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Abstract—This paper describes a hybrid procedure for wide-
band characterization and modeling of power transformer
behavior from frequency sweep measurements. The approach is
based on measuring corresponding sets of voltage and current
vectors that are associated with short circuit and open circuit
conditions. These vectors are stacked side-by-side in two matrices
which are used for computing the short circuit admittance matrix.
This hybrid approach is shown to give more information about the
transformer behavior than the traditional approach of measuring
the admittance matrix directly under short-circuit conditions,
which tends to corrupt the small eigenvalues associated with
open-circuit conditions. From the obtained admittance matrix,
a pole-residue model is extracted via vector fitting and passivity
enforcement, thereby giving a model ready for EMTP simulation.
The accuracy of the small eigenvalues is retained by using a modal
formulation in the fitting and passivity enforcement step. Applica-
tion to a distribution transformer shows that the hybrid approach
can greatly improve the accuracy of time-domain simulations
involving high-impedance terminations.

Index Terms—Frequency dependency, passivity, rational model,
state-space model, transformer, vector fitting.

I. INTRODUCTION

T HE simulation of electromagnetic transients in power sys-
tems [1] requires to model all relevant parts of the system

with adequate accuracy over a wide band of frequencies. The
power transformer is particularly difficult to model since its ter-
minal behavior is highly complex with many resonance peaks
in its admittance and voltage ratio. In addition, non-linear core
effects greatly affect the transformer behavior [2], [3] although
they can normally be ignored when the focus is on high-fre-
quency transients.

Several high-frequency transformer models have been pro-
posed. They are derived from either a detailed description of
the transformer geometry and material properties [4]–[8] or
from measurements on the transformer terminals [9]–[14]. In
this paper we consider the latter approach which requires to
measure a set of responses that fully characterize the behavior
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of the transformer as seen from its terminals. The measurements
have traditionally been based on frequency sweep measure-
ments of the terminal admittance matrix [10]–[13] which is
subjected to fitting with rational functions. The rational model
leads to highly efficient time-domain simulations via recursive
convolution [15] or usage of a lumped circuit equivalent [10].
In practice, it is often desirable to start the simulation from
power frequency (50/60 Hz) steady state conditions, followed
by a transient event. The correct (linear) behavior at 50/60 Hz
can be included in the model by extending the frequency sweep
measurement down to 50 Hz as in [12], [13]. At low frequen-
cies, however, the common practice of directly measuring the
(short circuit) admittance matrix via frequency sweep measure-
ments gives a model which tends to be highly inaccurate in
open circuit applications. This is because the information of the
(small) open circuit currents are easily lost in the (large) short
circuit currents.

In this paper, we show a procedure for extending the mea-
surement and modeling down to 50 Hz which alleviates much
of the difficulties with pure short circuit measurements. This is
achieved by combining the short circuit measurements with a
set of open circuit measurements. The combined set is used for
calculating an admittance matrix which retains the information
of both short circuit and open circuit conditions. Using rational
approximation by modal vector fitting [17] and passivity en-
forcement by modal residue perturbation [19], [20], a stable and
passive wideband model is obtained for the transformer. The
advantages of the new approach are demonstrated in the fre-
quency domain and by comparison with measured time-domain
responses.

II. EXISTING MEASUREMENT APPROACHES

A. General

We consider the transformer as a general -port terminal de-
vice with port voltages and currents , see Fig. 1. When as-
suming linearity, the behavior of the transformer at a given fre-
quency can be defined by linearly independent voltage ap-
plications and the resulting current responses

. When these vectors are stacked into matrices
and respectively, we obtain the identification problem

(1)

with

(2)

(3)
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Fig. 1. Transformer terminal voltages and currents.

B. Short Circuit Measurements (Conventional Method)

In the traditional measurement approach [10], [11], the
voltage application matrix is chosen equal to the identity
matrix and so the current response matrix becomes equal
to the admittance matrix . This measurement procedure
has the advantage that the measurements can be carried out
using a conventional vector network analyzer (VNA) with a
single output terminal, since the zeros in are achieved by
grounding the associated terminals. The disadvantage of the
approach is that small eigenvalues of are easily lost in the
measurements.

C. Short-Circuit Measurements With Incorporation of
Measured Voltage Ratios

The accuracy of the measurements can be improved by com-
bining the measured with measured voltage ratios [12]. The
combined correctly preserves the voltage ratio of the model
with one winding open-circuited, but it fails to accurately rep-
resent the low-frequency admittance matrix seen into the ener-
gized winding. As a consequence, the small eigenvalues of
remain corrupted at low frequencies.

