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1 Description 
The generic formulation of Phenom allows the simulation of fluidized bed reactors under the three 
regimes of fluidization which are more commonly used in industry (bubbling, turbulent and fast 
fluidization). Each of these regimes has its particular characteristic solid concentration profile (Figure 
1).  

 

Figure 1 – Gas-solid flow regime, Reference: [1] 

These profiles define the hydrodynamic of the reactor which in phenomenological models as Phenom 
are accomplished through closure laws from empirical and semi-empirical nature. The deliverable 
D6.2 consists of the implementation of a complete library of the state of the art closures into the 
code for the three fluidization regimes. This closures will be used to estimate the model parameters 
such as: the void fractions, the holdup and local phase void fractions; bubble size along the axial 
direction; bubble rise velocity; mass and heat transfer coefficients and the dispersion coefficients 
used to describe the mixing phenomena inside the reactor unit.  

In the following  a summary of the state of art material relations used in fluidized bed reactors 
modelling. 

 

2 Bubbling Fluidization 
The bubbling regime is the most studied fluidization regime in literature and it is characterized by 
lower inlet gas velocities ranging between 0.1 and 2 m s-1[1]. These units operate above the called 
minimum fluidization velocity when large instabilities occur in the gas and solids flow with intense 
mixing between these two phases and presence of channeling of the gas (with low content of solids) 
through the bed (the so called bubbles).  

The minimum fluidization velocity which determines the minimum conditions for fluidization is 
usually defined by (Grace 1982) a modification of (Wen and Yu 1966) through the following equation 
[2], [3]: 
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𝑅𝑅𝑅𝑅𝑝𝑝,𝑚𝑚𝑚𝑚 = �𝐶𝐶12 + 𝐶𝐶2𝐴𝐴𝐴𝐴 + 𝐶𝐶1 (1) 

The  constants in Equation 1 take the following values: C1 = 27.2 and C2 = 0.0408 as proposed by 
(Grace 1982). 

The understanding of the bubbling behavior is very important for determining the reactor efficiency. 
However, it is quite challenging since bubbles are subject to breakage and coalescence, phenomena 
that depend not only on the fluid velocity but also on the different types, sizes and distribution of 
solids in the rector. Many researchers have been working on finding expressions that can be used to 
estimate this complex behavior and in the current formulation of Phenom the library of closures for 
bubbling fluidization regime includes material relations for the following variables (Table 1). 

Table 1 – Variables defined though material relations under bubbling regime 

Variable Description Units Section 
𝑑𝑑𝑏𝑏 Bubble size [m] 2.1 
𝜀𝜀𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 Bed voidage under bubbling regime [-] 2.3 
𝜀𝜀𝐿𝐿𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏  Bed voidage in L-phase under bubbling regime [-] 2.4 
𝐾𝐾𝐿𝐿𝐿𝐿𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏  Mass transfer coefficient [s-1] 2.5 
𝜓𝜓𝐿𝐿𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 Volume fraction of L-phase under bubbling regime [-] 2.6 
𝐷𝐷𝐿𝐿𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏  Gas dispersion coefficient for L-phase [m2 s-1] 2.7 
𝐷𝐷𝐻𝐻𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏  Gas dispersion coefficient for H-phase [m2 s-1] 2.7 
𝜆𝜆𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 Thermal conductivity under bubbling fluidization [W m-1 K-1] 2.8 

𝑢𝑢𝐿𝐿𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 ,𝑈𝑈𝑏𝑏 Intrinsic gas velocity in L-phase under bubbling 
fluidization using the bubble rise velocity [m s-1] 2.2 

 

A description of the relations used to define the variables identified in Table 1 is given in the next 
sections. 

 

2.1 Bubble size 
The bubble size is one of the most important parameters in bubbling fluidized bed reactors since 
many other key parameters such as the bubble rise velocity, bubble fraction (L-phase fraction), 
interface transfer coefficient are dependent on it [4].  

Several correlations have been developed to estimate the bubble size based on empirical data. Yasui 
and Johanson (1958) ([5], [6]) were among the first studying the bubble properties and deriving 
relations describing its growth. Later Darton (1977) developed a correlation which became very 
popular based on the bubbles coalescence and its trend to rise in preferred paths [7]. However, since 
breakage is not considering, this correlation has to be applied carefully (e.g. for Geldart A particles 
where large bubbles are only observed occasionally due to bubble splitting [8]). Reference [6] is a 
good review of the developed correlations for bubble size. In this study the evaluation of the 
different correlations is divided into different categories based on the Geldart classification of 
particles (Geldart A, B and D), superficial gas velocity (low and high velocity) and the distributor 
design (porous or perforated distributor) and the correlation results are compared against 
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experimental data. The most appropriate correlations under the different categories are presented in 
Table 2. Note that in terms of generality or wider range of application, the correlation of Mori and 
Wen is commonly suggested for a first rough estimation because it relates the bubble size with the 
bed diameter. 



 

5 
 

 

Table 2 - The best correlations for bubble size according to the study performed in [6] 

Category Author(s) Correlation Limitations 

Geldart A Cai et al. (1994) 
𝑑𝑑𝑏𝑏 = 0.138ℎ0.8�𝑈𝑈0 − 𝑈𝑈𝑚𝑚𝑚𝑚�

0.42𝑒𝑒𝑒𝑒𝑒𝑒 �−2.5 × 10−5�𝑈𝑈0 − 𝑈𝑈𝑚𝑚𝑚𝑚�
2

− 10−3�𝑈𝑈0 − 𝑈𝑈𝑚𝑚𝑚𝑚�� 

(2) 

Particle type: Different 
dp (μm): 66-700 
ρp (g/cm3): 0.85-3.186 
U0-Umf (cm/s): 0-0.6 
dt (cm): 30x1; 30x20; 17x12; 13-38 
Distributor: Porous and Perforated 
Measuring type: Different 
 

Geldart B 

Choi et al. (1988) 
�𝑈𝑈0 − 𝑈𝑈𝑚𝑚𝑚𝑚�(𝑑𝑑𝑏𝑏 − 𝑑𝑑0) + 0.474𝑔𝑔0.5�𝑑𝑑𝑏𝑏1.5 − 𝑑𝑑01.5�

= 1.132�𝑈𝑈0 − 𝑈𝑈𝑚𝑚𝑚𝑚�ℎ 
(3) 

Particle type: coal 
dp (μm): 340-620 
ρp (g/cm3): 2.3 
U0-Umf (cm/s): 4.7-17.1 
dt (cm): 30x30 
Distributor: Perforated 
Measuring type: Electro-resistivity probe 
 

