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1 Abstract 
The report presents a model for taking into account the subgrid effect in the inter-particle 

momentum transfer by collisions. 

The model is derived from an analysis highly resolved TFM numerical simulation. A correlation study 

is made in order to identify the relevant variables for the modelling. The effects of the mesh size and 

of the local solid volume fraction are split and modelled by two different functions. Finally the 

functions are determined by fitting. 

In the present report only one case (𝛼𝑝 = 𝛼𝑞 = 3% and 𝑑𝑞 = 2𝑑𝑞 = 150𝜇𝑚) has been used. Then 

the model must be compared for volume fraction and particle-to-particle diameter ratio. Also, during 

the study it has been shown the strong effect of the filtering on the particle kinetic energy which 

controls the transfers by collisions. 
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2 Case studied 
This report is devoted to the derivation of a subgrid model for the inter-particle momentum transfer. 
The model derivation is based on the analysis of the highly-resolved numerical simulations described 
in D5.1. The particles properties of the flow are given in Table 1 :  

Gas  ρg (kg/m3) 1,186 

 
 μg (Pa.s) 1,8 .10-5 

Particles 1  dq(μm) 75 

 
 ρp(kg/m3) 1500 

 
 αp 3 % 

Particles 2  dq  (μm) 150  

 
 ρq(kg/m3) 1500 

 
 αq 3% 

 ec 0,9 

Table 1: Materials properties 

3 Model derivation 

3.1 Subgrid drag model in binary mixture 

The budget and correlation analysis of the momentum balance equation show that drag force is 
affected by the mesh. The correlation analysis suggests that a subgrid gas-particle drift velocity exists 
and requires a modelling approach. 

Following Igci et al. (2008), Parmentier et al. (2012), Ozel et al. (2013) the subgrid inter-particle drift 
velocity is defined as: 

𝛼̃𝑝𝑊𝑝
𝑑 = 𝛼𝑝(𝑊𝑝 − 𝑊𝑔)̃ −  𝛼̃𝑝𝛼̃𝑞( 𝑊̃𝑝 −  𝑊̃𝑔)  

Figure 1 shows the subgrid inter-particle drift flux, 𝛼̃𝑝𝑊𝑝
𝑑, as a function of the resolved inter-particle 

drift flux, 𝛼̃𝑝( 𝑊̃𝑝 −  𝑊̃𝑔) in the case of small particles and 
Δ

Δ𝑟𝑒𝑓
= 6. It appears that the two variables 

are correlated. It can be noticed that the same trend is observed for the large particles. Then a model 
for the subgrid drift flux can written in terms of the computed variables as: 

 𝛼̃𝑝𝑊𝑝
𝑑 = 𝑔𝑝(Δ∗ , 𝛼̃𝑝, 𝛼̃𝑞) 𝛼̃𝑝( 𝑊̃𝑝 − 𝑊̃𝑔) 

Where 𝑔𝑝 is a function of the local solid volume fraction and of the mesh. This function can be 

computed as 

𝑔𝑝(Δ∗ , 𝛼̃𝑝) =  
⟨𝛼̃𝑝𝑊𝑝

𝑑|𝛼̃𝑝⟩̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

⟨𝛼̃𝑝𝛼̃𝑞( 𝑊̃𝑝 − 𝑊̃𝑔)|𝛼̃𝑝⟩̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
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Figure 1: Scatter plot of the subgrid drift flux 𝑨 = 𝜶̃𝒑𝑾𝒑

𝒅 versus the resolved drift flux  𝑩 = 𝜶̃𝒑𝜶̃𝒒( 𝑾̃𝒑 − 𝑾̃𝒈)  for 
𝚫

𝚫𝒓𝒆𝒇
=

𝟔 for particles type p (𝒅𝒑 = 𝟕𝟓 𝝁𝒎) 

 
Figure 2: The function 𝒈 for various filter widths  

The calculated function 𝑔𝑝(Δ∗ , 𝛼̃𝑝) for different filter widths are shown by Figure 2. The shape of 𝑔 

is almost independent of the filter width, then we can decompose 𝑔𝑝(Δ∗, 𝛼̃𝑝) as : 

𝑔𝑝(Δ∗ , 𝛼̃𝑝) = 𝑓𝑝(Δ∗ )ℎ𝑝(𝛼̃𝑝) 

The function 𝑔𝑝 is not defined for 𝛼𝑝 > 0.05, indeed, there is not enough particles to define the 

function. The range of solid volume fraction will be 𝛼𝑝 ∈ [0; 0,05]. The function 𝑔𝑝 is normalized by 

the area under the curve for each filter widths. A form of the function ℎ𝑝 is then proposed.  

