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1 INTRODUCTION

In this note, we are interested in solving inverse problems using statistical
techniques. Let us motivate you by considering the following particular in-
verse problem, namely, the deconvolution problem. Given the observation
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1. INTRODUCTION

signal g(s), we would like to reconstruct the input signal f(t) : [0,1] — R,
where the observation and the input obey the following relation

1
(1) g(s5) = /a(sj,t)f (t)dt, 0<j<n.
0

Here, a : [0,1] x [0,1] — R is known as the blurring kernel. So, in fact we
don’t know the output signal completely, but at a finite number of observa-
tion points. A straightforward approach you may think of is to apply some
numerical quadrature on the right side of (1), and then recover f(t) at the
quadrature points by inverting the resulting matrix. If you do this, you realize
that the matrix is ill-conditioned, and it is not a good idea to invert it. There
are techniques to go around this issue, but let us not pursue them here. In-
stead, we recast the deconvolution task into an optimization problem such as

1 2

(2) minx g(sj) —/a(sj,t)f(t) dt

0

However, the ill-conditioning nature of our inverse problem does not go away.
Indeed, (2) may have multiple solutions and multiple minima. In addition, a
solution to (2) may not depend continuously on g(s;),0 < j < n. So what is
the point of recast? Clearly, if the cost function (also known as the data misfit)
is a parabola, then the optimal solution is unique. This immediately suggests
that one should add a quadratic term to the cost function to make it more
like a parabola, and hence making the optimization problem easier. This is
essentially the idea behind the Tikhonov regularization, which proposes to solve
the nearby problem

1 2

f;l(itr)\]é g(sj)b/'a(sj,t)f(t) dt +gHR1/2f’2

4

where « is known as the regularization parameter, and ||-|| is some appropriate
norm. Perhaps, two popular choices for R'/? are V and A, the gradient and
Laplace operator, respectively, and we discuss them in details in the following.

Now, in practice, we are typically not able to observe g(s;) directly but its
noise-corrupted value

§(s) = g(5) +e, 0<j<n,

where ej, j=0,...,n, are some random noise. You can think of the noise as
the inaccuracy in observation/measurement devices. The question you may
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ask is how to incorporate this kind of randomness in the above deterministic
solution methods. There are works in this direction, but let us introduce a
statistical framework based on the Bayesian paradigm to you in this note.
This approach is appealing since it can incorporate most, if not all, kinds of
randomness in a systematic manner.

A large portion of this note follows closely the presentation of two excellent
books by Somersalo et al. [1, 2]. The pace is necessary slow since we develop
this note for readers with minimal knowledge in probability theory. The only
requirement is to either be familiar with or adopt the conditional probability
formula concept. This is the corner stone on which we build the rest of the
theory. Clearly, the theory we present here is by no means complete since the
subject is vast, and still under development.

Our presentation is in the form of dialogue, which we hope it is easier
for the readers to follow. We shall give a lot of little exercises along the way
to help understand the subject better. We also leave a large number of side
notes, mostly in term of little questions, to keep the readers awake and make
connections of different parts of the notes. On the other hand, we often dis-
cuss deeper probability concepts in the footnotes to serve as starting points
for those who want to dive into the rigorous probability theory. Finally, we
supply Matlab codes at the end of the note so that the readers can use them
to reproduce most of the results and to start their journey into the wonderful
world of Bayesian inversion.

2 SOME CONCEPTS FROM PROBABILITY THEORY

We begin with the definition of randomness.
2.1 DEFINITION. An even is deterministic if its outcome is completely predictable.

2.2 DEFINITION. A random event is the complement of a deterministic event,
that is, its outcome is not fully predictable.

2.3 EXAMPLE. If today is Wednesday, then “tomorrow is Thursday” is deter-
ministic, but whether it rains tomorrow is not fully predictable.

As a result, randomness means lack of information and it is the direct
consequence of our ignorance. To express our belief" on random events, we
use probability; probability of uncertain events is always less than 1, an event
that surely happens has probability 1, and an event that never happens has
o0 probability. In particular, to reflect the subjective nature, we call it subjective

'Different person has different belief which leads to different solution of the Bayesian inference
problem. Specifically, one’s belief is based on his known information (expressed in terms of o-
algebra) and “weights” on each information (expressed in terms of probability measure). That is,
people working with different probability spaces have different solutions.
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probability or Bayesian probability since it represents belief, and hence depend-
ing upon one’s experience/knowledge to decide what is reasonable to believe.

2.4 EXAMPLE. Let us consider the event of tossing a coin. Clearly, this is a
random event since we don’t know whether head or tail will appear. Nev-
ertheless, we believe that out of n tossing times, n/2 times is head and n/2
times is tail.> We express this belief in terms of probability as: the (subjective)
probability of getting a head is % and the (subjective) probability of getting a
tail is %

We define (Q), F,IP) as a probability space. One typically call () the sample
space, F a o-algebra containing all events A C (), and IP a probability measure
defined on F. We can think of an event A as information and the probability
that A happens, ie. P[A], is the weight assigned to that information. We
require that

OS]P[A]d:ef/dwgl, P[@]=0, P[Q]=1.
A

2.5 EXAMPLE. Back to the tossing coin example, we trivially have Q) = {head, tail },
F ={D,{head} ,{tail} ,2}. The weights are P (D] = 0, P [{tail }] = P [{head}] =
3, and P [{head, tail}] = 1.

Two events A and B are independent3 if
P[ANB]=P[A] xP[B].

One of the central ideas in Bayesian probability is the conditional probabil-
ity*. The conditional probability of A on/given B is defined as’

() | PlalB] = T,

This is the corner stone formula to build ~ which can also be rephrased as the probability that A happens provided B has
most of results in this note, make sure that
you feel comfortable with it. already happened'
2.6 EXAMPLE. Assume that we want to roll a dice. Denote B as the event of
getting of face bigger than 4, and A the event of getting face 6. Using (3) we

2One can believe that out of # tossing times, /3 times is head and 21 /3 times is tail if he uses
an unfair coin.

3Probability theory is often believed to be a part of measure theory, but independence is where
it departs from the measure theory umbrella.

4A more general and rigorous tool is conditional expectation, a particular of which is condi-
tional probability.

5This was initially introduced by Kolmogorov, a father of modern probability theory.
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have

P[A¢B]::%§§::1/z.

We can solve the problem using a more elementary argument. B happens
when we either get face 5 or face 6. The probability of getting face 6 when B
has already happened is clearly %

The conditional probability can also be understood as the probability when
the sample space is restricted to B.

2.7 EXERCISE. Determine IP [A|B] in Figure 1.

Q Q

(a) P[A[B] = (b) P[A]B] =

Figure 1: Demonstration of conditional probability.

2.8 EXERCISE. Show that the following Bayes formula for conditional probabil-
ity holds

(4) |P[alp]="ELTAL ]

By inspection, if A and B are mutually independent, we have
P[A|B] =P [A], P[B|A]=TP[B].

The probability space (), F,P) is an abstract object which is useful for
theoretical developments, but far from practical considerations. In practice, it
is usually circumvented by probability densities over the state space, which are
easier to handle and have certain physical meanings. We shall come back to
this point in a moment.
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2.9 DEFINITION. The state space S is the set containing all the possible out-
comes.

In this note, the state space S (and also T) is the standard Euclidean space
IR", where n is the dimension. We are in position to introduce the key player,
the random variable.

2.10 DEFINITION. A random variable M is a map® from the sample space Q to
the state space S

M:Q>5>w— M(w) €8S.

We call M (w) a random variable since we are uncertain about its outcome.
In other words, we admit our ignorance about M by calling it a random vari-
able. This ignorance is in turn a direct consequence of the uncertainty in the
outcome of elementary event w.

The usual convention is to use lower case letter m = M (w) as an arbitrary
realization of the (upper case letter) random variable M, and we utilize this
convention throughout the note.

2.11 DEFINITION. The probability distribution (or distribution or law for short)
of a random variable M is defined as

(5) mm(A)=P[M (4] =P[{Me 4}, vaes,

where we have used the popular notation”

def def

M1 A EFE{MecAF{weQ: M(w) € A}.

From the definition, we can see that the distribution is a probability mea-
sured on S. In other words, the random variable M induces a probability mea-
sure, defined as pp, on the state space S. The key property of the induced
probability measure uy; is the following. The probability for an event A in
the state space to happen, denoted as jip; (A), is defined as the probability
for an event B = M ! (A) in the sample space to happen (see Figure 2 for
an illustration). The distribution and the probability density® mx of M obey the

6Measurable map is the rigorous definition, but we avoid technicalities here since it involves
operations on c-algebra.

7Rigorously, A must be a measurable subset of S.

8In fact, it is the push-forward measure by the random variable M.