Mori and Wen (1975) 
𝑑𝑑𝑏𝑏𝑏𝑏 − 𝑑𝑑𝑏𝑏
𝑑𝑑𝑏𝑏𝑏𝑏 − 𝑑𝑑0

= exp(−0.3ℎ/𝑑𝑑𝑡𝑡)𝑑𝑑𝑏𝑏𝑏𝑏 = 1.87𝑑𝑑0 (4) 

Particle type: Different 
dp (μm): 60-450 
U0-Umf (cm/s):0-48 
dt (cm):30-130 
Distributor: Porous and Perforated 
Measuring type: Different 

Geldart D Cai et al. (1994) 
𝑑𝑑b = 0.138ℎ0.8�𝑈𝑈0 − 𝑈𝑈𝑚𝑚𝑚𝑚�

0.42𝑒𝑒𝑒𝑒𝑒𝑒 �−2.5 × 10−5�𝑈𝑈0 − 𝑈𝑈𝑚𝑚𝑚𝑚�
2

− 10−3�𝑈𝑈0 − 𝑈𝑈𝑚𝑚𝑚𝑚�� 
(2) 

Particle type: Different 
dp (μm): 66-700 
ρp (g/cm3): 0.85-3.186 
U0-Umf (cm/s): 0-0.6 
dt (cm): 30x1; 30x20; 17x12; 13-38 
Distributor: Porous and Perforated 
Measuring type: Different 
 

Low velocity Agarwal (1985, 1987) 𝑎𝑎 =
3.51(ℎ + ℎ0)0.4

�𝑑𝑑𝑡𝑡0.5 − 𝑑𝑑00.5�
 (5) 

Particle type: Glass 
dp (μm): 268 
U0-Umf (cm/s): 4.1-9.6 
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For a ≤ 3 

𝑑𝑑𝑏𝑏 = 𝑑𝑑0 +
𝑘𝑘3

11.13𝑚𝑚
ℎ𝑠𝑠𝑑𝑑00.5 + �

𝑘𝑘3
22.26

�
2 ℎ2𝑠𝑠

𝑚𝑚(𝑚𝑚 − 1) 

𝑘𝑘3 = 82;𝑚𝑚 = 10;  𝑠𝑠 = 0.4 
 
For a > 3 
 

𝑑𝑑𝑏𝑏 = �𝑑𝑑00.5 + 0.37(ℎ + ℎ0)0.4

− 0.036(ℎ + ℎ0)0.4 �
1.17(ℎ + ℎ0)0.4

𝑑𝑑𝑡𝑡
0.5 − 𝑑𝑑00.5 − 1��

2

 

dt (cm): 30x20 
Distributor: Porous  
Measuring type: X-ray photography 
 

High 
velocity Darton et al. (1977) 𝑑𝑑𝑏𝑏 =  0.54𝑔𝑔−0.2�𝑈𝑈0 − 𝑈𝑈𝑚𝑚𝑚𝑚�

0.4�ℎ + 4𝐴𝐴00.5�0.8
 (6) 

Particle type: different 
dp (μm): 60-323 
ρp (g/cm3): 0.6-2.65 
U0-Umf (cm/s): 0.5-20 
dt (cm): 30x30; 30x20; 100, 61x61 
Distributor: Porous 
Measuring type: Capacitance probe, X-ray 
photography 
 

Perforated 
distributor Cai et al. (1994) 

𝑑𝑑𝑏𝑏 = 0.138ℎ0.8�𝑈𝑈0 − 𝑈𝑈𝑚𝑚𝑚𝑚�
0.42𝑒𝑒𝑒𝑒𝑒𝑒 �−2.5 × 10−5�𝑈𝑈0 − 𝑈𝑈𝑚𝑚𝑚𝑚�

2

− 10−3�𝑈𝑈0 − 𝑈𝑈𝑚𝑚𝑚𝑚�� 
(2) 

Particle type: Different 
dp (μm): 66-700 
ρp (g/cm3): 0.85-3.186 
U0-Umf (cm/s): 0-0.6 
dt (cm): 30x1; 30x20; 17x12; 13-38 
Distributor: Porous and Perforated 
Measuring type: Different 
 

Porous 
distributor Choi et al. (1988) 

�𝑈𝑈0 − 𝑈𝑈𝑚𝑚𝑚𝑚�(𝑑𝑑𝑏𝑏 − 𝑑𝑑0) + 0.474𝑔𝑔0.5�𝑑𝑑𝑏𝑏1.5 − 𝑑𝑑01.5�
= 1.132�𝑈𝑈0 − 𝑈𝑈𝑚𝑚𝑚𝑚�ℎ 

(3) 

Particle type: coal 
dp (μm): 340-620 
ρp (g/cm3): 2.3 
U0-Umf (cm/s): 4.7-17.1 
dt (cm): 30x30 
Distributor: Perforated 
Measuring type: Electro-resistivity probe 
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Mori and Wen (1975) 
𝑑𝑑𝑏𝑏𝑏𝑏 − 𝑑𝑑𝑏𝑏
𝑑𝑑𝑏𝑏𝑏𝑏 − 𝑑𝑑0

= exp(−0.3ℎ/𝑑𝑑𝑡𝑡)𝑑𝑑𝑏𝑏𝑏𝑏 = 1.87𝑑𝑑0 (4) 

Particle type: Different 
dp (μm): 60-450 
U0-Umf (cm/s):0-48 
dt (cm):30-130 
Distributor: Porous and Perforated 
Measuring type: Different 

 

Other correlations commonly referred in literature are represented in Table 3. 

Table 3 – Bubble size correlations in bubbling fluidized beds [4], [6] 

Author(s) Correlation Observations 

Kato and Wen (1969) 𝑑𝑑𝑏𝑏 = 1.4𝜌𝜌𝑝𝑝𝑑𝑑𝑝𝑝 �
𝑈𝑈
𝑈𝑈𝑚𝑚𝑚𝑚

�ℎ + 𝑑𝑑0 (7) 

Particle type: Silica gel 
dp (μm): 194 
ρp (g/cm3): 1.4 
dt (cm): 8.4 
Distributor: Porous 
Measuring type: Hot wire anemometer 

Chiba et al. (1973) 𝑑𝑑𝑏𝑏 = 𝑑𝑑0 �
�27 6⁄ − 1�(ℎ − 𝑑𝑑0)

𝑑𝑑0
+ 1�

2 7⁄

 

𝑑𝑑0 = �6𝐺𝐺/𝜋𝜋𝑘𝑘𝑏𝑏𝑔𝑔1 2⁄ �
2 5⁄

 

(8) 

Particle type: Silica gel 
dp (μm): 67-443 
dt(cm): 10,20 
kb depends on the bed material and ranges 
between: 0.60-0.95 [4] 

Rowe (1976) 𝑑𝑑𝑏𝑏 =
0.54�𝑈𝑈 − 𝑈𝑈𝑚𝑚𝑚𝑚�

1 2⁄ (ℎ + ℎ0)3 4⁄

𝑔𝑔1 4⁄  (9) 