D. Modal Measurements

In the modal measurement approach [14], the voltage applica-
tions are taken as the eigenvectors of which are identified
by an iterative procedure. With that approach the modes of
are excited individually and so a highly accurate characteriza-
tion of the transformer is in principle possible. The disadvantage
is mainly that the approach requires a special VNA with several
output terminals that can be controlled individually. Such VNAs
are not commercially available although the application of the
procedure is available as a service [16].

III. HYBRID MEASUREMENT APPROACH

A. Short-Circuit and Open-Circuit Measurements

We now introduce a new characterization procedure which
gives a much more accurate representation of the small eigen-
values of than the conventional approach while at the same
time only a single output VNA is needed for the measurement.
This is achieved by a little physical insight, noting that the small
eigenvalues in are associated with open-circuit conditions
while the large eigenvalues are associated with short circuit
conditions. Thus, by combining short-circuit and open-circuit
measurements one can achieve an improved characterization of

the transformer. The procedure is explained for a two-winding
transformer, i.e. for six terminals. We will assume a terminal
numbering as defined by (4) where “H” and “L” denote the
high-voltage (HV) and low-voltage (LV) side, respectively.

(4)

We first measure the admittance matrix using the conven-
tional approach described in Section II-B. Introducing super-
script “sc” for short-circuit we get

(5)

with

(6)

(7)

where is the identity matrix.
We next characterize the transformer under open-circuit con-

ditions. We apply voltage vectors to the HV terminals with
the LV terminals open (8a), and measure the current flowing
into the HV side (8b) and the voltage response at the LV
side (8c). defines the admittance matrix with respect
to the HV terminals while defines the voltage transfer
from the HV side to the LV side, both with the LV side open.
Both matrices are of dimension 3 3

(8a)

(8b)

(8c)

With the voltage applications taken as the identity matrix
, combining (8) with (4) gives

(9)

The same measurement procedure is repeated with the HV
side open. The result is combined with (9) to give (10) which is
cast in the compact notation (11)

(10)

(11)

Finally, the short-circuit measurement (5) is combined with
the open-circuit measurement (11) to give (12), which is written
in compact form (13) where subscript “h” denotes hybrid, i.e.
both short-circuit (sc) and open circuit (oc)

(12)

(13)

With the proposed approach, one must measure the
as in the conventional method. In addition, one must measure
four 3 3 matrices: , , , . A
procedure for measuring these matrices is shown in [12].
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Fig. 2. Two-winding transformer.

B. Calculation of Hybrid Admittance Matrix

Equation (13) is an overdetermined problem since and
have twice the number of columns than . This equation can
be solved as

(14)

where superscript denotes transpose and conjugate. In prac-
tice, one will solve (13) in Matlab as in order to
avoid the multiplication which worsens the condition
number.

Since the columns of are current responses that come
from both short-circuit and open-circuit measurements, they
are widely different in magnitude. It is therefore necessary to
scale each column of (and ) such that the columns of
get about equal norm. In this work, we use the scaling (15).
The reason for introducing the square-root in (15) is to avoid
inaccurate calculation of in situations where some column
in is extremely small and thus inaccurately measured

(15)

The extracted is in practice slightly unsymmetrical and so
symmetry must be enforced:

(16)

IV. FREQUENCY-DOMAIN RESULTS

In this section, we compare the performance of the hybrid
approach with the conventional approach where the elements of

are measured directly.
1) Hybrid : Obtained using the procedure in Section III.
2) Conventional : Obtained by direct measurement.
The accuracy of the two approaches is assessed by measuring

admittance elements and voltage ratios for different terminal
conditions:

1) all windings grounded;
2) one winding grounded, other winding open-circuited;
3) two terminals grounded, other terminals open-circuited.
The measured quantities are compared to those computed

from the admittance matrices obtained by either the conven-
tional or the hybrid measurement approach.

A. Measurement Setup

The comparison is done for the 300 kVA distribution trans-
former in Fig. 2. All measurements are done in the range 50
Hz–10 MHz on a logarithmic frequency base using a network
analyzer (Anritsu MS4630B) and a measurement setup based
on the one shown in [12]. The “connection box” in [12] is used
as the reference plane for the measurements.