ℎ𝑝(𝛼̃𝑝) = (1 + 𝐶1 (
𝛼̃𝑝

𝛼𝑚𝑎𝑥
) + 𝐶2 (

𝛼̃𝑝

𝛼𝑚𝑎𝑥
)

2

+ 𝐶3  (
𝛼̃𝑝

𝛼𝑚𝑎𝑥
)

3

) (
𝛼̃𝑝

𝛼𝑚𝑎𝑥
)

0.5

 

with 𝐶1 = 5907, 𝐶2 = 1,1089 ∙ 105 and 𝐶3 = 6,851 ∙ 105. This function verifies the condition, being 
equal to 0 when there is no particle. 
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Figure 3: The measured function 𝒉𝒑 for various filter widths (symbols) and the proposed correlation (solid lines) 

Figure 3 shows that the same function can be sued for the small and the large particles. 

 

The function 𝑓𝑝(Δ∗ )needs to be defined. The function 𝑓𝑝 can be evaluated by: 

𝑓𝑝(Δ∗ ) =
〈𝛼𝑝𝑊𝑝

𝑑〉̅̅ ̅̅ ̅̅ ̅̅ ̅̅

〈ℎ(𝛼̃𝑝)𝛼̃𝑝(𝑊̃𝑝 − 𝑊̃𝑔)〉̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
 

The adimensional characteristic length is defined as in the article of Hollloway et al. (2014). 

Δ∗ = Δ  (
𝑔

𝜈𝑔
2)

1/3

  

This parameter presents the advantage to be identical for both types of particles. 

 

Figure 4 shows the function 𝑓  for both types of particles. 
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Figure 4: The function𝒇𝒑 for various 𝚫∗ 

 

The function f can be written as a quadratic expression:  

𝑓(Δ∗) = 𝐶𝑓1 + 𝐶𝑓2 Δ∗ + 𝐶𝑓3 Δ∗2 

with 𝐶𝑓1 = 0, 0024, 𝐶𝑓2 = 0,95 and 𝐶𝑓3 = 10,5 . 

 

3.2 Subgrid inter-particle momentum model  

The budget and correlation analysis of the momentum balance equation show that the inter-particle 
momentum is affected by the mesh. It is in good agreement with the work done by Fede et al. 
(2013). The correlation analysis suggests that a subgrid inter-particle drift velocity exists and requires 
a modelling approach. As for the drag force, the inter-particle drift velocity is written in terms of the 
computed inter-particle relative velocity,  

𝛼̃𝑝𝛼̃𝑞𝑊𝑝𝑞
𝑑 = 𝛼𝑝𝛼𝑞(𝑊𝑝 − 𝑊𝑞)̃ −  𝛼̃𝑝𝛼̃𝑞( 𝑊̃𝑝 − 𝑊̃𝑞)  

Figure 6 shows the subgrid inter-particle drift flux, 𝛼̃𝑝𝛼̃𝑞𝑊𝑝𝑞
𝑑 , as a function of the resolved inter-

particle drift flux, 𝛼̃𝑝𝛼̃𝑞( 𝑊̃𝑝 − 𝑊̃𝑝), for a given filter width. 
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Figure 5: Scatter plot of the subgrid drift flux 𝑨 = 𝜶̃𝒑𝜶̃𝒒𝑾𝒑𝒒
𝒅  versus the resolved drift flux  𝑩 =  𝜶̃𝒑𝜶̃𝒒( 𝑾̃𝒑 − 𝑾̃𝒒  for 

𝚫

𝚫𝒓𝒆𝒇
= 𝟔 

It appears that the two values are correlated. That is why the model proposed is written: 

 𝛼̃𝑝𝛼̃𝑞𝑊𝑝𝑞
𝑑 = 𝑔𝑝𝑞(𝛥𝑝𝑞

∗ , 𝛼̃𝑝, 𝛼̃𝑞) 𝛼̃𝑝𝛼̃𝑞( 𝑊̃𝑝 −  𝑊̃𝑝) 

The particle volume fractions of the small and large particles appear to be correlated (Figure 6). 

 
Figure 6: Scatter plot of the solid fraction of particles type q 𝜶𝒒 versus the particles volume fraction of the particle type p 

𝜶𝒑 

Then, instead of using 𝛼𝑝 and 𝛼𝑞, the total solid volume fraction 𝛼𝑠 is used and the model becomes: 

𝛼̃𝑝𝛼̃𝑞𝑊𝑝𝑞
𝑑 = 𝑔𝑝𝑞(Δ𝑝𝑞

∗ , 𝛼̃𝑠) 𝛼̃𝑝𝛼̃𝑞( 𝑊̃𝑝 − 𝑊̃𝑞) 

The model 𝑔𝑝𝑞 is the inter-particulate correction function that can be calculated:  
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𝑔𝑝𝑞(𝛥𝑝𝑞
∗ , 𝛼̃𝑠) =  

⟨𝛼̃𝑝𝛼̃𝑞𝑊𝑝𝑞
𝑑 |𝛼̃𝑠⟩̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅

⟨𝛼̃𝑝𝛼̃𝑞( 𝑊̃𝑝 −  𝑊̃𝑞)|𝛼̃𝑠⟩̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
 

The calculated function 𝑔𝑝𝑞(𝛥𝑝𝑞
∗ , 𝛼̃𝑠) for different filter widths are shown by Figure 8.  