Particle type: Different 
dp (μm): 135 
ρp (g/cm3): 0.6 
U0-Umf (cm/s): 0.3-5.6 
dt (cm): 30x1; 30x30 
Distributor: Porous  
Measuring type: X-ray photography 
 

Darton et al. (1978) 𝑑𝑑𝑏𝑏 = 0.54𝑔𝑔−0.2�𝑈𝑈 − 𝑈𝑈𝑚𝑚𝑚𝑚�
0.4�ℎ + 4�𝐴𝐴0�

0.8
 (10) 

Particle type: Different 
dp (μm): 60-323 
ρp (g/cm3): 0.6-2.65 
U0-Umf (cm/s): 0.5-20 
dt (cm): 30x1; 30x30, 30x20, 100, 61x61 
Distributor: Porous  
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Measuring type: X-ray photography, Capacitance probe 
Some correlations in Table 2 and Table 3 require the estimation an initial bubble size at the surface of the distributor, 𝑑𝑑0. Some of the correlations 
developed for this purpose using different types of distributors are presented below. 

Table 4 - Bubble size at the bottom of the reactor (above the distributor) [4] 

Author(s) Correlation Observations 
Davidson and Harrison (1963) 𝑑𝑑0 = 1.295𝐺𝐺0.4/𝑔𝑔0.2 (11) G: Volumetric flow rate of gas per orifice [4] 

Kato and Wen (1969) 𝑑𝑑0 = 1.295 �
𝑈𝑈 − 𝑈𝑈𝑚𝑚𝑚𝑚

𝑁𝑁
�
0.4

/𝑔𝑔0.2 (12) Correlation developed for perforated plates. 
N: Number of orifices per unit area 

Geldart (1972) 𝑑𝑑0 = 1.43 �
𝑈𝑈 − 𝑈𝑈𝑚𝑚𝑚𝑚

𝑁𝑁
�
0.4

/𝑔𝑔0.2 (13) Correlation developed for perforated plate but for porous plates 
we can use N = 0.1 hole/cm2 of bed cross section [6] 

Chiba et al. (1972) 𝑑𝑑0 = 1.259 �
𝐺𝐺
𝑘𝑘𝑏𝑏
�
0.4

/𝑔𝑔0.2 (14) kb depends on the bed material and ranges between: 0.60-0.95 

Miwa et al. (1972) 

Perforated plate: 

𝑑𝑑0 = 0.347 �
𝑈𝑈 − 𝑈𝑈𝑚𝑚𝑚𝑚

𝑁𝑁
�
0.4

 

Porous plate: 
𝑑𝑑0 = 0.00376�𝑈𝑈 − 𝑈𝑈𝑚𝑚𝑚𝑚�

2
 

(15)  

Fryer and Potter (1976) 𝑑𝑑0 = 1.08�𝑈𝑈 − 𝑈𝑈𝑚𝑚𝑚𝑚�
0.33

 (16)  

Darton et al. (1977) 𝑑𝑑0 = 1.63 ��𝑈𝑈 − 𝑈𝑈𝑚𝑚𝑚𝑚�𝐴𝐴0/𝑔𝑔1 2⁄ �
2 5⁄

 (17) A0: the area of plate per hole 
For porous plate A0=0.56 cm2 

 

The maximum bubble diameter it is still not resolved, however a good rough estimation of this parameter 𝑑𝑑𝑏𝑏𝑏𝑏 can be made using the following 
equation[4]. 

𝑑𝑑𝑏𝑏𝑏𝑏 = 2𝑈𝑈𝑡𝑡2/𝑔𝑔 
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2.2 Bubble rise velocity 
The study performed in [6] also evaluates correlations developed for the bubble rise velocity. Based 
on the squared differences (to be minimized) the correlation of Werther represents the best overall 
coverage for different particles. It is important to refer that the bubble rise velocity is highly 
dependent on the type of the particles therefore different expressions are commonly used for the 
different Geldart particles type instead of a single generic correlation. The correlations that show 
better results according to [6] are given in Table 3. The most popular correlation in literature is the 
simple closure developed by Davidson and Harrison. 
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Table 5 - The best correlations for bubble rise velocity according to the study performed in [6] 

Category Author(s) Correlation Limitations 

Generic Werther (1978) 

𝑈𝑈𝑏𝑏 = 𝜓𝜓�𝑔𝑔𝑑𝑑𝑏𝑏 
 

Geldart A (FCC): 
 

𝜓𝜓 = �
1 𝑑𝑑𝑡𝑡 ≤ 10

0.396𝑑𝑑𝑡𝑡0.4 10 < 𝑑𝑑𝑡𝑡 < 100
2.5 𝑑𝑑𝑡𝑡 ≥ 100

 

 
Geldart B (sand): 

 

𝜓𝜓 = �
0.64 𝑑𝑑𝑡𝑡 ≤ 10

0.254𝑑𝑑𝑡𝑡0.4 10 < 𝑑𝑑𝑡𝑡 < 100
1.6 𝑑𝑑𝑡𝑡 ≥ 100

 

(18) 

Particle type: FCC, sand 
dp (μm): 60, 130 
ρp (g/cm3): 1200,2640 
U0-Umf (cm/s): 4-29 
dt (cm): 45, 100 
Distributor: Porous 
Measuring type: Capacitance probe 

Generic Davidson and Harrison 
(1972) 𝑈𝑈𝑏𝑏 = 𝑈𝑈𝑏𝑏𝑏𝑏 + �𝑈𝑈0 − 𝑈𝑈𝑚𝑚𝑚𝑚� (19)  

Geldart A Hilligardt and Werther 
(1986) 

𝑈𝑈𝑏𝑏 = 𝜓𝜓�𝑈𝑈0 − 𝑈𝑈𝑚𝑚𝑚𝑚� + 𝜗𝜗𝑈𝑈𝑏𝑏𝑏𝑏  
 

Geldart A: 
𝜓𝜓 = 0.8 
𝜗𝜗 = 0.7𝑑𝑑𝑡𝑡1/3 

 
Geldart B: 

𝜓𝜓 = �
0.67 𝑧𝑧 𝑑𝑑𝑡𝑡 < 1.7⁄

0.51(𝑧𝑧 𝑑𝑑𝑡𝑡⁄ )1 2⁄ 1.7 ≤ 𝑧𝑧 𝑑𝑑𝑡𝑡 ≤ 4⁄
1 𝑧𝑧 𝑑𝑑𝑡𝑡⁄ > 4

 

𝜗𝜗 = 0.2𝑑𝑑𝑡𝑡1/2 
 

Geldart D: 

(20) 

