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Spatial regression with
differential regularization

--r--l"--
IM RICERCA

|
» Problem: and (spatial regression)
» We interface methodology and technigues and
propose

with

— estimation problem solved via

,,,,,,,,,,,,,,,

Can handle data distributed
over

;> Can comply with general
=C/° ¢ conditions at domain
boundaries

Fleuve St

7 -
¥ifte-Anne-De-Bellevue Laurent

B /2 = . . A7
EED " sainte-Catherine [ 1,

— Sangalli, Ramsay, Ramsay, 2013,
JRSSB
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S_patlal r_egressmn_wﬂh _.'_uo FUTUROﬁ
differential regularization "IN RICERCA.
N RICERCA
|
Can incorporate about e =

phenomenon under study allowing for very
flexible modelling of space variation

— Azzimonti, Sangalli, Secchi, Nobile, Domanin, 2013, TechRep

—> Azzimonti, Nobile, Sangalli, Secchi, 2013, TechRep

Study pathogenesis of atherosclerotic plaques
MAthematichs for CARotid ENdarterectomy @ MOX

Can deal with data over bi-dimensional
Riemannian
— Ettinger, Perotto, Sangalli, 2012, TechRep

— Dassi, Ettinger, Perotto, Sangalli, 2013, TechRep

Study pathogenesis of cerebral aneurysms
AneuRisk Project

BN http://mox.polimi.it/users/sangalli/firbSNAPLE.htm! | R |
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Spatial regression with
differential regularization

» Data: () C R?: a region of interest, bounded, with 02 € C?

IN RICERCA

fori=1.....n
> pi = (15.9i) € Q
> z;: a real valued variable of interest observed p;

> w; = (w1, ..., w)" a g-vector of covariates associated to z;

Estimate of water surface temperature
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S_patlal regression _W|th ] "0 5 FUTURO N
differential regularization IN RICERCA.
|
» Data: () C R?: a region of interest, bounded, with 02 € C?

fori=1.....n
> pi = (15.9i) € Q

> z;: a real valued variable of interest observed p;

> w; = (wq, ... ,-w.,-_q)t: a g-vector of covariates associated to z;
» Generalized Additive Model:
t .
2 =w, B+ f(pi) + € i=1.....n
> €.,1=1.....n,1l.d. mean 0 and variance o2
> B eRY
> f: Q=R

POLITECNICO DI MILANO
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Spatial r_egression_with ]ro‘, FUTUROﬁ
differential regularization IN RICERCA.

.. L. Sangalli et al. 2013, JRSSB
» Estimate 3 and f minimizing

mn

INB.S) =D (2= wiB = f(B)” + A / (Af)20

1=1 Q2
Af = Pf 2
f T Ox? Dy =
Inclusion of simple Partial Differential Equations (PDE) in statistical models:
» Thin-plate splines (Wahba,1990; Stone, 1988)

n 82f 2 agf 82f 2
Z(Zi_f(pi))Q—F/‘ (@) +2a$ay+ (8—y2)

2
i=1 R

» Bivariate Splines (Guillas and Lai, 2010)
» FEL-splines (Ramsay, 2002), Soap-film smoothing (Wood et al., 2008): irregular domains

» Stochastic PDE: Lindgren et al. (2011), Bayesian inverse problems: Stuart (2010).
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||

_ Dirichlet floa =g

-Neumann 3, flag = ¢
- Robin (linear combination of the above)

- Mixed (different conditions in different

parts of the boundary)

()Slovoma)l. Zagreb
Hrvatska SR
(Croatia)) Bosna'i 4
Hercegovina
(Bosnia and
Herzegovina)\

Crna Gora "
(Moxﬂcncgro)

Census Canada data
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Catania
*e
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IM RICERCA
Azzimonti et al., 2013a, TechRep

Azzimonti et al., 2013b, TechRep

|
Incorporating

using PDE to model space variation
of the phenomenon

n

NG ) =3 (= Wi = f00)” £ (L —wPag

p— Q |
I

more complex partial differential operator
(linear second order elliptic PDE)

Problem specific a priori information — | Lf = —div(KOV f) £b) Vf Hcf

(physics, mechanics, chemistry, morphology)

spatially varying

2 are commonly used to describe
» Diffusion tensor field in many
» Transport vector field: fielas of engineering and sciences
» Reaction term: non-stationary shrinking effect » model

POLITECNICO DI MILANO
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Ettinger et al. 2012, TechRep

N Manifold domains

Object Oriented Data Analysis

n o

TealBf) = (= wiB = f(x))" + X]