Fig. 3. Elements of �.

Fig. 4. Excitation on HV side with open LV side.

B. All Windings Grounded

Fig. 3 compares the directly measured elements of with
those obtained by the hybrid method. It is observed that both
approaches give a very similar result except for the frequency
band 1 kHz–30 kHz where deviations occur. The deviation oc-
curs because the hybrid requires satisfying open-circuit mea-
surements in addition to the short-circuit measurements.

C. Open Low-Voltage Winding

In this test, the voltage is applied alternately to one of the
ports 1–3 with ports 4–6 open circuited, see Fig. 4. For this
situation, we are interested in the admittance matrix
with respect to the HV side and the voltage ratio from the HV
side to the LV side . These 3 3 matrices are calculated
from the full by introducing the partition (17). With the
condition , the matrices are calculated by

(17)

(18)

(19)

Fig. 5 compares the measured admittance matrix
with the one computed by (18) from either the conventional or
the hybrid . It can be seen that the hybrid gives an excellent
agreement with the direct measurement of , whereas
usage of the conventional gives large errors at frequencies
below 10 kHz.

Fig. 6 compares the measured voltage ratio from high
to low with the one calculated from either the conventional or
the hybrid . Both approaches produce a good match with the
direct measurement although the conventional approach under-
estimates the voltage ratio of the diagonal (large) elements by
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Fig. 5. Elements of � .

Fig. 6. Elements of � .

Fig. 7. Excitation on HV side with one HV terminal and LV side open.

about 10% at frequencies below 10 kHz. With the hybrid data,
the deviation below 10 kHz is smaller than 5%. The accuracy of
the off-diagonal elements is less important since they are small
and thus represent low voltages.

Similar results were obtained with voltage excitations at the
LV side with the HV side open (not shown). The conventional
approach gave high errors for at low frequencies and
it tended to underestimate the voltage ratio from the LV
side to the HV side.

D. Mixed Terminations

We now modify the test with open LV side by removing the
grounding of terminal 3, see Fig. 7.

Fig. 8. Voltage transfer for configuration in Fig. 7.

Fig. 9. Excitation on LV side with one LV terminal and HV side open.

Fig. 10. Voltage transfer for the configuration in Fig. 9.

Fig. 8 compares the measured voltage transfer between ter-
minal 1 and terminals 3–6 with the one computed by the conven-
tional and the hybrid . It is observed that the hybrid mea-
surement produces an excellent result over the full frequency
band whereas the conventional approach leads to large errors at
frequencies below 10 kHz.

We now modify the test by moving the excitation to the LV
side, see Fig. 9.

Fig. 10 compares the measured voltage transfer between ter-
minal 5 and terminals 1–4 with the one computed by the con-
ventional and the hybrid . Similar to the previous example,
the hybrid measurement gives a very good result over the full
frequency band while the conventional approach gives a poor
result at frequencies below 10 kHz.
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Fig. 11. Eigenvalues of �.

V. MODAL BEHAVIOR

Fig. 11 shows the eigenvalues of . It is observed that
with the hybrid , the eigenvalues are at low frequencies very
smooth and two distinct antiresonance points are observed
in the two smallest eigenvalues around 1 kHz. The small
eigenvalues are with the conventional more irregular at low
frequencies and they are missing the two antiresonance points
altogether. This result suggests that the hybrid approach is
able to represent the small eigenvalues with adequate accuracy
while they are corrupted with the conventional approach.

VI. MODEL EXTRACTION

A stable and symmetrical rational model in pole-residue form
(20) is extracted by using vector fitting [18] with 100 terms in
the sum. In order to retain the accuracy of the small eigenvalues
of (Fig. 11), we apply the modal version [17] of vector fitting
(MVF). As inverse weighting for the least-squares problems in
MVF, we use the square root of the eigenvalue magnitude rather
than the eigenvalue magnitude itself. The reason for this mod-
ification is to increase the robustness against noise in the data,
similar to the weighting (15)

(20)

The extracted model is subjected to passivity enforcement
based on modal perturbation [19] with residue matrix eigen-
values as free variables [20], and passivity assessment by a half-
size test matrix [21], [22]. As inverse weighting for the least-
squares part of the constrained optimization problem [20], we
use again the square root of the eigenvalue magnitude.