Particle type: FCC, sands, quatz 
dp (μm): 60-1300 
ρp (g/cm3): 1200-2640 
U0-Umf (cm/s): 5-30 
dt (cm): 30x200; 50x50; 100x100 
Distributor: Porous 
Measuring type: Capacitance probe 
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𝜓𝜓 = �
0.26 𝑧𝑧 𝑑𝑑𝑡𝑡 < 0.55⁄

0.35(𝑧𝑧 𝑑𝑑𝑡𝑡⁄ )1 2⁄ 0.55 ≤ 𝑧𝑧 𝑑𝑑𝑡𝑡⁄ ≤ 8
1 𝑧𝑧 𝑑𝑑𝑡𝑡⁄ > 8

 

𝜗𝜗 = 0.87 
 

Geldart B Davidson and Harrison 
(1972) 𝑈𝑈𝑏𝑏 = 𝑈𝑈𝑏𝑏𝑏𝑏 + �𝑈𝑈0 − 𝑈𝑈𝑚𝑚𝑚𝑚� (19)  

Geldart D Werther (1978) 

𝑈𝑈𝑏𝑏 = 𝜓𝜓�𝑔𝑔𝑑𝑑𝑏𝑏 
 

Geldart A (FCC): 
 

𝜓𝜓 = �
1 𝑑𝑑𝑡𝑡 ≤ 10

0.396𝑑𝑑𝑡𝑡0.4 10 < 𝑑𝑑𝑡𝑡 < 100
2.5 𝑑𝑑𝑡𝑡 ≥ 100

 

 
Geldart B (sand): 

 

𝜓𝜓 = �
0.64 𝑑𝑑𝑡𝑡 ≤ 10

0.254𝑑𝑑𝑡𝑡0.4 10 < 𝑑𝑑𝑡𝑡 < 100
1.6 𝑑𝑑𝑡𝑡 ≥ 100

 

(18) 

Particle type: FCC, sand 
dp (μm): 60, 130 
ρp (g/cm3): 1200,2640 
U0-Umf (cm/s): 4-29 
dt (cm): 45, 100 
Distributor: Porous 
Measuring type: Capacitance probe 

 

The parameter 𝑈𝑈𝑏𝑏𝑏𝑏  corresponds to the bubble rise velocity for single bubbles. Several correlations have been proposed to define this parameter but 
the simple Davidson and Harrison (1963) is still the most popular in literature. Table 4 represents some of the other correlations. According to the 
study conducted in reference [6] the more appropriate and generic correlations are the correlations of Allahwala and Potter and Wallis since they 
take into account the effect of the bed diameter on the bubble rise velocity. 
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Table 6 – Correlations of single bubble rise velocity [6], [8] 

Author(s) Correlation   Remarks 
Davidson and Harrison (1963) 𝑈𝑈𝑏𝑏𝑏𝑏 = 0.71�𝑔𝑔𝑑𝑑𝑏𝑏 (21)  

Rowe and Partridge 
𝑈𝑈𝑏𝑏𝑏𝑏 = 𝑘𝑘�𝑔𝑔𝑑𝑑𝑏𝑏 

𝑘𝑘 = 0.926 for Geldart A 
𝑘𝑘 = 1.02 for Geldart B 

(22) 

dp (μm): 52-550 
ρp (g/cm3): 1120-2930 
Umf(cm/s): 0.32-25.9 
dt (cm): 14 
Measuring type:  X-ray photography 

Wallis 𝑈𝑈𝑏𝑏𝑏𝑏 = �0.711�𝑔𝑔𝑑𝑑𝑏𝑏�1.2𝑒𝑒𝑒𝑒𝑒𝑒 �−1.49
𝑑𝑑𝑏𝑏
𝑑𝑑𝑡𝑡
� (23)  

Allahwala and Potter 𝑈𝑈𝑏𝑏𝑏𝑏 = 0.35�𝑔𝑔𝑑𝑑𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡0.555 �3.6 �
𝑑𝑑𝑏𝑏
𝑑𝑑𝑡𝑡
�
0.9

� (24) 
dp (μm): 59, 68, 198 
Umf(cm/s): 0.89-3.74 
dt (cm): 24, 4, 61 
Measuring type:  X-ray photography 
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2.3 Bed voidage (hold-up) 
The voidage or total voidage along the height of the reactor is commonly described by the 
correlation defined by Clift and Grace (1985) given below [9], [10]. 

𝜀𝜀 =
1 − �1 − 𝜀𝜀𝑚𝑚𝑚𝑚�

�1 +
𝑈𝑈 − 𝑈𝑈𝑚𝑚𝑚𝑚

0.711�𝑔𝑔𝑑𝑑𝑏𝑏
�

 
(25) 

 

The void at minimum fluidization conditions, εmf, is determined using the expression proposed by 
Grace (1986) [2]. 

𝜀𝜀𝑚𝑚𝑚𝑚 = 0.586𝐴𝐴𝐴𝐴−0.029 �
𝜌𝜌𝑔𝑔
𝜌𝜌𝑠𝑠
�
0.021

 (26) 

 

2.4 Bed voidage in L-phase 
The void fraction of the bubbles or low density phase has still not been resolved [10]. Many models 
in literature assume this parameter to be equal to 1 because the amount of solids inside these 
pockets of gas is much lower compared to the amount of solids present in the high density phase. 
However, this assumption is poor and can have some impact on the reactor performance since 
reaction also occurs on the low density phase and can be significant when fast reactions are taking 
place. Therefore a value of 0.97 is used in Phenom as other authors have done [10], [11].  

 

2.5 Mass transfer coefficient 
Several correlations have been proposed in literature for defining 
the mass transfer coefficient (or gas interchange coefficient) 
between the L- and H- phases in bubbling beds, 𝐾𝐾𝐿𝐿𝐿𝐿𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏. The 
interchange coefficient can be defined as the flow of gas from 
bubble to emulsion with an equal flow in the opposite direction as 
represented below [8] and in Figure 2. 

𝐾𝐾𝐿𝐿𝐿𝐿𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 =
volume of gas bubble → emulsion or emulsion → bubble

(volume of bubbles in the bed)(time)  

This parameter is very important for determining the reactor 
performance since it may limit the conversion in some reactors. It 
gives the rate through which the reactants are transferred from/to 

the L-phase poor in solids to/from the H-phase where the solid-gas 
contact is excellent. 

 

Figure 2 - Scheme of the Interphase 
mass transfer in bubbling fluidized bed 
Source: [13] 
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A very popular correlation is the one proposed by Sit and Grace (1985) (Equation 27) for spherical, 
three-dimensional bubbles which considers interaction (coalescence) between the bubbles [9], [10], 
[12].  