9Here, the density is understood with respect to the Lebesgue measure on S = R". Rigorously,
7ty is the Radon-Nikodym derivative of iy with respect to the Lebesgue measure. As a result,
7ty should be understood as equivalent class on L! (S).
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following relation

(6) um (A) ey J4 tm (m) dm def f{MGA} dw, YACS |

where the second equality of the definition is from (5). The meaning of ran-
dom variable M (w) can now be seen in Figure 2. It maps the event B € ()
into the set A = M (B) in the state space such that the area under the density
function 7t (m) and above A is exactly the probability that B happens.

ﬂ]y[(m)

P[B]

Q A= M(B)

Figure 2: Demonstration of random variable: jj; (A) = P [B].

We deduce the change of variable formula

| (dm) = e (m)dm = dw |

We will occasionally simply write 7t (m) instead of 7ty (m) if there is no am-
biguity.

2.12 REMARK. In theory, we introduce the probability space (Q), F,P) in order
to compute the probability of a subset’® A in the state space S, and this is
essentially the meaning of (5). However, once we know the probability den-
sity function 7ty; (m), we can operate directly on the state space S without the
need for referring back to probability space (Q2, F,IP), as shown in definition
(6). This is the key observation, a consequence of which is that we simply ig-

°Again, it needs to be measurable.

Do you see this?
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nore the underlying probability space in practice, since we don’t need them
in computation of probability in the state space. However, to intuitively un-
derstand the source of randomness, we need to go back to the probability
space where the outcome of all events, except (), is uncertain. As a result,
the pair (S, 7ty (m)) contains complete information describing our ignorance
about the outcome of random variable M. To the rest of this note, we shall
work directly on the state space.

2.13 REMARK. At this point, you may wonder what is the point of introducing
the abstract probability space (Q), F,P) to make life more complicated? Well,
its introduction is two fold. First, as discussed above, the probability space
not only shows the origin of randomness but also provides the probability
measure P for the computation of the randomness; it is also used to define
random variables and furnishes a decent understanding about them. Second,
the concepts of distribution and density in (5) and (6), which are introduced
for random variable M, a map from Q) to S, are valid for maps™ from an
arbitrary space V to another space W. Here, W plays the role of S, and V
the role of () on which we have a probability measure. For example, later in
Section 3, we introduce the parameter-to-observable map & (m) : S — R’, then
S plays the role of () and R" of S in (5) and (6).

2.14 DEFINITION. The expectation or the mean of a random variable M is the
quantity

(7) E[M] def mrt (m) dm e M (w) dw =Tm,
[rem ]

and the variance is

Var [M] def g {(M —W)Z} def / (m — ) 7w (m) dm def / (M (w) —)? dw.
S

As we will see, the Bayes formula for probability densities is about the joint
density of two or more random variables. So let us define the joint distribution
and joint density of two random variables here.

2.15 DEFINITION. Denote jry and 7y as the joint distribution and density,
respectively, of two random variables M with values in S and Y with values in
T defined on the same probability space, then the joint distribution function
and the joint probability density, in the light of (6), satisfy

®) pmy({Me A}, {yeB) Y / vy (m,y) dmdy, VYA xBCSxT,
AXB

T Again, they must be measurable.
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where the notation A x B C S x T simply means that A € Sand B € T.
We say that M and Y are independent if
umy {M e A} ,{Y €B}) =um(A)uy (B), VAXxBCSxT,
or if
vy (m,y) = 7om (m) 7oy (y) -

2.16 DEFINITION. The marginal density of M is the probability density of M
when Y may take on any value, i.e.,

ip (m) = /7‘[My (m,y) dy.
T
Similarly, the marginal density of Y is the density of Y regardless of M,

namely,

y (y) = /7'(My (m,y) dm.
S

Before deriving the Bayes formula, we define conditional density 7t (m|y)
in the same spirit as (6) as

pumy (M€ A}ly) = /ﬂ(mly) dm.
A

Let us prove the following important result.

2.17 THEOREM. The conditional density of M given Y is given by

L lmy) = 5 |

Proof. From the definition of conditional probability (3), we have

pmpy ({m € Atly) =P[{M € A} Y =y] (definition (5))
lim PAMe A} y <y <y+ Ayl
= lim
Ay—0 Ply<y <y+Ay
— lim [y (m,y) dmAy
Ay—0 7 (y) Ay

(definition (3))

(definitions (6), (8))




Can you write the conditional mean using
dw?
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which ends the proof. O
By symmetry, we have

e (m,y) = 7t (mly) 7w (y) = 7 (y|m) 7 (m),

from which the well-known Bayes formula follows

©) | 7 (mly) = "5 |

2.18 EXERCISE. Prove directly the Bayes formula for conditional density (9)
using the Bayes formula for conditional probability (4).

2.19 DEFINITION (Likelihood). We call 7t (y|m) the likelihood. It is the proba-
bility density of y given M = m.

2.20 DEFINITION (Prior). We call 7t (m) the prior. It is the probability density
of M regardless of Y. The prior encodes, in the Bayesian framework, all infor-
mation before any observations/data are made.

2.21 DEFINITION (Posterior). The density 7 (m|y) is called the posterior, the
distribution of parameter m given the measurement y, and it is the solution of
the Bayesian inverse problem under consideration.

2.22 DEFINITION. The conditional mean is defined as

E(Mly) = [ mr (mly) dm.
S

2.23 EXERCISE. Show that

E(M] = [E[Mly)7 () dy.
T

3 CONSTRUCTION OF LIKELTHOOD

In this section, we present a popular approach to construct the likelihood. We
begin with the additive noise case. The ideal deterministic model is given by

y=nh(m),

where y € R". But due to random additive noise E, we have the following
statistical model instead

(10) Y =h (M) +E,

10
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where Y% is the actual observation rather than Y = f (M). Since the noise
comes from external sources, in this note, it is assumed to be independent of
M. In the likelihood modeling, we pretend to have realization(s) of M and the
task is to construct the distribution of Y°’. From (10), one can see that the
randomness in Y°’ is the randomness in E shifted by an amount & (m), see

Figure 3, and hence 7yabs |, (yohs\m) = 7 (yobs _n (m)) More rigorously,

Figure 3: Likelihood model with additive noise.

assume that both Y°%* and E are random variables on a same probability space,
we have

def (©)
[ ey (575 ) g™ 4 gy, (A) 2 e (A = b (m))
A

= / nig (e) de
A—h(m)

change (ivariable / - (yobs —h (Wl)) dy, VA CS,
A

which implies
T obs _ obs __ h
yobs g (Y7 ) = (Y (m)).
We next consider multiplicative noise. The statistical model in this case

11
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reads

(11) Y% = EhR(M).

3.1 EXERCISE. Show that the likelihood for multiplicative noise model (11) has
the following form

obs m
TCyobs (yObslm) = i (yh (’:f)l( )> , h(m)#0.

3.2 EXERCISE. Can you generalize the result for the noise model e = g (y”bs h (x)) ?

4 CONSTRUCTION OF PRIOR(S)

As discussed previously, the prior belief depends on a person’s knowledge
and experience. In order to obtain a good prior, one sometimes needs to per-
form some expert elicitation. Nevertheless, there is no universal rule and one
has to be careful in constructing a prior. In fact, prior construction is a sub-
ject of current research, and it is problem-dependent. For concreteness, let us
consider the following one dimensional deblurring (deconvolution) problem

1
g(sj) = / a(sj, t)f (t) dt+e(s;), 0<j<m,
0

1

\/ 27 p?

0,...,n the mesh points. Our task is to reconstruct f (¢) : [0,1] — R from
the noisy observations g (s;), j = 0,...,n. To cast the function reconstruc-
tion problem, which is in infinite dimensional space, into a reconstruction
problem in R", we discretize f(t) on the same mesh and use simple rectan-
gle method for the integral. Let us define Y = [g(s0),..., g (sx)]", M =
(f(so),...,f(sn))T, and A;; = a(s;,s;)/n, then the discrete deconvolution
problem reads

where a (s, t) = exp(—ﬁ(t —5)?) is a given kernel, and s; = j/n,j =

Yobs — AM +E.

Here, we assume E ~ N (0,021), where [ is the identity matrix in R +1)x(n+1)
Since Section 3 suggests the likelihood of the form

T (y0b5|m) =N (]/Obs — Am, 0’21) ,

12
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the Bayesian solution to our inverse problem is, by virtue of the Bayes formula
(9), given by

(12) | Trpost (m|y"”5) <N (y"bs — Am, (721> X Tlorior (M) |,

obs

where we have ignored the denominator 7 (y ) since it does not depend on

the parameter of interest m. We now start our prior elicitation.

4.1 Smooth priors

In this section, we believe that the unknown function f(t) is smooth, which
can be translated into, among other possibilities, the following simplest re-
quirement on the pointwise values f(s;), and hence m;,

1
(13) m; = 5 (mi—1+mit1),

that is, the value of f(s) at a point is more or less the same of its neighbor.
But, this is by no means the correct behavior of the unknown function f(s).
We therefore admit some uncertainty in our belief (13) by adding an innovative
term W; such that

1

M =3 (Mj—1+ Miy1) + W,

where W ~ N (0,72I). The standard deviation v determines how much the
reconstructed function f(t) departs from the smoothness model (13). In terms
of matrices, we obtain

LM =W,
where L is given by
-1 2 -1
L= = e ]R(nfl)x(nJrl),
-1 2 -1
which is the second order finite difference matrix approximating the Laplacian
Af. Indeed,

(1) Af(s)) ~ n? (LM);.

