ulation. An approach is introduced which prevents the occurrence
of large passivity violations. Low-frequency violations are avoided
by adding an artificial shunt conductance to the diagonal elements
of the shunt admittance matrix while high-frequency violations
are avoided by introducing artificial attenuation using a low-pass
filter. In addition, high-frequency asymptotic passivity is enforced
for the characteristic admittance. Any remaining violations are
removed by adding a second-order correction term to the model
ports. The approach is shown to mitigate instabilities from a cable
system transient simulation, without impairing the quality of the
model.

Index Terms—Electromagnetic transients, instability, passivity,
transmission line model, universal line model.

I. INTRODUCTION

F REQUENCY-DEPENDENT transmission line models
are widely applied in electromagnetic transients pro-

grams. These models are usually based on the Method of
Characteristics (traveling wave method) with rational approx-
imation of the propagation function and the characteristic
impedance, leading to recursive convolution in the time domain
[1]. While the early line models were based on a constant
transformation matrix and modes [1], [2], several new line
models have been proposed that are based on a formulation in
phase co-ordinates [3]–[9]. Since no assumption of a constant
transformation matrix is made, more accurate results can in
general be achieved.

One of the phase domain models, the so-called Universal Line
Model (ULM) [8], [9], is based on obtaining poles and delays
via mode fitting, while calculating the final residues in the phase
domain. Although highly successful in most situations, some
deficiencies have become apparent. Some cable cases have been
encountered where mode fitting will not produce suitable poles
and delays. This problem was overcome in [10] by introduction
of trace fitting. A more serious problem is that the ULM some-
times gives an unstable simulation result.
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This paper shows that the ULM formulation can easily lead to
large out-of-band passivity violations and thus an unstable sim-
ulation. A practical approach is introduced which prevents the
occurrence of out-of-band passivity violations, and a remedy is
provided for removing any remaining in-band violations. Ap-
plication to a cable case is shown to mitigate an unstable simu-
lation.

In the examples, the calculation of per-unit-length cable pa-
rameters and the rational modeling is done using Matlab codes.
The resulting model parameters are exported to the PSCAD sim-
ulation environment [11] and used within the existing ULM im-
plementation (phase domain line).

II. UNIVERSAL LINE MODEL

A. Method of Characteristics in the Phase Domain

For a homogenous transmission line with ends and , the
relation between voltage and current at end is in the fre-
quency domain given by the matrix-vector relations

(1)

(2)

where indices and respectively denote incident and reflected
wave. For a line of length , the matrices for surge admittance

and propagation function are obtained from the series
impedance and shunt admittance as

(3)

(4)

B. Rational Fitting

In the Universal Line Model (ULM) [8] as implemented in
PSCAD [9], the poles for are obtained by fitting the matrix
trace (5) using vector fitting (VF) [12], followed by a final fitting
of the residues and proportional term in the phase domain
(6). The fitting can also be done by applying VF to the columns
of as in the original formulation [8], giving a private pole set
for each column

(5)

(6)
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Poles and delays for the fitting of are obtained by fitting
the modes of

(7)

Modes with nearly equal delays are lumped before doing the
fitting. Finally, the residues are calculated by solving (8)
with (known) poles and delays obtained from the modes

(8)

In (8), denotes the number of (lumped) modes and is
the number of poles used for fitting the th mode.

It is also possible to extract the poles by fitting the matrix
trace of , as suggested in [10]

(9)

III. PASSIVITY

The fitting of modes (or trace) and subsequent phase domain
fitting of and is done within a user-defined band. Al-
though the fitting process ensures a high accuracy model within
the band, there is no guarantee that the model behavior is accept-
able outside this band. It will be shown that inaccurate out-of-
band behavior can lead to large passivity violations and thus un-
stable simulations.

The fitting errors of and result in the nodal admit-
tance matrix becoming slightly unsymmetrical. Passivity of
an unsymmetrical model entails that in (10) has all of its
eigenvalue positive [13] where superscript denotes Hermitian
(transpose and conjugate). has all of its eigenvalues real

(10)
The admittance matrix can be calculated directly from the

rational approximations for and as follows [15]

(11)

where

(12)

(13)

Algebraic tests for passivity checking of transmission line
models are discussed in [16].