Fig. 12 shows the eigenvalues of of the model,
before and after passivity enforcement. The original model has
small passivity violations below 1 kHz since it does not meet the
criterion that the eigenvalues of are positive. The passivity
enforcement is seen to remove the violations.

Fig. 13 compares the eigenvalues of of the hybrid data with
those of the passive model. Clearly, a very accurate fitting result
has been achieved over the full frequency band.

Fig. 12. Eigenvalues of� � �����. Passivity enforcement of the model.

Fig. 13. Eigenvalues of� after rational fitting and passivity enforcement.

VII. TIME-DOMAIN RESULTS

A. Procedure

As a final test we compare time-domain measurements with
simulation results. A step voltage excitation is used in the mea-
surement which is applied as an ideal voltage source in the sim-
ulations. Two simulation approaches are compared.

1) Hybrid measurement/modeling. The voltage responses are
simulated by an EMTP-compatible companion model [23]
obtained from the pole-residue model (20) that was ex-
tracted from the hybrid in Section VI.

2) Conventional measurement. The voltage transfer functions
for the considered terminal conditions are calculated in the
frequency domain based on the conventional and ap-
proximated by rational functions using vector fitting. The
time-domain responses are obtained as the (recursive) con-
volution between the applied voltage and the transfer func-
tion impulse response.

B. Excitation on High-Voltage Side

A step voltage is applied to terminal 1 with terminal 2
grounded, see Fig. 7. Fig. 14 shows by solid blue traces the
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Fig. 14. Step voltage excitation on the HV side. Early response.

Fig. 15. Step voltage excitation on the HV side. Late response.

applied voltage as well as the voltage response on terminals 4
and 6. The red dots show the simulated voltage responses by
the hybrid model while those by the conventional measure-
ment data are shown by green circles. It can be seen that both
approaches give excellent results.

Fig. 15 show the response on terminals 3 and 6 when the time
range has been increased from 5 to 1800 . It is seen that
using conventional measurement data, a highly incorrect result
is obtained for both responses. With the hybrid measurement
data, the deviations are much smaller. This result is in complete
agreement with the corresponding frequency-domain result in
Fig. 8 which shows an inaccurate representation of the voltage
responses when characterizing the transformer using the con-
ventional measurement approach.

C. Excitation on the Low-Voltage Side

The test was repeated when the step voltage excitation was
moved to the LV side, see Figs. 9 and 16. The results for the
voltage responses are similar to those with excitation on the HV
side (Fig. 15) in the sense that usage of the hybrid model leads to
a great improvement in the calculated results. Again, this result
is consistent with the corresponding frequency-domain result
(Fig. 10).

Fig. 16. Step voltage excitation on the LV side.

VIII. DISCUSSION

A. Accuracy

Although the usage of hybrid data greatly improved the ac-
curacy of the simulation result, the model still gave significant
errors when simulating the late response for the excitations as
shown in Fig. 15. In order to better understand the reason for the
deviation, the response on terminal 3 in Fig. 15 was recal-
culated in two different ways: 1) Convolution with the directly
measured voltage transfer function (“Direct data”), and 2) con-
volution with the voltage transfer function calculated from the
Hybrid (“Hybrid data”). The result is shown in Fig. 17.

1) Usage of the hybrid model and the hybrid data gives prac-
tically the same result. This means that the modeling pro-
cedure (rational fitting, passivity enforcement) is not the
cause of the deviation.

2) Usage of the hybrid data gives a higher deviation than
usage of the directly measured frequency response (“Di-
rect data”). This implies that inaccuracies exist in the mea-
surements that the hybrid was calculated from.

3) Even the directly measured frequency response gives a
notable deviation from the simulated response. One reason
for the deviation can be inaccurate frequency-response
measurements at low frequencies. Another possible cause
is core nonlinear effects as described in [24]. Measuring
the output voltage of the VNA and the current monitor
using an oscilloscope did indeed reveal distorted wave-
forms at low frequencies for open-circuit frequency sweep
measurements. Regarding the time-domain measurements,
we note that the transformer will be driven into saturation
if the step voltage excitation is maintained indefinitely.
The excitations used in the measurements were of low
magnitude but unipolar and in the initial tests also re-
peated. Some level of saturation may therefore have been
present.

B. Reducing the Required Number of Measurements

The hybrid measurement method can be modified in a number
of ways by adding or deleting columns from and in
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Fig. 17. Voltage response on terminal 1.

Fig. 18. Voltage response on terminal 2. Deleting columns from� and�.