13
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The prior distribution is therefore given by (using the technique in Section 3)

1
(15) Tore o exp (—72 ||LM|2) -

But L has rank of n — 1, and hence 7tpre is a degenerate Gaussian density
in R"*1. The reason is that we have not specified the smoothness of f(s) at
the boundary points. In other words, we have not specified any boundary
conditions for the Laplacian Af(s). This is a crucial point in prior elicitation
via differential operators. One needs to make sure that the operator is positive
definite by incorporating some well-posed boundary conditions. Throughout
the lecture notes, unless otherwise stated, ||-| denotes the usual Euclidean
norm."

Let us first consider the case with zero Dirichlet boundary condition, that
is, we believe that f(s) is smooth and (close to) zero at the boundaries, then

1 1
My =5 (Moq+ M)+ Wo = My +Wo,  Wo~ A (0,77)
1 1
MT[ = E (Mn—] + Ml’lJrl) + Wn = EMi’lfl + Wl’l/ W}’l ~ N (0/ 72) .

Note that we have extended f(s) by zero outside the domain [0, 1] since we
“know” that it is smooth. Consequently, we have Lp M = W with

F o 1 "
-1 2 -1

(16) LD _ % . . . c ]R(nJrl)X(nJrl),

which is the second order finite difference matrix corresponding to zero Dirich-
let boundary conditions. The prior density in this case reads

1
(7)o () ¢ exp (— 52 1Lom)

It is instructive to draw some random realizations from 72. = (we are

T101r
ahead of ourselves here since sampling will be discussed in Segtion 7), and
we show five of them in Figure 4 together with the prior standard deviation
curve. As can be seen, all the draws are almost zero at the boundary and the
prior variance (uncertainty) is close to zero as well. This is not surprising since

our prior belief says so. How do we compute the standard deviation curve?

12The (2-norm if you wish

14
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Well, it is straightforward. We first compute the pointwise variance as

-1
Var [M;] g {Mﬂ = e]-T / mzn}?rior dm | e; def fyze]-T (L{)LD) ej,

n+1

where ¢; is the jth canonical basis vector in R"*!, and we have used the fact
that the prior is Gaussian in the last equality. So we in fact plot the square

root of the diagonal of 72 (LgLD)il, the covariance matrix, as the standard
deviation curve. One can see that the uncertainty is largest in the middle of the
domain since it is farthest from the constrained boundary. The points closer
to the boundaries have smaller variance, that is, they are more correlated to
the “known” boundary data, and hence less uncertain.

Standard deviation‘

_40 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 4: Prior random draws from 72

prior together with the standard deviation
curve.

Now, you may ask why f(s) must be zero at the boundary, and you are
right! There is no reason to believe that must be the case. However, we don’t
know the exact values of f(s) at the boundary either, even though we believe
that we may have non-zero Dirichlet boundary condition. If this is the case,
we have to admit our ignorance and let the data from the likelihood correct
us in the posterior. To be consistent with the Bayesian philosophy, if we do
not know anything about boundary conditions, let them be, for convenience,

15

Do we really have the complete continuous
curve?
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Gaussian random variables such as

2 2
5 52

Hence, the prior can now be written as

1 2
(18) e ) s exp (=503 Lm?),

where

(2% O 1
-1 2 -1

LR - ' c R(TH—])X(VH—U.

0 20, |

A question that immediately arises is how to determine Jy and J,. Since the
boundary values are now independent random variables, we are less certain
about them compared to the previous case. But to which uncertain level we
want them to be? Well, let’s make every values equally uncertain, meaning we
have the same ignorance about the values at these points, that is, we would
like to have the same variances everywhere. To approximately accomplish this,
we require

2 2 -1
Y i
Var [Mo] = 2 Var [My] = i Var [M[n/zﬂ = rel (L1T3LR) €[n/2)s
where [11/2] denotes the largest integer smaller than 7 /2. It follows that
1

%:ﬁ:T ——— .
€lus2) (LRLR)  €n/2)

However, this requires to solve a nonlinear equation for &y = J;, since Ly
depends on them. To simplify the computation, we use the following approx-
imation

1
1 .
6[7;1/2] (LgLD) e[n/Z]

B =0=

Again, we draw five random realizations from ngrior and put them to-

gether with the standard deviation curve in Figure 5. As can be observed, the

16
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uncertainty is more or less the same at every point and prior realizations are
no longer constrained to have zero boundary conditions.

60 T T T

Standard deviation‘

501- /N_A

40

30
20
10
o~

-10

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 5: Prior random draws from 7X

prior together with the standard deviation
curve.

4.1 EXERCISE. Consider the following general scheme
mi=Am; 1+ (1—A;)mi1+E, 0<A <1

Convince yourself that by choosing a particular set of A;, you can recover all
the above prior models. Replace BayesianPriorElicitation.m by a generic
code with input parameters A;. Experience new prior models by using differ-
ent values of A; (those that don’t reproduce priors presented in the text).

4.2 EXERCISE. Construct a prior with a non-zero Dirichlet boundary condition
at s = 0 and zero Neumann boundary condition at s = 1. Draw a few samples
together with the variance curve to see whether your prior model indeed
conveys your belief.

4.2 “"Non-smooth” priors

We first consider the case in which we believe that f(s) is still smooth but may
have discontinuities at known locations on the mesh. Can we design a prior to
convey this belief? A natural approach is to require that M; is equal to M;

17
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plus a random jump, i.e.,
Mj = Mjfl + E]',

where E; ~ NV (0,7?), and for simplicity, let us assume that My = 0. The prior
density in this case would be

1
(19) pren () s exp (3 L),

where

Ly = . . € R™",
-1 1
But, if we think that there is a particular big jump, relative to others, from

M j-1 to M]-, then the mathematical translation of this belief is E o~ N (O, g—;)

with 8 < 1. The corresponding prior in this case reads

1
(20) 75 () xexp (=52 7L

with

J=diag(1,...,1, 6 ,1,...,1
jth index

Let’s draw some random realizations from n}())ri o (m) in Figure 6 with n = 160,
j =280, =1, and 6 = 0.01. As desired, all realizations have a sudden jump
at j = 80, and the standard deviation of the jump is 1/6 = 100. In addition,
compared to priors in Figure 4 and 5, the realizations from ngior (m) are less
smooth, which confirms that our belief is indeed conveyed.

4.3 EXERCISE. Use BayesianPriorElicitation.m to construct examples with
2 or more sudden jumps and plot a few random realizations to see whether
your belief is conveyed.

A more interesting and more practical situation is the one in which we
don’t know how many jump discontinuities and their locations. A natural
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5. POSTERIOR AS THE SOLUTION TO BAYESIAN INVERSE PROBLEMS

120 T T T
Standard deviation
100
80 B
60 B
- TN N BN
40F /*—f\«’/v/\i . -
F»M \ -
201 W
AN T
_20 [ ‘ .
_40 |- “ -
W\//%
_60 L L L L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 6: Prior random draws from 719

prior together with the standard deviation
curve.

prior in this situation is a generalized version of (20), e.g.,

(21) M, () o C (M) exp (-2172 ||MLNm|2> ,
with
M = diag (64,...,6,),
where 0;, i = 1,...,n, are unknown. In fact, these are called hyper-parameters
and one can determine them using information from the likelihood; the read-  What is wrong with this?

ers are referred to [1] for the details.

4.4 EXERCISE. Modify the scheme in Exercise 4.1 to include priors with sudden
jumps.

5 POSTERIOR AS THE SOLUTION TO BAYESIAN INVERSE PROBLEMS
In this section, we explore the posterior (12), the solution of our Bayesian

problem, given the likelihood in Section 3 and priors in Section 4.
To derive results that are valid for all priors discussed so far, we work with
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5. POSTERIOR AS THE SOLUTION TO BAYESIAN INVERSE PROBLEMS

the following generic prior
1 _1 2
Teprior (11) & exp (—272 HF ZmH ) ,

where T2 € {Lp,La,HLN}, each of which again presents a different belief.
The Bayesian solution (12) can be now written as

1 2 1 1 2
Tipost (") o< exp ‘[m\yObs‘Am\\ T 2’”“] :

T(m)

where T (m) is the familiar (to you I hope) Tikhonov functional; it is sometimes
called the potential. We re-emphasize here that the Bayesian solution is the
posterior probability density, and if we draw samples from it, we want to
know what the most likely function m is going to be. In other words, we
ask for the most probable point m in the posterior distribution. This point is
known as the Maximum A Posteriori (MAP) estimator/point, namely, the point
at which the posterior density is maximized. Let us denote this point as mps4p,
and we have

def .
MpAp = argmax post (MIyOhs) =argminT (m).
m m

Hence, the MAP point is exactly the deterministic solution of the Tikhonov
functional!