IV. AVOIDING OUT-OF BAND PASSIVITY VIOLATIONS

A. Low-Frequency Passivity Violations

The magnitude of approaches zero at DC when the shunt
admittance is purely capacitive, . However, when
calculating a rational approximation of within a finite fre-
quency band, a nonzero dc response will result. With the early

frequency dependent line models, it was found that this uncon-
trolled behavior near dc may lead to simulation instabilities [17].
As a practical remedy, it was proposed to insert an artificial
shunt conductance to obtain a nonzero at dc, an approach
that has been adopted by several EMT programs [18]. A recent
discussion can be found in [19]. Values for the shunt conduc-
tance that can occur in actual overhead line systems are dis-
cussed in [20].

Adding a conductance to the diagonal elements of
(14) causes to approach a nonzero value (15) while
approaches a value smaller than unity (16)

(14)

(15)

(16)

In the present work, it is proposed to choose the conductance
value such that the voltage in a trapped charge simulation will
discharge with a predefined time constant, , for instance 1 s.
This gives

(17)

This value gives for all diagonal terms in (14) a
zero (root)

(18)

A zero appears for each diagonal term in (15) at

(19)

In order to capture the modified low-frequency behavior, the
lower band limit for the rational fitting is taken as

(20)

In the case of coaxial cables, the core conductor does not have
a direct coupling to ground and so adding a conductance to the
diagonal elements of is unphysical. Therefore, the conduc-
tance specification and the zeros calculation ( , ) is based on
the cable loop parameters [21] rather than phase parameters.

B. High-Frequency Passivity Violations

Asymptotic passivity for is enforced by replacing (5) and
(6) with

(21)

(22)

Thus, the constant term is taken as , thereby ensuring
that the rational model for is positive real at infinite fre-
quency. In the practical implementation, we use an approximate
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Fig. 1. Filter response, magnitude (� � �� � ��� ��).

Fig. 2. Filter response, phase angle.

Fig. 3. Pseudo code for calculating correction term.

value , taken as with evaluated at a high-fre-
quency point above the upper band limit.

The propagation function and its modes are multiplied by
a low-pass filter response. The cutoff frequency is placed one
decade above the upper frequency limit that is to be used in the
fitting process. The fitting band is extended one decade beyond

in order to include the modified behavior of . As low-pass
filter, we propose the second-order filter (23) with , see
Figs. 1 and 2. It is seen that within the original fitting band, the
impact of the filter is small. (This filter is slightly overdamped
as usage of critical damping would give a double pole,
thereby causing difficulties for the fitting process). This choice
of filter response is somewhat arbitrary and better alternatives
may exist

(23)

V. REMOVAL OF REMAINING PASSIVITY VIOLATIONS

The presence of any remaining (small) passivity violations
is removed by adding a correction term to the model. For that
purpose, a rational model is connected externally to the trans-
mission line ports. Using the Simplistic Approach [14, Section
VII], [25], a correction matrix is established by sweeping

in (10)over a band of frequency samples. At each frequency
sample, is factored into two modal decompositions that re-
spectively contain the positive and negative eigenvalues.

(24)

By taking the negated value of the second term in (24) as a
correction term, one can ensure that all eigenvalues of are
positive (or zero), at that frequency. Embedding this procedure
within a frequency sweep makes all eigenvalues non-negative at
all frequencies in the sweep. The procedure is shown in Fig. 3.
In this implementation, the (small) imaginary part of is
discarded in order to obtain a real, symmetrical . As a
result, the correction step may at a given frequency have to be
repeated a few times. The number of iterations is kept low by
using a factor in Fig. 3 slightly greater than unity. In this paper,
we used 1.1.

The correction is in the form of a nodal conductance
matrix that gives an instantaneous coupling between all termi-
nals. The correction can be limited in bandwidth by multiplying
with a suitable band-pass filter. If the passivity violations are
located between frequencies , it is proposed to use a
correction

(25)

In (25), the two poles are respectively placed at one decade
below and above and , thus ensuring that the imaginary
part of the band-pass filter is negligible between and . The
factor 1.01 ensures that the real part of the bandpass filter is
greater than unity at the boundaries and .

It is observed that (25) can be expanded into a sum of pole-
residue terms (26). The inclusion of (26) in an EMTP type sim-
ulation environment is a well established procedure, being done
via an equivalent electrical network [23], or via recursive con-
volution [1] and a companion network—see Fig. 4.