1=1

Laplace-Beltrami operator
associated to ]__‘

I surface embedded in R?
x; €1
f:I'=R

AneuRisk project  http://mox.polimi.it/it/progetti/aneurisk/
http://mox.polimi.it/users/sangalli/firbSNAPLE.htmI_
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differential regularization

IM RICERCA
|
» Generalized Additive Model:

i =w.B+ f(pi) + € i=1.....n

z=WgB+1, +e

>z 1= (2. n )t
_ Wl _
> W= : H:=WWw)-tw! Q:=1—-H
w!
> £, == (f(py),.... f(p,))!, where f is any function on (2

> H™(Q): set of functions in L?(Q2) having all weak derivatives up to order m in L2(Q)

> HH(§2): subset of H™({2) consisting of functions whose normal deriv are 0 on the boundary of (2

(H™(€2) + Neumann b.c.)
POLITECNICO DI MILANO
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differential regularization e e P

Spatial regression with ..'.o o rUTURO g

IN RICERCA
o C ——

Proposition B f) =) (s —wiB- f(Pi)” + A / (Af)*d

i=1 {2

The estimators 3 € R? and f € H?,(€2) exist unique
(x) B=WW)"'wtz -1,

(+%) f satisfies

ul Qf, + )\/ (Au)(Af) =ul, Qz for all u € H2,(Q)
Q

> Weak formulation: find (f,q) € (H' ()N () x H'(2) such that

u Qf, — \ / (Vu-Vg)=ul Qz
Q

fro-fsn-

for all (u,v) € (H* (2)NC%Q)) x HYQ).

Thanks to the regularity of the problem, f belongs to H2,(2).
http://mox.poIimi.it/users/sangalIi/firbSNAPLE.htmI- I
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Triangulation and basis o rUTURO
functions IN RICERCA
|
Basis expansion
Infinite-dimensional problem Finite-dimensional problem

Finite element analysis has been mainly
developed and used in engineering applications,
to solve partial differential equations

Finite element space: space of continuous
piecewise-polynomial surfaces over a
triangulation 7 of Q

0.2 0.4 3 -

W@ X] http://mox.polimi.it/users/sangalIi/firbSNAPLE.htmI- I
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S_patial rggression _with ..'. . o .—2_[[_);{9_
differential regularization IN RICERCA

{&€,.....&€x}: nodes of T

v

> Q7 : triangulated domain; H,}(O) : finite element space

> 1 = (11,... ."r;'f'.!;g)t: finite element basis U = {111},3-3- = -r;-f',:j(p_i)

> for any ¢ in the finite element space, g = g’y where g := (g(&,),.... _

> Ry = IQ,T (pep") Ry = fs‘}r (Yo + Pytby)

Corollary. The estimators 3 € R? and f € H3 7(€2), that solve the
discrete counterpart of the estimation problem, exist unique

~

> 3= (]_.,{,rt]_,{,r)—1]__,.{,.:'1‘. ( o f-_n)
> f = f'tw, with f satisfying

f| —U'Q z
g - 0

MIEDN  http://mox.polimi.itusers/sangallifiroSNAPLE.htm! | D |
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Spatial regression with ..'.oo FU[UROﬁ
differential regularization IN RICERCA

|
» 3 and f are linear in z  — linecar estumators

f has typical penalized regression form, being identified by

f, = (U'QU + \P) 10! z

» Classical inferential tools are readily derived
> mean and variances of ,@ and f
> confidence intervals for 3
> confidence bands for f

> prediction intervals for new observations

2 T

WBS) =3 (= wiB = f(p))*+ A [ (apa

i=1 Q

> estimate of error variance o

> selection of smoothing parameter A\ via generalized cross-validation

http://mox.poIimi.it/users/sangalIi/firbSNAPLE.htmI- I
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Spatial regression with ..'.o o rUTURO g
differential regularization IN RICERCA

- Azzimonti et al., 2013b, TechRep

Two sources of bias:

> fe H}(Q) is affected by bias due to discretization:

This bias disappears as n — oo with h — 0

> fe H2,(Q) and f e H1(Q) are affected by bias due to regularization

This bias disappears as n — oo with A — 0

POLITECNICO DI MILANO
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Simulation studies s.roo EELHBQ_@

IN RICERCA

|
Simulation studies (Sangalli et al. 2013) show that the proposed models outperforms thin-plate

splines, filtered kriging and other state-of-the-art methods for spatially distributed data.
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Simulation studies s.'-ﬂo EQLHBQ_@

IN RICERCA

|
Simulation studies (Sangalli et al. 2013) show that the proposed models outperforms thin-plate

splines, filtered kriging and other state-of-the-art methods for spatially distributed data.
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N Simulation studies o FU‘[UR()@
15,0° et share

|
Simulation studies (Sangalli et al. 2013) show that the proposed models outperforms thin-plate

splines, filtered kriging and other state-of-the-art methods for spatially distributed data.
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- : MITVIRC
lllustrative example a..'.oo rU[Un{J@

Island of Montreal census dat IN RICERCA.