Since both likelihood and prior are Gaussian, the posterior is also a Gaus-
This is fundamental. If you have not seen  sian. For our case, the resulting posterior Gaussian reads

this, prove it!
2
H

1 1 1
= exp (—2 (m - ﬁHflATyObS,H (m — UzHlATyObS)>)

def 1 1 _ 1
= exp <—2 <m - ﬁH 1ATy”bS,Fpolst (m — ﬁH lATyObS>)>

1 1
TTpost (m|y0bs) x exp <_2 Hm _ ﬁH 1ATyObS

where

v

H=SATA+ 5T

is the Hessian of the Tikhonov functional (aka the regularized misfit), and we

’ 2

have used the weighted norm ||- H%{ = HH .
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5. POSTERIOR AS THE SOLUTION TO BAYESIAN INVERSE PROBLEMS

5.1 EXERCISE. Show that the posterior is indeed a Gaussian, i.e.,

)

The other important point is that the posterior covariance matrix is pre-
cisely the inverse of the Hessian of the regularized misfit, i.e.,

1 1.
TTpost <m|yobs) x exp <_2 Hm _ pH 1./4T]/0h5

I—‘ost =H"
Last, but not least, we have showed that the MAP point is given by

1. w1 /1 1\ " ,
mMAPZEH 1AT}/OS:0_2<0_2ATA+’Y2F 1) .ATyO s,

which is, again, exactly the solution of the Tikhonov functional for linear in-
verse problem.

5.2 EXERCISE. Show that m)14p is also the least squares solution of the follow-
ing over-determined system

5.3 EXERCISE. Show that the posterior mean, which is in fact the conditional
mean, is precisely the MAP point.

Since the covariance matrix, generalization of the variance in multi-dimensional
spaces, represents the uncertainty, quantifying the uncertainty in the MAP es-
timator is ready by simply computing the inverse the Hessian matrix. Let’s us
now numerically explore the Bayesian posterior solution.

We choose 8 = 0.05, n = 100, and 7y = 1/n. The truth underlying function
that we would like to invert for is given by

F() = 10(t — 05) exp (—50(1& - 0.5)2) — 0.8+ 1.6t

The noise level is taken to be the 5% of the maximum value of f(s), i.e. ¢ =
0.05 maxse(o,1) [ £(5)]-

We first consider the belief described by nllfrior in which we think that
f(s) is zero at the boundaries. Figures 7 plots the MAP estimator, the truth
function f(s), and the predicted uncertainty. As can be observed, the MAP is
in good agreement with the truth function inside the interval [0,1], though
it is far from recovering f(s) at the boundaries. This is the price we have to

pay for not admitting our ignorance about the boundary values of f(s). The
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5. POSTERIOR AS THE SOLUTION TO BAYESIAN INVERSE PROBLEMS

likelihood in fact sees this discrepancy in the prior knowledge and tries to
make correction by lifting the MAP away from o, but not enough to be a good
reconstruction. The reason is that our incorrect prior is strong enough such
that the information from the data y°” cannot help much.

0.8

0.6

0.4

0.2

— MAP
truth

[ Juncertainty E

-0.2

0.4\
-06H

-0.8

Figure 7: The MAP estimator, the truth function, and the predicted uncertainty
(95% credibility region) using 72

prior*

5.4 EXERCISE. Can you make the prior less strong? Change some parameter to
make prior contribution less! Use BayesianPosterior.m to test your answer. Is
the prediction better in terms of satisfying the boundary conditions? Is the
uncertainty smaller? If not, why?

On the other hand, if we admit this ignorance and use the corresponding
prior ngrior, we see much better reconstruction in Figure 8. In this case, we in
fact let the information from the data y°*® determine the appropriate values
for the Dirichlet boundary conditions rather than setting them to zero. By
doing this, we allow the likelihood and the prior to be well-balanced leading

to good reconstruction and uncertainty quantification.
5.5 EXERCISE. Play with BayesianPosterior.m by varying v, the data misfit

(or the likelihood) contribution, and o, the regularization (or the prior) contri-
bution.
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Figure 8: The MAP estimator, the truth function, and the predicted uncertainty

(95% credibility region) using n}‘;‘rior.

5.6 EXERCISE. Use your favorite deterministic inversion approach to solve the
above deconvolution problem and then compare it with the solution in Figure
8.

Now consider the case in which the truth function has a jump discontinuity
at j = 70. Assume we also know that the magnitude of the jump is 10. In
particular, we take the truth function f(s) as the following step function

0 ifs<07
fls) = { 10 otherwise
Since we otherwise have no further information about f(s), let us be more
conservative by choosing vy =1and § = 0.1 atj = 70 in ngrior as we discussed
in (20). Figure 9 shows that we are doing pretty well in recovering the jump
and other parts of the truth function.

A question you may ask is whether we can do better? The answer is yes by
taking smaller v if the truth function does not vary much everywhere except at
the jump discontinuity. We take this prior information into account by taking
7 = l.e — 8, for example, then our reconstruction is almost perfect in Figure
10.

23



Can you confirm this?

6. CONNECTION BETWEEN BAYESIAN INVERSE PROBLEMS AND DETERMINISTIC
INVERSE PROBLEMS

14

12l | ——MAP
truth
10k [ Juncertainty /\

Figure 9: The MAP estimator, the truth function, and the predicted uncertainty

(95% credibility region) using np?rior.

5.7 EXERCISE. Try BayesianPosteriorJump.m with 7 deceasing from 1 to 1.e —
8 to see the improvement in quality of the reconstruction.

5.8 EXERCISE. Use your favorite deterministic inversion approach to solve the
above deconvolution problem with discontinuity and then compare it with
the solution in Figure 10.

6 CONNECTION BETWEEN BAYESIAN INVERSE PROBLEMS AND
DETERMINISTIC INVERSE PROBLEMS

We have touched upon the relationship between Bayesian inverse problem
and deterministic inverse problem in Section 5 by pointing out that the po-
tential of the posterior density is precisely the Tikhonov functional up to a
constant. We also point out that the MAP estimator is exactly the solution of
the deterministic inverse problem. Note that we derive this relation for a lin-
ear likelihood model, but it is in fact true for nonlinear ones (e.g. nonlinear
parameter-to-observable map Am).

Up to this point, you may realize that the Bayesian solution contains much
more information than its deterministic counterpart. Instead of having a point
estimate, the MAP point, we have a complete posterior distribution to explore.
In particular, we can talk about a simple uncertainty quantification by exam-
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INVERSE PROBLEMS

12

——MAP
10 truth

[ Juncertainty

Figure 10: The MAP estimator, the truth function, and the predicted uncer-
tainty (95% credibility region) using 7%

prior*

ining the diagonal of the posterior covariance matrix. We can even discuss
about the posterior correlation structure by looking at the off diagonal ele-
ments, though we are not going to do it here in this lecture note. Since, again,
both likelihood and prior are Gaussian, the posterior is a Gaussian distribu-
tion, and hence the MAP point (the first order moment) and the covariance
matrix (the second order moment) are the complete description of the poste-
rior. If, however, the likelihood is not Gaussian, say when the Am is nonlinear,
then one can explore higher moments.

We hope the arguments above convince you that the Bayesian solution pro-
vide information far beyond the deterministic counterpart. In the remainder
of this section, let us dig into details the connection between the MAP point
and the deterministic solution, particularly in the context of the deconvolution
problem. Recall the definition of the MAP point

2 102 12
b _1
o dn + 5% -t

2 1 2
=yl ge[Rn),

1
MMAP dzefargTTEnT(m) =’ (2 ‘

1
— ; — 2 (=
—argr%nT(m)— (2‘

where we have defined ¥ = 02/9?, RZ = F_%, and y = Am.
We begin our discussion with zero Dirichlet boundary condition prior
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nf?rior (m) in (17). Recall in (14) and (16) that LpM is proportional to a dis-
cretization of the Laplacian operator with zero boundary conditions using
second order finite difference method. Therefore, our Tikhonov functional is
in fact a discretization, up to a constant, of the following potential in the infi-
nite dimensional setting

2 1 )
T oK 18f 122 (0,0) -

T (f) = % ly =y

where |- H%Z(O,l) L f01 (-)? ds. Rewrite the preceding equation informally as

2 1

T () = 5 |y -y + 3% (£.0%F)

12(0,1)”

and we immediately realize that the potential in our prior description, namely
|Lpm||?, is in fact a discretization of Tikhonov regularization using the bihar-
monic operator. This is another explanation for the smoothness of the prior
realizations and the name smooth prior, since biharmonic regularization is
very smooth. 3

The power of the statistical approach lies in the construction of prior
nﬁrior (m). Here, the interpretation of rows corresponding to interior nodes
s; is still the discretization of the biharmonic regularization, but the design
of those corresponding to the boundary points is purely statistics, for which
we have no corresponding deterministic counterpart (or at least it is not clear
how to construct it from a purely deterministic point of view). As the results
in Section 5 showed, ngrior (m) provided much more satisfactory results both
in the prediction and in uncertainty quantification.