(26)
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Fig. 4. Including passivity correction in EMT simulation.

Fig. 5. Cable configuration. Cable length: 1000 m.

TABLE I
SC CABLE DATA

VI. EXAMPLE: THREE SINGLE CORE COAXIAL CABLES

A. Cable Geometry

Fig. 5 shows three 145-kV single-core coaxial cables with
data given in Table I.

B. Result With Original Modeling Procedure

The six modes of were lumped into four modes that were
each fitted using 20 poles in the band 1 Hz–1 MHz, followed
by a final fitting of in the phase domain. Fig. 6 shows the
resulting fitting of the elements of . Clearly, a very accurate
result has been obtained within the fitting band. Fig. 7 shows the
same result over a wider band, 0.01 Hz – 100 MHz. It is seen
that the behavior of changes abruptly when moving out of the
fitting band.

From the rational approximation of and , the nodal ad-
mittance matrix was calculated using (11)–(13). The corre-
sponding plot of eigenvalues of in Fig. 8 shows large pas-
sivity violations (negative eigenvalues) in the low-frequency and
the high-frequency region.

The effect of the passivity violations on stability is demon-
strated for the step voltage excitation example in Fig. 9. Fig. 10
shows the simulated (PSCAD) far end response on terminal 7.
The response is seen to become unstable after about 25 .

Fig. 6. Rational approximation of�.

Fig. 7. Wideband behavior of fitted�.

C. Result With Prevention of Out-of-Band Passivity Violations

In order to overcome the instability problem in Fig. 10, the
mitigating techniques in Section IV are applied.

1) A shunt conductance term is added to remove low-fre-
quency passivity violations. The conductance is chosen so
as to give a time constant of 1 sec for the discharge of the
core-sheath and sheath-ground loop capacitances (17). The
lower limit of the fitting band is extended downwards by
(20).

2) Asymptotic passivity of is enforced by (21)-(22).
3) The elements of are multiplied with a second-order low-

pass filter with rad/s, . The upper
limit of the fitting band is extended 1 decade above , to

.
Fig. 11 shows that adding a shunt conductance to the diagonal

elements of leads to a controlled (constant) behavior of
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Fig. 8. Eigenvalues of � ���.

Fig. 9. Step voltage excitation.

Fig. 10. Open circuit response (unstable). �� � �� � � ��	.

at low frequencies. This low-frequency behavior is seen to be
captured by the rational model.

The effect on the fitted is shown in Fig. 12. Compared to
the previous result (Fig. 7), the elements of now approach
high-frequency values that are much smaller than unity.

Fig. 13 shows the eigenvalues of . Compared to the pre-
vious result (Fig. 8), all eigenvalues are now positive in the full

Fig. 11. Wideband behavior of�	. (Diagonal elements, 10th order).

Fig. 12. Wideband behavior of fitted�.

band, except for some very small violations between 1 Hz and
10 kHz. The small violations are better observed in the expanded
plot in Fig. 16 (solid traces).

Fig. 14 shows a simulation of the step response for the case
in Fig. 9. A stable simulation is achieved, contrary to the pre-
vious result without passivity handling (Fig. 10). Fig. 15 shows
the far end voltage when the cable is disconnected shortly after
energization. The trapped voltage is seen to decay nearly expo-
nentially with a time constant equal to the specified one (1 s).

D. Result With Removal of Remaining Passivity Violations

In Fig. 13, some very small passivity violations were found
to be present. Using the approach in Section V, these violations
are removed by adding a correction term externally to the trans-
mission line terminals. The correction term by (26) is included
in the PSCAD simulation via a user-written subroutine [22].
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Fig. 13. Eigenvalues of � ���.

Fig. 14. Open circuit response (stable). �� � �� � � ��	.

Fig. 16 shows the effect on the eigenvalues of . It is
seen that the eigenvalues become modified in a local frequency
band, making them positive. Since the correction term is very
small, the effect on a transient simulation is also small. Fig. 17
shows the far end cable voltage for the step voltage excitation
in Fig. 9. The deviation from the result without passivity cor-
rection (Fig. 14) is smaller than in peak value. On the
other hand, the effect on a trapped charge voltage simulation
is substantial, see Fig. 18. The correction term effectively in-
creases the shunt conductance at frequencies above dc, leading
to an initially faster discharge of the cable.

