Differentiation of the cost-functional

The complete form of this minimization problem can be written as

min J(plap%"'apM) =
P1,p2,--5PM

t*
min ( // (z,t) —v(z,t;p1,p2. .,pM)}QdiL'dt) (1)
P1,P2,---PM on

subject to the constraint that v solves

U+ ga(d)L(v) = V - [ka(0) VY] in Q (2)
ko(¢)Vv-n=0 along 09 (3)
v(z,0) = vo(z) in (4)
where y
¢ = d(z; p1,p2- .., Pum) :ZpiNi(x)a (5)
o) =m@~{ ) Hm 0
and

o) = k(1 - H@) + L@ ~{ } {700 L

To obtain 2L p we must differentiate the cost-functional with respect to p;.
Let i € {1,2,..., M} be arbitrary and define p = p;. Now we see that

// (z,t) —v(@,t;p1,- .., pm) Jvp(@, 601, - .. o) da dE. (8)
)
Next, let us look at the weak form of the problem (2)-(3): Find v such that

//vtwd:cdt—l-/t/ga wdxdt—i-/t/ )V -Vipde dt =0,

(9)

for all test functions ¢ € V(Q).



Now we differentiate (9) with respect to p and find that

//vptwdxdt—i-//ga Yo (v wda:dt—i-//ga ) I'(v)vyep dx dt

k() ¢V - Vo da dt + $)Vv, - Vi dz: dt = 0, (10)
o[ Lk [t

for all ¢ € V(Q2), and we use (6)-(7) to get

//vpﬂ/f dz dt+//ga (v)vpt) dx dt—i—// $)Vu,-Vip dz dt
/t* Sa(@)pl (v)V dz dt—/t/ ky — k1)6a(0)pp Vv -V dx dt. (11)

Introducing the operator

¥) = /0 /Q &) d dt + /0 / 0a($) ' (V)€ da dt + /0 / ka(8)VE - Vi da dt

for £,¢ € V(Q), equation (11) may be written on the form

a(vy, ¥ // o)+ (ks — k )w-w)aa(qs)@, dr dt.  (12)

Next, let w denote the solution of the following auxiliary problem; find
w € V() such that

//an z,t) —v(z, t;p1, ..., pm) | ¥ (2, t) da dt. (13)

By choosing ¢ = v, in (13) we find from (8) that
8_J
Op
Further (12) and (14) imply that

= a(vy, w). (14)

// v)w + (ks — k) Vv - Vw) () du dt.  (15)

We thus conclude that the partial derivatives 0.J/0p1, 0J/0pa, . ..,0J/Opm
of J can be computed by the following procedure;
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a) Solve (9) for v
b) Solve (13) for w

c) Fori=1,2,..., M, compute
ap, / / v)w + (ks — k1) Vo - Vw) o(0)dy, dz dt.  (16)

The complexity of this method is (almost) independent of the number M of
infarction parameters!

Note that the classical form of the adjoint problem (13) reads

—wy; + ga(qﬁ)l'(v)w =V - [k VW] in (17)
ko(@)Vw-n=— (d—v) along 0% (18)
w(z,t*) =0 in Q. (19)

We find the classical form of the adjoint problem

// d(z,t) —v(z,t;p1,...,pm) ¥ dx dt, for all ¢ € V()
89

by using the operator

_ /0 t*/n wew dz dt + /0 t*/ﬂ 0u( )T (0w dz dt + /0 7Q ko @)V - Vo da dt.

Now, integrating by parts (the first term) and using Green’s lemma (the third
term) we get

/ww dm . —/t*/ Ywy dx dt-l—/t*/ 9o ()T (v)Yw dx dt
+/0/an,1( YOV - nd:cdt—|—//V $)Vwly du dt = //m d — ¢ du dt.

By choosing appropriate test functions v, the we will end up with the classical
form (17)-(19).