As for the “non-smooth”priors in Section 4.2, a simple inspection shows
that Lym is, up to a constant, a discretization of V f. Similar to the above dis-
cussion, the potential in our prior description, namely || Lpm||?, is now in fact
a discretization of Tikhonov regularization using the Laplacian operator.'# As
a result, the current prior is less smooth than the previous one with harmonic
operator. Nevertheless, all the prior realizations corresponding to 7tpren (171)

3From a functional analysis point of view, ||Af HiZ(O,l) is finite if f € H? (0,1), and by Sobolev
imbedding theorem we know that in fact f € CY1/27¢, the space of continuous differential
functions whose first derivative is in the Holder space of continuous function C'/27¢, for any
0<e< % So indeed f is more than continuously differentiable.

14 Again, Sobolev embedding theorem shows that f € C/27¢ for ||V f H%z (0,) to be finite. Hence,
all prior realizations corresponding to 7Tpren (1) are at least continuous. The prior n}())rior (m) is
different, due to the scaling matrix J. As long as 6 stays away from zero, prior realizations are
still in H! (0,1), and hence continuous though having steep gradient at s;j as shown in Figures 9
and 10. But as 6 approaches zero, prior realizations are leaving H' (0, 1), and therefore may be no

1
longer continuous. Note that in one dimension, H 21t §g enough to be embedded in the space of
Ct-Holder continuous functions. If you like to know a bit about the Sobolev embedding theorem,
see [3].

26



7. MARKOV CHAIN MONTE CARLO

are at least continuous, though may have steep gradient at s; as shown in Fig-
ures 9 and 10. The rigorous arguments for the prior smoothness require the
Sobolev embedding theorem, but we avoid the details.

For those who have not seen the Sobolev embedding theorem, you only
loose the insight on why ”;(S)rior (m) could give very steep gradient realizations
(which is the prior belief we start with). Nevertheless, you still can see that
n}())rior (m) gives less smooth realizations than ngior (m) does, since, at least,
the MAP point corresponding to ngior
tive of f while second derivative of f needs to be finite at the MAP point if
nllfrior (m) is used.

(m) only requires finite first deriva-

7 MARKOV CHAIN MONTE CARLO

In the last section, we have shown that if the paramter-to-observable map is
linear, i.e. 1 (m) = Am, and both the noise and the prior models are Gaus-
sian, then the MAP point and the posterior covariance matrix are exactly the
solution and the inverse of the Hessian of the Tikhonov functional, respec-
tively. Moreover, since the posterior is Gaussian, the MAP point is identically
the mean, and hence the posterior distribution is completely characterized. In
practice, h (m) is typically nonlinear. Consequently, the posterior distribution
is no longer Gaussian. Nevertheless, the MAP point is still the solution of the
Tikhonov functional, though the mean and the convariance matrix are to be
determined. The question is how to estimate the mean and the covariance
matrix of a non-Gaussian density.
We begin by recalling the definition the mean

il =E[M],

and a natural idea is to approximate the integral by some numerical inte-
gration. For example, suppose S = [0,1] and then we can divide S into N
intervals, each of which has length of 1/N. Using a rectangle rule gives

(M1+...+MN)
N

(22) m~

But this kind of method cannot be extended to S = IR". This is where the
central limit theorem and law of large numbers come to rescue. They say that
the simple formula (22) is still valid with a simple error estimation expression.

7.1 Some classical limit theorems

7.1 THEOREM (central limit theorem (CLT)). Assume that real valued random vari-
ables My, ... are independent and identically distributed (iid), each with expectation
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i and variance o2. Then

1
v N

Zy = (M1+M2+---+MN)—%\/N

converges, in distribution™, to a standard normal random variable. In particular,

m
1 t
. < B
(23) I\%HI;O]P [Zny <m] = oy / exp ( 2) dt

Proof. The proof is elementary, though technical, using the concept of charac-
teristic function (Fourier transform of a random variable). You can consult [4]
for the complete proof. O

7.2 THEOREM (Strong law of large numbers (LLN)). Assume random variables
M, ... are independent and identically distributed (iid), each with finite expectation
m and finite variance o>. Then

1
(24) lim Sy =— (Mj+My+---+My) =1
N—oo0 N

almost surely™®.

Proof. A beautiful, though not classical, proof of this theorem is based on
backward martingale, tail o-algebra, and uniform integrability. Let’s accept it
in this note and see [4] for the complete proof. O

7.3 REMARK. The central limit theorem says that no matter what the underly-
ing common distribution looks like, the sum of iid random variables, when
properly scaled and centralized, converges in distribution to a standard nor-
mal distribution. The strong law of large numbers, on the other hand, states
that the average of the sum is, as expected in the limit, precisely the mean of
the common distribution with probability one.

Both the central limit theorem (CLT) and the strong law of large numbers
(LLN) are useful, particularly LLN, and we use them routinely. For example,
if you are given an iid sample {M;, My, --- , My} from a common distribu-
tion 7t (m), the first thing you should do is to compute the the sample mean
Sy to estimate the actual mean 7. From LLN we know that the sample mean
can be as close as desired if N is sufficiently large. A question immediately
arises is whether we can estimate the error between the sample mean and the

*5Convergence in distribution is also known as weak convergence and it is beyond the scope of
this introductory note. You can think of the distribution of Z;, is more and more like the standard
normal distribution as # — oo, and it is precisely (23).

6 Almost sure convergence is the same as convergence with probability one, that is, the event
on which the convergence (24) does not happen has zero probability.
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truth mean, given a finite N. Let us first give an answer based on a simple
application of the CLT. Since the sample {M;, My, - - - , My} satisfies the con-
dition of the CLT, we know that Zy converges to N (0,1). It follows that, at
least for sufficiently large N, the mean squared error between zy and 0 can be
estimated as

def

def
l2n = Ollf2(sp) = E [ (2n = 0)°]

= Var[Zy —0] = 1,

which, after some simple algebra manipulations, can be rewritten as

o2

— def —
(25) ISy = l|2(sp) = Var [Sy — 7] ~ .
7.4 EXERCISE. Show that (25) holds.

7.5 REMARK. The result (25) shows that the error of the sample mean Sy in the
L? (S,1P)-norm goes to zero like 1/+/N. One should be aware of the popular
statement that the error goes to zero like 1/ VN independent of dimension is
not entirely correct because the variance ¢, and hence the standard deviation
o, of the underlying distribution 7 (m) may depend on the dimension n.

If you are a little bit delicate, you may not feel completely comfortable with
the error estimate (25) since you can rewrite it as
o

ISy =] 25,y = Cﬁ,

and you are not sure how big C is and the dependence of C on N. Let us try
to make you happy. We have

N N
151 -5, = e | (£ - (£ 04|
i= j=
N N 2
e | (Bon-m7)| By %

where we have used 711 = & L., 7 in the first equality, IE [(M; — ) (M; — 1) ]
0if i # j in the second equality since M;, i = 1,..., N are iid random variables,
and the definition of variance in the third equality. So in fact C = 1, and we
hope that you feel pleased by now.

In practice, we rarely work with M directly but indirectly via some map-
ping ¢ : S — T. We have that g (M;),i=1,...,Nareiid7 if M;,i=1,...,N
are iid.

7We avoid technicalities here, but g needs to be a Borel function for the statement to be true.
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Do you trivially see this?

7. MARKOV CHAIN MONTE CARLO

7.6 EXERCISE. Suppose the density of M is 7t (m) and z = g (m) is differentially
invertible, i.e. m = ¢~ !(z) exists and differentiable, what is the density of

g(M)?

Perhaps, one of the most popular and practical problems is to evaluate the
mean of g, i.e.,

26) 1< E[G(M)] = /g(m) 7 (m) dm,
S

which is an integral in R".

7.7 EXERCISE. Define z = g (m) € T, the definition of the mean in (7) gives

E[G(M) =E[7] % / 2y (2) dz.
T

Derive formula (26).

Again, we emphasize that using any numerical integration methods that
you know of for integral (26) is either infeasible or prohibitedly expensive
when the dimension 7 is large, and hence not scalable. The LLN provides a
reasonable answer if we can draw iid samples {g (M;),...,g (My)} since we
know that

lim (g (M) +...+g (My)) =1

N—oo

In

with probability 1. Moreover, as showed above, the mean squared error is
given by
2 21 _ Var[G (M)]
ln = L2y = B [ (I = 1?] = =222,

Again, the error decreases to zero like 1/+/N “independent” of the dimension
of T, but we need to be careful with such a statement unless Var [G (M)]
DOES NOT depend on the dimension.