E. Transient Sheath Overvoltage

As a validation test we compare a simulated voltage response
with that by the Fourier transform. One cable sheath is subjected
to a step voltage excitation ( ), and the resulting far end voltage

Fig. 15. Trapped charge simulation.

Fig. 16. Removal of remaining passivity violations.

on the same sheath ( ) is to be calculated, see Fig. 19. Figs. 20
and 21 show the simulated sheath voltage by PSCAD using the
passivated ULM model ( ). In the same plot is
also shown the result by the inverse Fourier transform using the
procedure in [15] with a 1-MHz upper frequency limit. Clearly,
a very close agreement has been achieved.

VII. DISCUSSION

The problem of unstable simulations due to passivity viola-
tions is usually a problem with short transmission lines. Here,
the elements of the propagation function are insignificantly at-
tenuated at the upper frequency limit specified by the user of
the EMT program. Usage of a high-order fitting can then easily
result in high-frequency out-of-band passivity violations, and
unstable simulations often result with a small time step. Intro-
ducing an artificial attenuation at high frequencies for the fitting
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Fig. 17. Effect of correction term on transient voltage.

Fig. 18. Effect of correction term on trapped voltage.

Fig. 19. Sheath voltage excitation.

of was shown to be an efficient way of removing high-fre-
quency passivity violations. In principle, one can achieve a sim-
ilar result by simply extending the fitting range to a very high
frequency. However, in the case of short line stubs, the upper fre-
quency limit could become very high, causing problems in the
evaluation of the series impedance. Also, increasing the upper
frequency tends to increase the number of delay groups in ULM,
thereby reducing the computational efficiency of the model. In
the case of long lines with a significant attenuation at the upper

Fig. 20. Simulated sheath voltage (initial response).

Fig. 21. Simulated sheath voltage (expanded view).

frequency limit, it is probably wise to not introduce the low-pass
filter since the accuracy within the fitting band will for a given
fitting order decrease. It is remarked that high-frequency pas-
sivity violations is not an issue with line models that are based
on modes and asymptotic fitting [2] as that fitting approach en-
sures a controlled behavior for the asymptotic high-frequency
value of .

A controlled behavior for the line model at near dc conditions
is achieved by introducing an artificial conductance, thereby
giving a nonzero magnitude for at dc. For this to work in
practice, one has to ensure that the fitting band is extended suf-
ficiently low in frequency to capture the modified low-frequency
(constant) behavior, e.g., by (20). Also, the fitting order must be
sufficiently high so that the low-frequency behavior is included
in the model with sufficient accuracy.

It was shown that the above measures prevent the occurrence
of large out-of-band passivity violations. Small violations may
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still remain within the frequency band, but their presence can be
removed by introducing an external correction term as shown in
Section V. Since this term leads to a direct connection between
the two line ends, the delay properties of the line becomes cor-
rupted by a small amount. For the response in Fig. 20, the sheath
voltage prior to wave arrival (21 ) is smaller than , thus
being negligible. A more practical disadvantage is that a trapped
charge may discharge too fast, see Fig. 18.

An alternative to the Simplistic Approach (Section V), for re-
moving in-band passivity violations, is to iteratively perturb the
model parameters. A recent paper [26] describes a procedure
for achieving this, showing results for a single conductor line.
It is remarked that any approach based on perturbation may di-
verge whereas the Simplistic Approach will never diverge. On
the other hand, using perturbation can possibly lead to smaller
corrections.

VIII. CONCLUSIONS

This paper has shown that unstable simulations can occur
with the Universal Line Model due to out-of-band passivity vi-
olations at low and high frequencies. The problem is overcome
by the following steps.

1) Low-frequency violations are prevented from occurring by
adding a shunt conductance to the diagonal elements of
the shunt admittance, . The value of the conductance
is chosen based on a required time constant for trapped
voltage decay, and the lower limit of the fitting band is ex-
tended towards lower frequencies in order to capture the
modified low-frequency behavior.

2) High-frequency violations are prevented from occurring by
multiplying the propagation function with a low-pass
filter response. The upper limit of the fitting band is ex-
tended towards higher frequencies to include the modi-
fied high-frequency behavior in the fitting process. In ad-
dition, asymptotic high-frequency passivity is enforced for
the characteristic admittance, .

3) Any remaining passivity violations are removed by intro-
ducing a low order correction term that connects between
the terminals of the line.
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