𝐾𝐾𝐿𝐿𝐿𝐿𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = �
𝑈𝑈𝑚𝑚𝑚𝑚

3
+ 2 �

𝐷𝐷𝑖𝑖𝜀𝜀𝑚𝑚𝑚𝑚𝑈𝑈𝐻𝐻
𝜋𝜋𝑑𝑑𝑏𝑏

�
1 2⁄

�
6
𝑑𝑑𝑏𝑏

 

 
(27) 

The Equation 27 considers two mechanisms for the interphase mass transfer, throughflow (or 
convection) and diffusion mechanisms which are represented in the two terms of the expression, 
respectively [12], [13]. Therefore, the first term proportional to the minimum fluidization velocity, 
Umf, corresponds to the convective term and results from Murray's hydrodynamic analysis of bubbles 
in fluidizes beds [12], [14] and the second term to the diffusion mechanism and is derived from the 
penetration theory (𝐾𝐾𝐿𝐿𝐿𝐿𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 ∝ 𝐷𝐷1 2⁄ )[1], [12]. Some other mass transfer coefficient correlations are 
presented in Table 4. 

Table 7 – Correlations for the mass transfer coefficient under bubbling regime often referred in literature[8], [12], [13] 

Author(s) Correlation Observations 

Davidson and Harrison 
(1963) 𝐾𝐾𝐿𝐿𝐿𝐿𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 0.75𝑈𝑈𝑚𝑚𝑚𝑚 + 0.975�

𝐷𝐷1 2⁄ 𝑔𝑔
𝑑𝑑𝑏𝑏
1 4⁄ �

1 4⁄

 (28)  

Chiba and Kobayashi 
(1970) 𝐾𝐾𝐿𝐿𝐿𝐿𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 1.128�

𝜀𝜀𝑚𝑚𝑚𝑚2 𝐷𝐷𝑈𝑈𝑏𝑏
𝑑𝑑𝑏𝑏

�
1 2⁄

�
𝛼𝛼 − 1
𝛼𝛼

�
2 3⁄

 (29) 

dt (cm): 10 
dp (μm): 140-210 
U(cm/s): ~ Umf 
Umf (cm/s): 3.1-5 
 

Davidson et al. (1977) 𝐾𝐾𝐿𝐿𝐿𝐿𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 1.19𝑈𝑈𝑚𝑚𝑚𝑚 + 0.91�
𝐷𝐷1 2⁄ 𝑔𝑔1 4⁄

𝑑𝑑𝑏𝑏
1 4⁄ �

𝜀𝜀𝑚𝑚𝑚𝑚
1 + 𝜀𝜀𝑚𝑚𝑚𝑚

 (30)  

Sit and Grace (1985) 𝐾𝐾𝐿𝐿𝐿𝐿𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = �
𝑈𝑈𝑚𝑚𝑚𝑚

3
+ 2 �

𝐷𝐷𝜀𝜀𝑚𝑚𝑚𝑚𝑈𝑈𝑏𝑏
𝜋𝜋𝑑𝑑𝑏𝑏

�
1 2⁄

�
6
𝑑𝑑𝑏𝑏

 (27) 

Equation for spherical three-
dimensional bubbles in freely bubbling 
beds. 
Particle type: glass beads 
Tracer: Ozone  
dp (μm): 390 
 

Sit and Grace (1985) 𝐾𝐾𝐿𝐿𝐿𝐿𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = �0.4𝑈𝑈𝑚𝑚𝑚𝑚 + �
4𝐷𝐷𝜀𝜀𝑚𝑚𝑚𝑚𝑈𝑈𝑏𝑏
𝜋𝜋𝑑𝑑𝑏𝑏

�
1 2⁄

�
6
𝑑𝑑𝑏𝑏

 (31) 

Equation for circular two-dimensional 
bubbles in freely bubbling beds. 
Particle type: glass beads 
Tracer: Ozone  
dp (μm): 390 
 

Kunii and Levenspiel 
(1991) 

1
𝐾𝐾𝐿𝐿𝐿𝐿𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏

=
1
𝐾𝐾𝑏𝑏𝑏𝑏

+
1
𝐾𝐾𝑐𝑐𝑐𝑐

 (32) 

Particle type: particles of type Geldart 
A 
 

𝐾𝐾𝑏𝑏𝑏𝑏 = 4.5 �
𝑈𝑈𝑚𝑚𝑚𝑚
𝑑𝑑𝑏𝑏

� + 5.85�
𝐷𝐷1 2⁄ 𝑔𝑔1 4⁄

𝑑𝑑𝑏𝑏
5 4⁄ �  (33) 

𝐾𝐾𝑐𝑐𝑐𝑐 = 6.77�
𝐷𝐷𝜀𝜀𝑚𝑚𝑚𝑚𝑈𝑈𝑏𝑏
𝑑𝑑𝑏𝑏3

�
1 2⁄

 (34) 
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2.6 Volume fraction of L-phase 
The volume fraction in the low density phase is determined by a simple mass balance given as follows 
(Equation 37). 

𝑈𝑈0 =  𝜑𝜑𝐿𝐿𝜀𝜀𝐿𝐿𝑢𝑢𝐿𝐿 + 𝜑𝜑𝐻𝐻𝜀𝜀𝐻𝐻𝑢𝑢𝐻𝐻 (35) 
𝑈𝑈0 =  𝜑𝜑𝐿𝐿(𝜀𝜀𝐿𝐿𝑢𝑢𝐿𝐿 − 𝜀𝜀𝐻𝐻𝑢𝑢𝐻𝐻) + 𝜀𝜀𝐻𝐻𝑢𝑢𝐻𝐻 (36) 

𝜑𝜑𝐿𝐿 =
𝑈𝑈 − 𝜀𝜀𝐻𝐻𝑢𝑢𝐻𝐻
𝜀𝜀𝐿𝐿𝑢𝑢𝐿𝐿 − 𝜀𝜀𝐻𝐻𝑢𝑢𝐻𝐻

 (37) 

 

2.7 Axial gas dispersion coefficient  
The study of the gas mixing in bubbling fluidized beds dates from 1945 with Gilliland and Mason. The 
understanding of the gas dispersion phenomena inside the bed is very important for describing the 
flow pattern but also for determining the reactor performance. 

Abba (2001) conducted steady and unsteady state tracer measurements using helium for 
determining the dispersion coefficient under bubbling and turbulent fluidization regimes. It was 
verified that the dispersion in the L-phase is considered negligible compared with the H-phase so he 
suggested it can be approximated by the molecular diffusivity of the gas (at lower velocities) by 
Equation 38. As the superficial gas velocity increases this difference between the dispersion 
coefficients is tightened [11].  

The dispersion coefficient for L-phase under bubbling regime is then estimated by the averaged 
molecular diffusivity of the gas mixture (Equation 38). 