A particular function g of interest is the following

— —\T
8 (m) = (m —i) (m )",
whose expectation is precisely the covariance matrix

T = cov (M) =E [(M—m) (M—mﬂ —E[G].
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The average Iy in this case is known as the sample (aka empirical) covariance
matrix. Denote

L1 X _ T
[=2) (m—mm) (m; — )
N i=1
as the sample covariance matrix. Note that 71 is typically not available in prac-
tice, and we have to resort to a computable approximation

1

po L
N

|Mz

3

|
2
3

|
2
3

i=1

with 71 denoting the sample mean.

7.2 Independent and identically distributed random draws

Sampling methods discussed in this note are based on two fundamental iid
random generators that are available as built-in functions in Matlab. The first
one is rand.m function which can draw iid random numbers (vectors) from
the uniform distribution in [0, 1], denoted as U [0, 1], and the second one is
randn.m function that generates iid numbers (vectors) from standard normal
distribution N (0, I), where I is the identity matrix of appropriate size.

The most trivial task is how to draw iid samples {M;, My,..., My} from a
multivariate Gaussian A (7, I'). This can be done through a so-called whiten-
ing process. The first step is to carry out the following decomposition

I = RRT,

which can be done, for example, using Cholesky factorization. The second
step is to define a new random variable as

Z=R 1Y (M-m),

then Z is a standard multivariate Gaussian, i.e. its density is NV (0, I), for which
randn.m can be used to generate iid samples

{Z4,Z,,...,ZNy} = randn(n,N).
We now generate iid samples M; by solving
M; =m + RZ,.

7.8 EXERCISE. Look at BayesianPriorElicitation.m to see how we apply the
above whitening process to generate multivariate Gaussian prior random re-
alizations.
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Why?

Do you see the second equality?
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You may ask what if the distribution under consideration is not Gaussian,
which is true for most practical applications. Well, if the target density 7 (m)
is one dimensional or multivariate with independent components (in this case,
we can draw samples from individual components separately), then we still
can draw iid samples from 7 (m), but this time via the standard uniform
distribution U [0, 1]. If you have not seen it before, here is the definition: U [0, 1]
has 1 as its density function, i.e.,

(27) pu(A) = / ds, YA CI[0,1].
A

Now suppose that we would like to draw iid samples from a one dimensional
(S = R) distribution with density 7t (m) > 0. We still allow 7t (m) to be zero,
but only at isolated points on R, and you will see the reason in a moment.
Define the cumulative distribution function (CDF) as

(28) @ (w) = / 7t (m) dm,

then it is clearly that ®(w) is non-decreasing and 0 < ®(w) < 1. Let us define
a new random variable Z as

(29) Z=2(M).

Our next step is to prove that Z is actually a standard uniform random vari-
able, i.e. Z ~ U[0,1], and then show how to draw M via Z. We begin by the
following observation

@ (a)
(30) P[Z<a]|=P[®(M)<a]=P [M <! (a)} = / mt(m) dm,

—00

where we have used (29) in the first equality, the monotonicity of ® (M) in the
second equality, and the definition of CDF (28) in the last equality. Now, we
can view (29) as the change of variable formula z = & (m), then combining
this fact with (28) to have

dz = d® (m) = 7w (m)dm, and z = a when x = &1 (a).

Consequently, (30) becomes

P[Z <a]= / dz =z (Z <a),
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which says that the density of Z is 1, and hence Z must be a standard uniform
random variable. In terms of our language at the end of Section 7.1, we can
define M = g (Z) = ®~!(Z), then drawing iid samples for M is simple by first
drawing iid samples from Z, then mapping them through g. Let us summarize
the idea in Algorithm 1.

Algorithm 1 CDF-based sampling algorithm
1. Draw z ~ U [0, 1],

2. Compute the inverse of the CDF to draw m, i.e. m = ®~1 (z). Go back
to Step 1.

The above method works perfectly if one can compute the analytical in-
verse of the CDF easily and efficiently; it is particularly efficient for discrete
random variables, as we shall show. You may say that you can always compute
the inverse CDF numerically. Yes, you are right, but you need to be careful
about this. Note that the CDF is an integral operation, and hence its inverse
is some kind of differentiation. The fact is that numerical differentiation is an
ill-posed problem! You don’t want to add extra ill-posedness on top of the
original ill-posed inverse problem that you started with, do you? If not, let us
introduce to you a simpler but more robust algorithm that works for multi-
variate distribution without requiring the independence of individual compo-
nents. We shall first introduce the algorithm and then analyze it to show you
why it works.

Suppose that you want to draw iid samples from a target density 7 (m),
but you only know it up to a constant C > 0, that is, you only know Cr (m).
(This is perfect for our Bayesian inversion framework since we typically know
the posterior up to a constant as in (12).) Assume that we have a proposal distri-
bution q (m) at hand, for which we know how to sample easily and efficiently.
This is not a limitation since we can always take either the standard normal
distribution or uniform distribution as the proposal distribution. We further
assume that there exists D > 0 such that

(31) Cmr(m) < Dq(m),

then we can draw a sample from 77 (m) by the rejection-acceptance sampling
Algorithm 2.

In practice, we carry out Step 3 of Algorithm 2 by flipping an “a-coin”. In
particular, we draw u from U [0, 1], then accept m if &« > u. It may seem to be
magic to you why Algorithm 2 provides random samples from 7 (m). Let us
confirm this with you using the Bayes formula (9).

7.9 PROPOSITION. Accepted m is distributed by the target density .
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Make sure you understand this proof since
we will reuse most of it for the Metropolis-
Hastings algorithm!
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Algorithm 2 Rejection-Acceptance sampling algorithm

1. Draw m from the proposal g (m),
2. Compute the acceptance probability

Crt (m)
Dq (m)’

3. Accept m with probability « or reject it with probability 1 — a. Go back
to Step 1.

Proof. Denote B as the event of accepting a draw g (or the acceptance event).
Algorithm 2 tells us that the probability of B given m, which is precisely the
acceptance probability, is

Crt (m)
Dq (m)

(32) P[Blm] =a=

On the other hand, the prior probability of m in the incremental event dA =
[m',m’' + dm] in Step 1is q (m) dm. Applying the Bayes formula for conditional
probability (4) yields the distribution of a draw m provided that it has been
already accepted

P [B|m] q (m) dm

IP[m € dA|B] = P [B]

=7t (m) dm,

where we have used (32) and IP [B], the probability of accepting a draw from
g, is the following marginal probability

PM:/waqWMm:%/nWMm:%
S S

Note that
P [B,m € dm] = 7t (B, m)dm = P [B|m] rtprior (m) = IP [B|m] q (m) dm,

an application of (3), is the probability of the joint event of drawing an m from
g (m) and accept it. The probability of B, the acceptance event, is the total of
accepting probability, which is exactly the marginal probability. As a result,
we have

P[m e A|B] = [ t(m) dm,
/
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which, by definition (6), says that the accepted m in Step 3 of Algorithm 2 is
distributed by 7t (m), and this is the desired result. O

Algorithm 2 is typically slow in practice in the sense that a large portion
of samples is rejected, particularly for high dimensional problem, though it
provides iid samples from the true underlying density. Another problem with
this algorithm is the computation of D. Clearly, we can take very large D and
the condition (31) would be satisfied. However, the larger D is the smaller the
acceptance probability «, making Algorithm 2 inefficient since most of draws
from g (m) will be rejected. As a result, we need to minimize D and this could
be nontrivial depending the complexity of the target density.

7.10 EXERCISE. You are given the following target density

T (m) = g(cm) exp (_nj) /

where C is some constant independent of m, and

1 ifx>a

g(m):{ , a€R

0 otherwise

Take the proposal density as g (m) = N (0,1).
1. Find the smallest D that satisfies condition (31).

2. Implement the rejection-acceptance sampling Algorithm 2 in Matlab and
draw 10000 samples, by taking a = 1. Use Matlab hist.m to plot the
histogram. Does its shape resemble the exact density shape?

3. Increase a as much as you can, is there any problem with Algorithm 2?
Can you explain why?

7.11 EXERCISE. You are given the following target density

1 1
7T (m) o« exp <_M <\/m%+m%—1> —252(1712_1)2)/

where ¢ = 0.1 and § = 1. Take the proposal density as g (m) = N (0,1),
where I is the 2 x 2 identity matrix.

1. Find a reasonable D, using any means you like, that satisfies condition
(31).

2. Implement the rejection-acceptance sampling Algorithm 2 in Matlab and
draw 10000 samples. Plot a contour plot for the target density, and you
should see the horse-shoe shape, then plot all the samples as dots on top
of the contour. Do most of the samples sit on the horse-shoe?
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7.3 Markov chain Monte Carlo

We have presented a few methods to draw iid samples from a target distri-
bution g (m). The most robust method that works in any dimension is the
rejection-acceptance sampling algorithm though it may be slow in practice.
In this section, we introduce the Markov chain Monte Carlo scheme which
is the most popular sampling approach. It is in general more effective than
any methods discussed so far, particularly for complex target density in high
dimensions, though it has its own problems. One of them is that we no longer
have iid samples but correlated ones. Let us start the motivation by consider-
ing the following web-page ranking problem.