(13). Of particular interest is the possibility of deleting vec-
tors in order to reduce the required number of measurements.
In what follows, we investigate the consequence of deleting ei-
ther the first three or last three columns from , , , and

in (12). As a result, and become square (6 6).
Fig. 18 shows the time-domain response in Fig. 16, with al-
ternative ways of obtaining . It is observed that keeping all
columns or the last three columns gives virtually the same re-
sult whereas using only the first three columns gives a somewhat
lower voltage. This result is not surprising since in the latter case
the open circuit frequency-domain measurements are done with
only the LV side open whereas the time-domain measurements
(Fig. 18) are done with the HV side open. Conversely, keeping
only the last three columns cannot be expected to give a good
result with applications involving an open LV winding.

C. Modeling

For the purpose of rational function modeling, it is essential
that the hybrid is subjected to a fitting approach based on
the modal version of vector fitting (with inverse weighting of

modes). If conventional vector fitting is applied, the small eigen-
values of will tend to become corrupted and error magnifi-
cations take place, similarly as when basing the measurements
of on (conventional) short-circuit measurements. The error
magnification phenomenon due to fitting errors is explained in
detail in [17] for application to frequency-dependent network
equivalents (FDNEs). For the same reason, it is advantageous
to base the passivity enforcement step on modal perturbation
[19], [20] in order to prevent the small eigenvalues of from
becoming corrupted.

D. Practical Advantages of Hybrid Approach

Although the conventional approach is suitable for most high-
frequency transients studies, situations exist where the hybrid
approach should be used.

1) When the transformer has all terminals of a winding open
and at the same time one or more terminals open at the
other winding, voltage resonances occur at a few kHz
which cannot be reproduced accurately via the conven-
tional approach. The excitations in Figs. 7 and 9 represent
such a case. This situation can result when energizing an
unloaded transformer in the presence of a stuck breaker
pole or a broken conductor.

2) Transient interaction between a cable and transformer with
unloaded LV winding can in some situations lead to ex-
cessive overvoltages on the LV side by resonance. It was
shown in a recent study [25] that correct simulation of the
phenomenon requires that the admittance seen into the HV
side (with open LV side) has to be correctly represented
in the model in the relevant frequency band. This admit-
tance is quite accurately represented by the hybrid model
as shown in Fig. 5.

E. Physical Considerations

The advantages of the hybrid approach in the low frequency
range (below 10 kHz) can also be explained by physical rea-
soning. While the short circuit measurements give information
about winding resistances and leakage inductances, the open cir-
cuit measurements provide information about inductances and
losses associated with core fluxes. In the situation in Fig. 7
where the third terminal on the HV side is open, a flux will cir-
culate in the core (core surface) between the excited leg and the
third leg. The voltage peaks observed in Fig. 8 at 3 kHz are asso-
ciated with the third leg windings and they coincide with a peak
in the excitation current, see Fig. 19. This result suggests that
a series resonance takes place between the magnetizing induc-
tance and capacitances associated with the third leg windings.
Since the resonance is associated with flux in the core (core
surface), nonlinear effects may with this excitation impact the
voltage response.

IX. CONCLUSION

This paper has introduced a new procedure for characterizing
the terminal behavior of transformers from frequency-response
measurements as follows.
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Fig. 19. Admittance seen into terminal 1 with terminal 2 grounded and all other
terminals open. Calculated from � .

1) Short-circuit and open-circuit responses are measured and
used for establishing sets of voltage applications and cur-
rent responses.

2) From the voltage applications and current responses, the
terminal admittance matrix of the transformer is calcu-
lated.

3) Frequency-domain measurements show that usage of this
hybrid gives information about the transformer behavior
which is lost in a direct measurement of . This additional
information is essentially contained in the small eigen-
values of and they play an important role in applications
involving high-impedance terminations.

4) Using modal vector fitting and modal perturbation, the hy-
brid admittance matrix can be converted into an EMTP
compatible simulation model which retains the informa-
tion about the small eigenvalues of .

5) Comparison of simulated results with measured time-do-
main responses shows that the hybrid model gives substan-
tially more accurate results than a model obtained from a
direct measurement of . The improvement occurs in sit-
uations where the small eigenvalues of are important
and at the same time inaccurately represented in short cir-
cuit measurements. This situation is typically encountered
with high impedance terminations combined with frequen-
cies below a few tens of kilohertz.
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