𝐷𝐷𝐿𝐿𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 𝐷𝐷𝑚𝑚𝑚𝑚𝑚𝑚 = � 𝑤𝑤𝑖𝑖,𝐿𝐿

𝑁𝑁𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

𝑖𝑖=1

𝐷𝐷𝑖𝑖𝐿𝐿𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏  (38) 

Where 𝐷𝐷𝑖𝑖𝐿𝐿𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏  corresponds to the diffusivity of component i in the gas mixture is determined by the 

Wilke model (mass basis) which was also applied in the Generic Fluidized Bed Reactor model [9], [10]. 

𝐷𝐷𝑖𝑖𝐿𝐿𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 =
1 −𝑤𝑤𝑖𝑖,𝐿𝐿

𝑀𝑀� ∑
𝑤𝑤𝑗𝑗,𝐿𝐿
𝑀𝑀𝑗𝑗𝐷𝐷𝑖𝑖𝑖𝑖

𝑁𝑁𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑖𝑖=1
𝑗𝑗≠𝑖𝑖

 
(39) 

 

The binary diffusivity, 𝐷𝐷𝑖𝑖𝑖𝑖, is determined by the semiempirical method of Fuller et al. (1966)[15] using 
atomic diffusion volumes for each gas molecule (Equation 40). 

𝐷𝐷𝑖𝑖𝑖𝑖 =
1.00 × 10−1𝑇𝑇1.75�1 𝑀𝑀𝑖𝑖⁄ + 1 𝑀𝑀𝑗𝑗⁄ �1 2⁄

𝑃𝑃 �(∑𝑣𝑣𝑖𝑖)1 3⁄ + �∑𝑣𝑣𝑗𝑗�
1 3⁄

�
2  (40) 
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The dispersion coefficient for H-phase is defined using the correlation proposed by Bi et al. (2000) 
[16] obtained from a large pool of literature data for axial gas dispersion coefficients (Cankurt and 
Yerushalmi (1978), Li and Wu (1991), Foka et. al (1996), among others)[16].  

𝐷𝐷𝐻𝐻𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 =
𝑈𝑈𝐻𝐻𝐻𝐻
𝑃𝑃𝑃𝑃𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏

 (41) 

𝑃𝑃𝑃𝑃𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 3.472𝐴𝐴𝐴𝐴0.149𝑅𝑅𝑅𝑅0.0234𝑆𝑆𝑆𝑆−0.231 �
𝐻𝐻
𝑑𝑑𝑡𝑡
� (42) 

 

2.8 Thermal conductivity 
Matsen (1985) [17] proposed the thermal conductivity of the fluidized bed to be estimated as 
follows. 

𝜆𝜆𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = (1 − 𝜀𝜀)𝜌𝜌𝑠𝑠𝐶𝐶𝑝𝑝,𝑠𝑠𝐷𝐷𝑠𝑠𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏  (43) 
  

The axial dispersion coefficient for solids to be used in the previous equation is defined by the 
correlation proposed by Lee and Kim (1990) in terms of Peclet and Archimedes number as follows 
[18]. 

𝐷𝐷𝑠𝑠𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 1.058�𝑈𝑈0 − 𝑈𝑈𝑚𝑚𝑚𝑚�𝑑𝑑𝑡𝑡 �
𝑔𝑔𝑑𝑑𝑡𝑡

𝑈𝑈0 − 𝑈𝑈𝑚𝑚𝑓𝑓
�
0.653

𝐴𝐴𝐴𝐴−0.368 (44) 

 

Equation 43 covers  Froude numbers, Frt, and Archimedes numbers, Ar,  in the ranges  8.0x10-4- 0.91 
and 6.9 – 72.4, respectively.  

 

3 Turbulent fluidization 
In turbulent and fast fluidization regimes the formation of bubbles is mainly inexistent (a 
disappearance of large voids/bubbles is verified) therefore neither the bubble size nor bubble rise 
velocity are defined for these regimes [1], [8], [16]. The model parameters described in Table 8 are 
described through material relations. 

Table 8  – Variables defined though material relations under turbulent regime 

Variable Description Units Section 
𝜀𝜀𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 Bed voidage under turbulent regime [-] 3.1 
𝜀𝜀𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡  Bed voidage in L-phase under turbulent regime [-] 3.3 
𝐾𝐾𝐿𝐿𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡  Mass transfer coefficient [ s-1] 3.4 
𝜓𝜓𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡  Volume fraction of L-phase under turbulent regime [-] 3.5 
𝐷𝐷𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡  Gas dispersion coefficient for L-phase [m2 s-1] 3.6 
𝐷𝐷𝐻𝐻𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 Gas dispersion coefficient for H-phase [m2 s-1] 3.6 
𝜆𝜆𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 Thermal conductivity under turbulent fluidization [W m-1 K-1] 3.7 

𝑢𝑢𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ,𝑈𝑈𝑏𝑏 Intrinsic gas velocity in L-phase under turbulent fluidization  [m s-1] 3.2 



 

17 
 

 

3.1 Bed voidage 
Several researchers have investigated the bed density behavior under turbulent regime. Some 
authors considered distinct phases as in the bubbling regime and others used only a single phase 
since the bubbles vanish rapidly (bubbles are present only at low velocities and are characterized by 
smaller sizes compared to bubbling regime). Considering the dense bed, as the velocity increases in 
the turbulent regime, the volume fraction of voids increases with size dependent on the mechanisms 
of coalescence and splitting [16]. Therefore, the suspension becomes more uniform at higher 
velocities. Due to high fluctuations in the velocity (inherent to the turbulent regime), empirical 
approaches play a very important role in describing the reactor hydrodynamics in turbulent regime. 
Equation 46 commonly used to characterize the reactor was derived by King (1989) by extensive 
experience in catalytic cracking process (FCC)[19], [20]. 

Table 9 – Void fraction in turbulent fluidized bed reactors 

Author(s) Correlation Observations 

Avidan (1980) 
𝑈𝑈
𝑈𝑈𝑡𝑡∗

= 𝜀𝜀𝑛𝑛 (45) 

Improvement of Richadson-
Zaki equation where 𝑈𝑈𝑡𝑡∗ 
corresponds to the 
effective terminal cluster 
velocity [16], [20].  

King (1989) 𝜀𝜀 =
𝑈𝑈 + 1
𝑈𝑈 + 2

 (46) 
Based on extensive 
experience in FCC process. 
[20]. 

 

Some authors that consider the presence of bubbles have developed new correlations [16]. The main 
authors and studies conducted to determine this parameter are summarized in [16] in Table 7. 

3.2 Gas velocity in L-phase 
As mentioned earlier, under fast fluidization conditions the formation of bubbles can be neglected. 
Therefore, the gas velocity at the L-phase corresponds to the superficial velocity of the gas[9], [10]. 

𝑢𝑢𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑈𝑈𝑏𝑏 =
𝑈𝑈0
𝜀𝜀

 (47) 

 

3.3 Bed voidage in L-phase 
  𝜀𝜀𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 can then be described by the total bed void fraction (Equation 46) [9], [10].  
 