Assume that we have a set of Internet websites that may be linked to the
others. We represent these sites as nodes and mutual linkings by directed ar-
rows connecting nodes such as in Figure 11. Now you are seeking sites that

Figure 11: Five internet websites and their connections.

contains a keyword of interest for which all the nodes, and hence websites,
contain. A good search engine will show you all these websites. The question
is now which website should be ranked first, second, and so on? You may
guess that node 4 should be the first one in the list. Let us present a proba-
bilistic method to see whether your guess is correct or not. We first assign the
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network of nodes a transition matrix P as

0 1 0 1/3 0
1/2 0 0 1/3 0
33 P=| 0 0 0 0 1/2
1/2 0 1/2 0 1/2
0 0 1/2 1/3 0

The jth column of P is contains the probability of moving from the jth node
to the rest. For example, the first column says that if we start from node 1, we
can move to either node 2 or node 4, each with probability % Note that we
have treated all the nodes equally, that is, the transition probability from one
node to other linked nodes is the same (a node is not linked to itself in this
model). Note that the sum of each column is 1, meaning that a website must
have a link to a website in the network.

Assume we are initially at node 4, and we represent the initial probability
density as

7T —

@) — =) — =)

that is, we are initially at node 4 with certainty. In order to know the next node
to visit, we first compute the probability density of the next state by

= P,

then randomly move to a node by drawing a sample from the (discrete) prob-
ability density 71; (see Exercise 7.12). In general, the probability density after
k steps is given by

(34) 7 =Pm_1=...=P"m,

where the jth component of 7ty is the probability of moving to the jth node.

Observing (34) you may wonder what happens if k approaches infinity.
Assume, on credit, the limit probability density 7 exists, then it ought to
satisfy

(35) 7o = PTico.

It follows that 77, is the “normalized” eigenvector of P corresponding to unity
eigenvalue. Here, normalization means taking that eigenvector and then di-
viding by the sum of its components so that the result is a probability density.
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Figure 12 shows the visiting frequency (blue) for each node after N = 1500
moves. Here, visiting frequency of a node is the number of visits to that node
divided by N. We expect that numerical visiting frequencies approximate the
visiting probabilities in the limit. We confirm this expectation by also plotting
the components of 7 (red) in Figure 12. By the way, 711509 is equal to 7o up
to machine zero, meaning that a draw from 7y, N > 1500, is distributed by
the limit distribution 7. We are now in the position to answer our ranking
question. Figure 12 shows that node 1 is the most visited one, and hence
should appear at the top of the website list coming from the search engine.

0.35

T T
I visiting frequency
I first eigenvector

2 3 4 5

Figure 12: Visiting frequency after N = 1500 moves and the first eigenvector.

0.3

0.25

0.2

0.15

0.1

0.05

7.12 EXERCISE. Use the CDF-based sampling algorithm, namely Algorithm 1,
to reproduce Figure 12. Compare the probability density 71509 with the limit
density, are they the same? Generate 5 figures corresponding to starting nodes
1,...,5, what do you observe?

7.13 EXERCISE. Using the above probabilistic method to determine the proba-
bility that the economy, as shown in Figure 13, is in recession.

The limit probability density 7« is known as the invariant density. Invari-
ance here means that the action of P on 7« returns exactly 7. In summary,
we start with the transition matrix P and then find the invariant probability
density by taking the limit. Drawings from 77, are eventually distributed as the
invariant density (see Exercise 7.12). A Markov chain Monte Carlo (MCMC)
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Bull Market

Recession

Figure 13: Economy states extracted from
http://en.wikipedia.org/wiki/Markov_chain

method reverses the process. In particular, we start with a target density
and look for the transition matrix such that MCMC samples are eventually
distributed as the target density. Before presenting the popular Metropolis-
Hastings MCMC method, we need to explain what “Markov” means.

Let us denote my = 4 the initial starting node, then the next move m; is
either 1 or 2 or 5 since the probability density is

(36) 1 (mq|mo) = [1/3,1/3,0,0,1/3]",

where we have explicitly pointed out that 771 is a conditional probability den-
sity given known initial state 1. Similarly, (34) should have been written as

7 (mg|mo) = Pri_y (my_q|mo) = ... = Pmp.
Now assume that we know all states up to my_1, say my_1 = 1. It follows that
T
g1 (mg_1|mg_o,...,mo) = [1,0,0,0,0]",
since we know my._; for certain. Consequently,

7Ty (mk|mk,1,. . .,mo) = Pﬂ'k,l (mk,l\mk,Z,. ..,mo) =P [1,O,O,O,O}T
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regardless of the values of the states my_», ..., my. More generally,

e (my|my_1, ..., mg) = m (my|my_q),

which is known as Markov property, namely, “tomorrow depends on the past
only through today”.

7.14 DEFINITION. A collection {mq, m1,...,my,...} is called Markov chain if the
distribution of m; depends only on the immediate previous state m;_;.

Next, let us introduce some notations to study MCMC methods.

7.15 DEFINITION. We call the probability of my in A starting from my_ as the
transition probability and denote it as P (mj_q, A). With an abuse of notation,
we introduce the transition kernel P (my_q,m) such that

P(mp_q1,A) d:ef/P(mk,l,m) dm = /P(mk,1,dm).
A A

Clearly P (m,S) = [4P (m,p) dp = 1.

7.16 EXAMPLE. Let mj_1 = 4 in our website ranking problem, then the proba-
bility kernel P (m_q = 4, m) is exactly the probability density in (36).

7.17 DEFINITION. We call y (dm) = 7 (m)dm the invariant distribution and
7t (m) invariant density of the transition probability P (my_q,dm) if

G7) u(dm) = rc(m)dm = [ P(p,dm)7(p) dp.
S

7.18 EXAMPLE. The discrete version of (37), applying to our website ranking
problem, reads
. 5 . . .
oo () = Y_ P (j k) 7o (k) = P(j, )70, Vj=1,...,5,
k=1

which is exactly (35).
7.19 DEFINITION. A Markov chain {mg, mq, ..., my, ...} is reversible if
(38) 7 (m) P (m,p)=m(p)P(p,m).
The reversibility relation (38) is also known as detailed balanced equation.

You can think of the reversibility saying that the probability of moving from
m to p is equal to the probability of moving from p to m.
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7.20 EXERCISE. What is the discrete version of (38)? Does the transition matrix
in the website ranking problem satisfy the reversibility? If not, why? How
about the transition matrix in Exercise 7.13.

The reversibility of a Markov chain is useful since we can immediately
conclude that 7t (m) is its invariant density.

7.21 PROPOSITION. If the Markov chain {mqg, my, ..., my, ...} is reversible with re-
spect to 7t (m), then 7t (m) is the invariant density.

Proof. We need to prove (37), but it is straightforward since

[ 7 () P (pdm) dp ™ =" 7y dm [ P (m, p) dp = e () dm.
5 5

O

The above discussion shows that if a Markov chain is reversible then even-
tually the states in the chain are distributed by the underlying invariant dis-
tribution. A question you may ask is how to construct a transition kernel such
that reversibility holds. This is exactly the question Markov chain Monte Carlo
methods are designed to answer. Let us now present the Metropolis-Hastings
MCMC method in Algorithm 3.

Algorithm 3 Metropolis-Hastings MCMC Algorithm

Choose initial m
fork=0,...,N do

1. Draw a sample p from the proposal density q(my, p)
2. Compute 7t(p), g(my, p), and q(p, my)
3. Compute the acceptance probability

me(p)q(p, my) }

a(my, p) = min {1’ mw(my)q(my, p)

4. Accept and set my,; = p with probability a(my,p). Otherwise,
reject and set my 1 = my

end for

The idea behind the Metropolis-Hastings Algorithm 3 is very similar to
that of rejection-acceptance sampling algorithm. That is, we first draw a sam-
ple from an “easy” distribution g (my, p), then make correction so that it is
distributed more like the target density 7(p). However, there are two main
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differences. First, the proposal distribution g (my, p) is a function of the last
state my. Second, the acceptance probability involves both the last state my
and the proposal move p. As a result, a chain generated from Algorithm 3 is
in fact a Markov chain.

What remains to be done is to show that the transition kernel of Algorithm
3 indeed satisfies the reversibility condition (38). This is the focus of the next
proposition.