 

Figure 7: The function 𝒈𝒑𝒒 for various filter widths 

 

The shape of 𝑔𝑝𝑞 being almost independent of the filter width, we can decompose 𝑔𝑝𝑞(Δ∗, 𝛼̃𝑠) as: 

𝑔𝑝𝑞(𝛥𝑝𝑞
∗ , 𝛼̃𝑠) = 𝑓𝑝𝑞(𝛥𝑝𝑞

∗ )ℎ𝑝𝑞(𝛼̃𝑠) 

As for the drag force, he function 𝑔𝑝𝑞 is not defined for 𝛼𝑠 > 0.1. The range of solid volume fraction 

will be 𝛼𝑠 ∈ [0; 0,1]. The function 𝑔𝑝𝑞 is normalized by the area under the curve for each filter 

widths. A form of the function ℎ𝑝𝑞 is then proposed.  

ℎ𝑝𝑞(𝛼̃𝑠) = ( 𝐶1 (
𝛼̃𝑠

𝛼𝑚𝑎𝑥
)

2

+ 𝐶2 (
𝛼̃𝑠

𝛼𝑚𝑎𝑥
) + 𝐶3) (

𝛼̃𝑠

𝛼𝑚𝑎𝑥
)  

with 𝐶1 = −6289, 𝐶2 = 834,4 and 𝐶3 = 124,8. This function verifies the condition, being equal to 0 
when there is no particle. 



 

9 
 

 
Figure 8: The measured function 𝒉𝒑𝒒 for various filter widths (symbols) and the proposed correlation (solid lines) 

The function 𝑓𝑝𝑞(𝛥𝑝𝑞
∗ )needs to be defined. The first issue encountered is defining the adimensional 

characteristic length scale 𝛥𝑝𝑞
∗ . Indeed, for the inter-particle momentum transfer, the particle time 

scale has to be identical of the both particles types. The function 𝑓𝑝𝑞 ad function of 𝛥𝑝𝑞
∗  is shown by 

Figure 9. 

 
Figure 9: The function 𝒇𝒑𝒒 for various filter wdiths 

 

The function 𝑓𝑝𝑞 can be written:  

𝑓𝑝𝑞(Δ∗) = 𝑃1Δ∗2 + 𝑃2Δ∗ + 𝑃3 

with 𝑃1 = −8,3, 𝑃2 = 0,75 and 𝑃3 =  −0,0014  
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4 Nomenclature 
Symbols 

 Δ: characteristic length of cell volume 

 Δref: characteristic length of cell volume of the refined simulation 

 Δ∗ : adimensional characteristic length scale of cell volume 

 〈𝑄〉: a domain averaged of quantity 𝑄 

 𝑄̅:  a discrete ensemble average value of quantity  

Latin symbols 

 𝑔0: radial distribution function 

 𝑔𝑟 mean inter-particle relative velocity 

 𝐻1(𝑧): transition function 

 𝑚𝑔: mass of gas in the computational domain 

 𝑚𝑠: mass of solid in the computational domain 

 𝑛𝑔: mean particle number density 

 𝑛𝑝: mean particle number density 

 𝑊𝑔: mean vertical gas velocity 

 𝑊𝑝: mean vertical particle velocity 

 𝑊𝑝𝑞:  subgrid relative velocity between particles 

 𝑊𝑝𝑞:  subgrid relative velocity between particles 

 𝑉𝑟𝑝: relative velocity between fluid and particles  

 𝑧: parameter quantifying the ratio between the mean inter-particle velocity and the mean 

relative agitation between the particles species 
 
Greek symbols 

 𝜏𝑝: particle response time 

 𝜈𝑔: kinematic gas viscosity 

 𝜌𝑔 the gas density 

 𝜌𝑝: the p-particle density 

 𝜌𝑞 the q-particle density 

 𝛼𝑔: gas volume fraction 

 𝛼𝑝: solid volume fraction of p-particles 

 𝛼𝑞: solid volume fraction of q-particles 

 𝛼𝑠 = 𝛼𝑝 + 𝛼𝑞: whole solid volume fraction 

 𝛼𝑚𝑎𝑥: maximum packing 
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