> pi: centroids of census tracts

> z;: population density

(1000 inhabitants per km?)

> w;: indicator of residential (1)

8 commercial (0) census tract

» Mixed b.c. (homogeneous Neumann

and homogeneous Dirichlet)

POLITECNICO DI MILANO
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P Y7 0° tUTURD
a

Island of Montreal census dat ﬁx.‘,ﬁ'}&'i SNAPLE

25

/ <
Deux-Montagn
\

- s

‘( N
: Greenf ;l\d

La Prame
7

siffe-Anne-De-Bellevue La"'wurent' 4@ Sa

3= 1.300
approx. 95% confidence interval [0.755; 1.845]

http://mox.polimi.it/users/sangalli/firoSNAPLE.html
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N Motivating applied problem: ..'.oo frUTURO

AneuRisk project I-N-R-Irfﬁﬂ\-ﬁ SNAPLE
||

Spatial regression over bi-dimensional
Riemannian manifold domains

ANEURISK

http://mox.polimi.it/it/progetti/aneurisk
NER http://mox.polimi.it/users/sangalli/firbSNAPLE.htmI- I

POLITECNICO DI MILANO




POLITECNICO DI MILANO I

Spatial regression over o FUTUROD
N Riemannian manifolds ‘."O Tp.'ﬁr?ﬁ&'ﬁ SNAPLE
|

Ettinger et al., 2012, TechRep

Heamodynamic simulations
Passerini et al. 2012

Object Oriented Data Analysis

> I' C R? - a non-planar surface domain

» Nearest Neighbor Averaging Artery wall
Hagler, Saygin, Sereno, 2006, Neurolmage > {X; = (114, 9, x3;) € T'} - data locations
» Heat Kernel Smoothing

Chung et al., 2005, Neurolmage > z; € R - variable of interest observed at x;
> Methods for data over Spheres’ \\Té'lll h‘ll(‘i'll‘ stress lll()(]“hlh' at H_Y\'HT()ﬁ(' l)(‘i'lk

hyperspheres and other manifolds
Baramidze, Lai, Shum, 2006, SIAM J.S.C.
Wahba,1981, SIAM J.S.C.
Lindgren, Rue, Lindstrom, 2011, JRSSB
Gneiting, 2013, Bernoulli

> W; = (W;.....w;,) € RY - space varying covariates
Local curvature of vessel wall
Curvature of vessel

Local radius of the vessel

N POLITECNICO DI MILANO

IMEBN http://mox.polimi.it/users/sangallifiroSNAPLE.html
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Spatial regression over .. = o o rUTURO g
Riemannian manifolds IN RICERCA.
|

POLITECNICO DI MILANO
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Spatial regression over e ee = EUTURC
P g s.'-oo ftUTURO

Riemannian manifolds IN RICERCA.
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> EStImatqu have typlcal penallzed (fully encode information about complex 3D geometry)
regression form

» Linear in observed data values S LIS
» Classical inferential tools . @
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— Extend method for planar domains
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Spatial re_gressio_n over .. '.o o EE.“‘.JBE).@
Riemannian manifolds IN RICERCA
|
> X O oT (€2 : open, convex, bounded set in R?)

u=(u,v) = x= (1, 13)

v 0 /

— \_/ /L

X! (Flattening map)

1

POLITECNICO DI MILANO
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Spatlal regression over T.L'T;“”’a“‘:; Eg_[liji{f_f)_ﬁ
Riemannian manifolds IN RICERCA

||

ou T ov

(u): column vectors

> space varying metric tensor:

G(u) = VX(u)VX(u)= ( d_(‘;¥| (G (), - (w)) )

(G (). Gy (w)) G

> W(u) := +/det(G(u)); W(u)du = dx

> K(u) = W(u) G~ (u)

> For foX € C(). u=X"(x)
Vef(x) = VX(u) GH(u)(V/(X(u)))