7.22 PROPOSITION. Markov chains generated by Algorithm 3 are reversible.

Proof. We proceed in two steps. In the first step, we consider the case in which
the proposal p is accepted. Denote B as the event of accepting a draw g (or the
acceptance event). Following the same proof of Proposition 7.9, we have

P [B[p] = a(my, p),

leading to

7t (B, p) = P [B|p] Tprior (p) = a(my, p)g (my, p),

which is exactly P (my, p), the probability density of the joint event of drawing
p from g (my, p) and accept it, starting from . It follows that the reversibility
holds since

i) )
ﬂ(mk)Q(mk/ P)
= min {7t(my)q(my, p), 7(p)q(p, me)}

= min w "

B { 7e(p)a(p, m) '1}”<P)q(p, )
= H(P)P(P,mk) .

e () P 1 p) = 7 ) (g ) min {1,

In the second step, we remain at my, i.e., my 1 = my, then the reversibility
is trivially satisfied no matter what the transition kernel P (my, p) is. This is
the end of the proof. O

7.23 EXERCISE. What is the probability of staying put at m;?

As you can see the Metropolis-Hastings algorithm is simple and elegant,
but provides us a reversible transition kernel, which is exactly what we are
looking for. The keys behind this are Steps 3 and 4 in Algorithm 3, known
as Metropolized steps. At this point, we should be able to implement the
algorithm except for one small detail: what should we choose for the proposal

42



7. MARKOV CHAIN MONTE CARLO

density? Let us choose the following Gaussian kernel

q0mp) = ———exp (— =g lm— p[?),
\/2my? 292

which is the most popular choice. Metropolis-Hastings algorithm with above
isotropic Gaussian proposal is known as Random Walk Metropolis-Hastings (RWMH)
algorithm. For this particular method, the acceptance probability is very sim-
ple, ie.,

= min {1, 701

We are now in the position to implement the method. For concreteness, we
apply the RWMH algorithm on the horse-shoe shape in Exercise 7.11. We take
the origin as the starting point 1. Let us first be conservative by choosing a
small proposal variance y?> = 0.022 so that the proposal p is very close to the
current state . In order to see how the MCMC chain evolves, we plot each
state my as a circle (red) centered at my with radius proportional to the number
of staying-puts. Figure 14(a) shows the results for N = 1000. We observe that
the chain takes about 200 MCMC simulations to enter the high probability
density region. This is known as burn-in time in MCMC literature, which tells
us how long a MCMC chain takes to start exploring the density. In other
words, after the burn-in time, a MCMC begins to distribute like the target
density. As can be seen, the chain corresponding to small proposal variance
72 explores the target density very slowly. If we approximate the average
acceptance rate by taking the ratio of the number of accepted proposal over
N, it is 0.905 for this case. That is, almost all the proposals p are accepted, but
exploring a very small region of high probability density.

=
P

(a) ¥y =0.02 (b) y=5 () y=05

Figure 14: RWMH with different proposal variance 7.

Let us now increase the proposal stepsize 7 to 5, and we show the corre-
sponding chain in Figure 14(b). This time, the chain immediately explores the
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target density without any burn-in time. However, it does so in an extremely
slow manner. Most of the time the proposal p is rejected, resulting in a few
big circles in Figure 14(b). The average acceptance rate in this case is 0.014,
which shows that most of the time we reject proposals p.

The results in Figures 14(a) and 14(b) are two extreme cases, both of which
explore the target density in a very lazy manner since the chain either accepts
all the small moves with very high acceptance rate or rejects big moves with
very low acceptance rate. This suggests that there must be an optimal accep-
tance rate for the RWMH algorithm. Indeed, one can show that the optimal
acceptance rate is 0.234 [5]. For our horse-shoe target, it turns out that the
corresponding optimal stepsize is approximately v = 0.5. To confirm this, we
generate a new chain with this stepsize, again with N = 1000, and show the
result in Figure 14(c). As can be seen, the samples spread out nicely over the
horse-shoe.

We have judged the quality and convergence of a MCMC chain by looking
at the scatter plot of the samples. Another simple approach is to look at the
trace plot of components of m. For example, we show the trace plot of the
first component in Figure 15 for the above three stepsizes. The rule of thumb
is that a Markov chain is considered to be good if its trace plot is close to
a white noise one, a “fuzzy worm”, in which all the samples are completely
uncorrelated. Based on this criteria, we again conclude that y = 0.5 is the best
compared to the other two extreme cases.

Nevertheless, the above two simple criteria are neither rigorous nor possi-
ble in high dimensions. This observation immediately reminds us the strong
law of large number in computing the mean and its dimension-independent
error analysis using the central limit theorem. Since the target is symmetric
about the vertical axis, the first component of the mean must be zero. Let us
use the strong law of large number to estimate the means for the above three
stepsizes and show them as cross signs in Figures 14(a), 14(b), and 14(c). As
can be seen and expected, the sample mean for the optimal stepsize is the most
accurate, though it is not exactly on the vertical axis since 777 = —0.038. This
implies that the sample size of N = 1000 is small. If we take N = 10000, the
sample mean gives 717 = 0.003, signifying the convergence when N increases.

However, the application of LLN and CLT is very limited for Markov
chains since they don’t provide iid samples. Indeed, as in the above Markov
chain theory, the states of the chain eventually identically distributed by 7t (m),
but they are always correlated instead of independent since any state in the
chain depends on the previous one. What we could hope for is that the cur-
rent state is effectively independent from its kth previous state. In that case,
the effective number of iid samples is N/k, and the mean square error, by the
central limit theorem, decays as v/k/N. As the result, if k is large, the decay
rate is very slow. How to estimate k is the goal of the autocorrelation study, as
we now discuss.
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Figure 15: Trace plots of the first component of m with different 2.
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We shall compute the autocorrelation for each component of m separately,
therefore, without loss of generality, assume that m € R! and that the Markov

chain {mj}jl\io has zero mean. Consider the following discrete convolution

quantities
N—k
C = ij+kmj, ,kIO,...,N—l,
j=0

and define the autocorrelation of m with lag k as

=% k=0, N-1
€0
If ¢ is zero, then we say that the correlation length of the Markov chain is
approximately k, that is, any state m; is considered to be insignificantly corre-
lated to m;_ (and hence any state before m; ), and to m;; (and hence any
state after m; ). In other words, every kth sample point can be considered to
be approximately independent. Note that this is simply a heuristic and one
should be aware that independece implies un-correlation but not vice versa.

Let us now approximately compute the correlation length for three Markov
chains corresponding to v = 0.02, v+ = 0.5, and ¢ = 5, respectively, with
N = 100000. We first subtract away the sample mean as

1 N
zj:mj—iNle;Jmi.

Then, we plot the autocorrelation functions & for each component of the zero
mean sample {Zf}jio in Figure 16. As can be observed, the autocorrelation
length for the chain with optimal stepsize v = 0.5 is about k = 100, while the
others are much larger (not shown here). That is, every 100th sample point can
be considered to be independent for v = 0.5. The case with ¢ = 0.02 is the
worst, indicating slow move around the target density. The stepsize of v = 5
is better, but so big that the chain remains at each state for a long period of

time, and hence autocorrelation length is still significant relatively to that of
v = 0.5.

Extensive MCMC methods including improvements on the standard RWMH
algorithm can be found in [6]. Let us introduce two simple modifications
through the following two exercises.

7.24 EXERCISE. Consider the following target density
Go) 7 (m) exexp (= [l = 5 1y = o)
39 p 2 52 20,2 y 7
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2
_ | mi—my | =02
h(’”)_[ my/5 } y‘[ 0.1 }
Take § =1 and o = 0.1.

1. Modify BayesianMCMC.m to simulate the target density in (39) with N =
5000.

2. Tune the proposal stepsize 7 so that the average acceptance probability
is about 0.234. Show the scatter, trace, and autocorrelation plots for the
optimal stepsize.

7.25 EXERCISE. So far the proposal density q (m, p) is isotropic and indepen-
dent of the target density 7 (m). For anisotropic target density, isotropic pro-
posal is not a good idea, intuitively. The reason is that the proposal is dis-
tributed equally in all directions, whereas it is not in the target density. A
natural idea is to shape the proposal density to make it locally resemble the
target density. A simple idea in this direction is to linearize h (m), and then
define the proposal density as

1 1
) o exp (=55 117 = 505 Ly = m) = Vi om) (p =) )

1. Determine H (my) such that g (my, p) = N (mk,H (mk)_1>, by keeping
only the quadratic term in p — m.

2. Modify BayesianMCMC.m to simulate the target density in (39) using the
proposal density g (my, p) = N (mk, H (mk)fl). Show the scatter, trace,
and autocorrelation plots. Is it better than the isotropic proposal density?

7.26 EXERCISE. Another idea to improve the standard RWMH algorithm is by
adaptation. Let’s investigate a simple adaptation strategy. Use the resulting
sample in Exercise 7.24 to compute the empirical covariance T, then use it to
construct the proposal density g (m,p) = N (m,T). Show the scatter, trace,
and autocorrelation plots. Is it better than the isotropic proposal density?

8 MATLAB CODES
A set of Matlab codes that can be used to reproduce most of the figures in the

note can be downloaded from

http://users.ices.utexas.edu/ tanbui/teaching/Bayesian
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Figure 16: Autocorrelation function plot for both components of m with dif-
ferent 2.
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