3.4 Mass transfer coefficient 
One of the advantages of operating under fast fluidization regime relies on the enhancement of the 
interphase mass transfer that may dominant under bubbling regime. Some correlations have been 
reported in literature describing this parameter and the ones that are most often referred are 
summarized in Table 10. 
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Table 10 - Correlations for the mass transfer coefficient under turbulent regime[13], [16] 

Author(s) Correlation Observations 

Miyauchi et al. (1980) 𝐾𝐾𝐿𝐿𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑘𝑘𝑔𝑔𝑎𝑎𝐼𝐼 = 3.7
𝐷𝐷𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
1 2⁄ 𝜓𝜓𝐿𝐿
𝑑𝑑𝑏𝑏
5 4⁄  (48) 

This expression considers the 
presence of bubbles.  
𝐾𝐾𝐿𝐿𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡  (s-1) : 0.8 – 1  
U0(m/s): 0.2-0.5  
dp (μm): 53 
 

Foka et al. (1996) 𝐾𝐾𝐿𝐿𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑘𝑘𝑔𝑔𝑎𝑎𝐼𝐼 = 1.631𝑆𝑆𝑆𝑆0.37𝑈𝑈0 (49) 

A 2-phase model of van 
Deemter was used to 
determine the coefficient. 
 𝐾𝐾𝐿𝐿𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡  (s-1) : 0.19-4.6 
U0(m/s): bubbling and turbulent 
regime up to 2.6 m/s 
dp (μm): 53 
 

Zang and Quian (1997) 𝑘𝑘𝑔𝑔 = 1.74 × 10−4𝑆𝑆𝑆𝑆0.81 𝐷𝐷𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
𝑑𝑑𝑝𝑝

 (50) 

2-phase model with dispersion and 
steady-state point-source tracer 
injection technique was used to 
determine the coefficient. 
U0(m/s): 0.4-1  
dt(m): 0.2 
H(m): 5 
dp (μm): 77 (FCC particles) 
 

The correlation proposed by Foka et al. is the most generic since it is valid under a widest range of 
operating conditions (gas superficial velocities up to 2.6 m/s). 

 

3.5 Volume fraction of L-phase 
The volume fraction is determined the same way as in the bubbling regime (Equation 51)[9], [10]. 

𝜑𝜑𝐿𝐿𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 𝜑𝜑𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 =
𝑈𝑈 − 𝜀𝜀𝐻𝐻𝑢𝑢𝐻𝐻
𝜀𝜀𝐿𝐿𝑢𝑢𝐿𝐿 − 𝜀𝜀𝐻𝐻𝑢𝑢𝐻𝐻

 (51) 

 

3.6 Axial gas dispersion coefficient  
Some researchers have studied the axial gas dispersion using steady and unsteady tracer 
measurements using different tracers. A summary of the studies referred in literature can be found 
in reference [16]. Due to the limitations (or narrow range of application) of the correlations resulting 
from the studies published in literature, Bi et al. (2000) proposed a new correlation that comprises a 
wide collection of literature data (Equation 52)[16]. Equation 52 is used for defining the axial 
dispersion in Phenom under turbulent and bubbling regimes.  

𝑃𝑃𝑃𝑃𝑡𝑡𝑢𝑢𝑟𝑟𝑟𝑟 = 𝑃𝑃𝑃𝑃𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 3.472𝐴𝐴𝐴𝐴0.149𝑅𝑅𝑅𝑅0.0234𝑆𝑆𝑆𝑆−0.231 �
𝐻𝐻
𝑑𝑑𝑡𝑡
� 

𝐷𝐷𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 =
𝑈𝑈0𝐻𝐻
𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

 
(52) 
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𝐷𝐷𝐻𝐻𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 =
𝑈𝑈𝐻𝐻𝐻𝐻
𝑃𝑃𝑃𝑃𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

 

 
 

3.7 Thermal conductivity 
The thermal conductivity coefficient is defined the same way as in bubbling regime and the axial 
dispersion coefficient for solids required in Matsen's approach is also described by the same 
correlation (Equation 44) since it is valid for both regimes.  

𝐷𝐷𝑠𝑠𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝐷𝐷𝑠𝑠𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = 1.058�𝑈𝑈0 − 𝑈𝑈𝑚𝑚𝑚𝑚�𝑑𝑑𝑡𝑡 �
𝑔𝑔𝑑𝑑𝑡𝑡

𝑈𝑈0 − 𝑈𝑈𝑚𝑚𝑚𝑚
�
0.653

𝐴𝐴𝐴𝐴−0.368 (53) 

4 Fast Fluidization 
The fast fluidization regime is characterized by high velocities and a continuous decrease of solids 
content over the height of the reactor (the dense bed and freeboard are indistinguishable). Several 
models have been proposed for fast fluidization fluidized bed reactor. The two zone core-annulus 
model is the most realistic model because it considers a more dilute phase in the core and a denser 
phase in the annulus where the particles tend to accumulate and move downwards. The core-
annulus model is used in Phenom under fast fluidization conditions therefore the correlations 
presented below are consistent with this formulation. The parameters described through these 
correlations are presented in Table 11. 

Table 11 - Variables defined though material relations under fast fluidization regime 

Variable Description Units Section 
𝜀𝜀𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 Bed voidage under turbulent regime [-] 4.1 
𝜀𝜀𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓  Bed voidage in L-phase under turbulent regime [-] 4.3 
𝐾𝐾𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓  Mass transfer coefficient [s-1] 4.4 

𝜓𝜓𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = 𝜓𝜓𝑐𝑐 Volume fraction of core zone  [-] 4.5 
𝐷𝐷𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓  Gas dispersion coefficient for L-phase [m2 s-1] 4.6 
𝐷𝐷𝐻𝐻𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓  Gas dispersion coefficient for H-phase [m2 s-1] 4.6 
𝜆𝜆𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 Thermal conductivity under turbulent fluidization [W m-1 K-1] 4.7 

𝑢𝑢𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 ,𝑈𝑈𝑏𝑏 Intrinsic gas velocity in L-phase under turbulent fluidization  [m s-1] 4.2 
 

4.1 Bed voidage 
The solids flux and gas velocity are related by the following expression. 

𝐺𝐺𝑠𝑠 = 𝜌𝜌𝑝𝑝(1 − 𝜀𝜀) �
𝑈𝑈0
𝜀𝜀
− 𝑈𝑈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠� (54) 

 

Where the average particle velocity, Us is defined in terms of the slip velocity between the gas and 
solid, Uslip. 
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𝑈𝑈𝑠𝑠 =
𝑈𝑈0
𝜀𝜀
− 𝑈𝑈𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 (55) 

 

The slip velocity is usually considered to be equal to the terminal velocity of the particle. However, 
Patient et al. (1992) concluded that a more adequate relation is needed to better describe the 
relationship between the solids and the gas [21]. A called slip factor, φ, consisting ofthe ratio 
between the actual gas velocity and the particle velocity, was then introduced.  

𝜑𝜑 =
𝑈𝑈0
𝜀𝜀𝑈𝑈𝑠𝑠

 (56) 

 

Substituting Equation 55 in 54 and using the slip factor as defined by Equation 56 the following 
relationship is obtained for the void fraction along the bed of the reactor. 

𝜀𝜀𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = 𝜀𝜀 = �1 +
𝐺𝐺𝑠𝑠𝜑𝜑
𝜌𝜌𝑝𝑝𝑈𝑈0

�
−1

 (57) 

 

Matsen found that the slip factor approximately equals to 2 under fully developed flow regimes in 
risers (for gas velocities higher than 6 m/s)[21]. Based on this and by evaluating more literature data 
Patient et al. (1992) proposed a new correlation that relates better the gas and solids velocities[21]. 

𝜑𝜑 = 1 +
5.6
𝐹𝐹𝐹𝐹

+ 0.47𝐹𝐹𝐹𝐹𝑡𝑡0.41 (58) 

 

4.2 Gas velocity in L-phase 
The gas velocity in the L-phase is determined by the following expression which agrees with the core-
annulus model. 

𝑢𝑢𝐿𝐿𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑈𝑈𝑏𝑏 =
𝑈𝑈0
𝜓𝜓𝑐𝑐

 (59) 

 

4.3 Bed voidage in L-phase 
Since most of the gas flows through the core zone (L-phase), the voidage in this phase equals to the 
total bed void defined in section 4.1 by Equations 57 and 58. 

 

4.4 Mass transfer coefficient 
The interphase mass transfer coefficient between the two zones (core and annulus) has been studied 
by several researchers (Figure 3). Some of the proposed correlations are given in Table 12. 
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Figure 3 – Important studies on the interphase gas coefficients between core and annulus phases. Source: [22]  

 

Table 12 – Interphase mass transfer correlations between core and annulus 

Author(s) Correlation Remarks 

Pugsley et al. (1992) 𝐾𝐾𝐿𝐿𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = 𝑘𝑘𝑔𝑔𝑎𝑎𝐼𝐼 = �
4𝐷𝐷𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝜀𝜀𝑎𝑎𝑈𝑈

𝜋𝜋𝜋𝜋
�
0.5

×
2
𝑟𝑟𝑐𝑐

 (60) 

Uses the Higbie 
penetration theory 
and was validated by 
G. S. Patience by RTD 
measurements[23]. 

Patience and Chaouki 
(1993) 

𝑘𝑘𝑔𝑔𝑑𝑑𝑡𝑡
𝐷𝐷𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓

�
𝑟𝑟𝑐𝑐
𝑅𝑅
� = 0.25𝑆𝑆𝑆𝑆0.5𝑅𝑅𝑅𝑅0.75 �

𝐺𝐺𝑠𝑠
𝜌𝜌𝑠𝑠𝑈𝑈0

�
0.25

 (61)  

 

In the current formulation of Phenom Equation 60 is being used to describe the interphase mass 
transfer between the core and the annulus phases[9], [10]. 

 

4.5 Volume fraction of L-phase 
According to the core-annulus model as represented in Figure 3 the L-phase 
corresponds to the core zone. Therefore the L-phase volume fraction is determined by 
the following expression.  

𝜓𝜓𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = 𝜓𝜓𝑐𝑐 =
𝑟𝑟𝑐𝑐2

𝑅𝑅2
 (60) 

 

Where the core radius is given by a correlation developed by Bi et al. (1996) as a 
result of a least squares fitting of literature data [10], [22]. 

𝑟𝑟𝑐𝑐 =
𝑑𝑑𝑡𝑡
2
−
𝑑𝑑𝑡𝑡
2
�1 − �1.34− 1.3�1− 𝜀𝜀𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓�

0.2 + �1 − 𝜀𝜀𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓�
1.4��

0.5
 (61) 

 

Figure 4 - Core-annulus 
model sketch 
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4.6 Axial gas dispersion coefficient  
Some studies have been conducted to determine the axial das dispersion coefficient under fast 
fluidization regime. Most of these studies are performed in circulating fluidized beds which 
commonly operate under this regime. Breault (2006) summarized some of these studies which are 
represented in Figure 5. 

 

Figure 5 – Axial gas dispersion coefficients referred in literature. Source: [24] 

Some of the developed correlations are presented in Table 13. 

Table 13 – Axial gas dispersion coefficient correlations for fast fluidization regime 

Author(s) Correlation 

Grace et al.(1988) 
𝐷𝐷𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = 7.1 × 9.3 × 𝑓𝑓(𝑑𝑑𝑑𝑑) 

1 < 𝐷𝐷𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 < 11.8 
𝑃𝑃𝑃𝑃 =  𝑓𝑓(𝑑𝑑𝑑𝑑) 

(62) 

Li and Wu (1991) 𝐷𝐷𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = 0.184𝜀𝜀𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓−4.445 (63) 
 

The correlation proposed by Li and Wu is used in Phenom as in [9], [10]. 

𝐷𝐷𝐿𝐿𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = 𝐷𝐷𝐻𝐻𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = 0.184𝜀𝜀𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓−4.445 (64) 
 

 

 

4.7 Thermal conductivity 
The thermal conductivity for fast fluidization is also defined by the Matsen's approach (see section 
2.8) therefore correlations for the gas dispersion are required. Table 14 presents the correlations 
that are more commonly referred in literature also represented in Figure 6 . 
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Table 14 – Correlations for the axial dispersion coefficient for the solid particles[24]–[26] 

Author(s) Correlation Remarks 

Wei et al. (1998) 𝐷𝐷𝑠𝑠𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = 0.0139𝐻𝐻𝑈𝑈0�1 − 𝜀𝜀𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓�
−0.67𝑅𝑅𝑅𝑅−0.23 (65) 

Particle type: fluorescing 
Particles (alumina particles 
with fine phosphor particles, 
less than 10 μm) 
dp (μm): 54 
ρp (kg/m3): 1710 
Gs (kg/m2 s): 3-160 
U0 (m/s): 2.67-7.84  
dt (cm): 12x120 
Measuring type:  

Chaouki et al. (1999) 𝐷𝐷𝑠𝑠𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = 0.9 (66) 

Particle type: Radioactive 
gold particles (tracer) with 
silica 
dp (μm): 500 
Gs (kg/m2 s): 23-75 
U0 (m/s) =4  
dt (cm): 82x700 
Measuring type: Radioactive 
Particle Tracking (RPT) 

 

 

Figure 6 – Solid dispersion coefficient for fast fluidization regime. Source: [24] 

In Phenom is used the correlation of Wei et al. (1998) which is also applied in [10]. 
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