Arf(x) = divp(Vrf(X(u))) = Wtu)

http://mox.polimi.it/users/sangalli/firbSNAPLE.htm! | R |

div(K(u)Vf(X(u)))
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Spatial regression over ":’.”T;”“B“‘:; FUTURO o
Riemannian manifolds IN RICERCA

> HTye(Q) = {h e H™(Q) : KVh-n=0o0ndQ} C H™(Q)

> Equivalent estimation problem over the planar domain (}

Find 8 € R? and f with (f o X) € H.; k() that minimizes

mn ) ‘ 1 2
Jaa(Bf o X) = 3 (= wip = FX)* 4 4 [ 5 (divv(sox) ) de
i=1 o W
where u; = X 1(x;)
For conformal maps, i.e. } %(U)HQ = H%(u)“2 and (%(u) %(u)) =0 Vu € (.

n 2
Jor(B.foX) =3 (= wiB— f(X(u))* + )\/ﬂ ( Ml)( \)Af(X(u))) 40
i=1 A w

POLITECNICO DI MILANO
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Spatial regression over .. '.o o rUTURO g
Riemannian manifolds IN RICERCA.
|

> H7w(Q)={he H™(Q) : KVh-n=0o0nd0} C H™(Q)

> Equivalent estimation problem over the planar domain (}

Find 8 € R? and f with (f o X) € H; k() that minimizes

T

|

Jax(B,foX) = Z (2 — w3 — f(X(u.l-)))Q + )a/ﬂ W(diV(KV(f o X))) dS)

where u; = X 1(x;)

- Extend method for planar domains

POLITECNICO DI MILANO
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Spatial regression over .. '.o o rUTURO g
Riemannian manifolds IN RICERCA.
|

Proposition. The estimators f‘] e R? and f € HED K (£1) exist unique

-

(x) B (thl’{-’)—l Wt(z — f‘n)

(%) f satisfies
pt Qf, + /\/ % (div(KV(,u o X)) ) (div (KV(f o X)) )(EQ = pu! Qz
Q
for any ;. defined on [ such that p1o X € H,gﬁ K (€2).

> Weak formulation:

Find (foX,v0X) € (HY k() NCQ) x HY(Q) such that

n

phQk, =\ [ KV (uoX) - V(0 X)d2 = Q2
Q2
/(éoX)(’}“OX)WdQ+/ V(o X)KV(foX)dQ2=0
Q Q2

for any (po X, {0 X) € (H,}ID!K(Q) NC(Q)) x HY(Q).

Thanks to the regularity of the problem, f o X still belongs to H EO,K(Q)'
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Spatial regression over .. '.o o rUTURO

Riemannian manifolds ﬁ,‘,ﬂgﬁa\'ﬁ SNAPLE -

Conformal parametrization

(—Ayu=00nY Ep(u) =% [ ||Vrul/?dl
<u=00naog
(v =10noy

~Asv=00nY Ep() =3 [ ||Vro|[*dl

.> v(¢) = J$ 2 ds on B

Haker et al, 2000, IEEE Trans. Med. Imag

NER http://mox.polimi.it/users/sangalli/firbSNAPLE.htmI_
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Riemannian manifolds IN RICERCA.
||

Conformal parametrization

s
g, -
vaagd A
L
7 ¥ .. o
e a4 B
A7 5
S .hl
A R
ok
LA A

W K

SjusWa|g sjul4

SjusWa|g a}ul4

Haker et al, 2000, IEEE Trans. Med. Imag
http://mox.polimi.it/users/sangalIi/firbSNAPLE.htmI- I
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Spatial regression over ..'. o rUTURO g
Riemannian manifolds U e
|

{€.....&x }: nodes of planar triangulation 7

v

> ) : planar triangulated domain; H,}r(()) . finite element space

> 1) = (1.....¢0x)": finite element basis U ={U};:=v;i(pi)

> for any h in the finite element space, h = h' where h:= (h(&)..... h(&p))

> Rg = I-Q’T (’qb’qbt)w Rl = IQ’T V’I,D’KV?,D

Corollary. The estimators 3 € R? and f € H%-(O) that solve the

discrete counterpart of the estimation problem, exist unique
> B — (I...{..rf ]__.-{...r)—1]_,..{...rt( > — f-_n)
- ~1 -
> f = f 1, with f satisfying

—UiQU AR
ARy ARy

f
g

B _qﬁQ P
B 0

POLITECNICO DI MILANO
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N Simulation studies f"f*;”"”‘”‘“‘:; FUTURO o
W50° femmment suaeLe

Simulation (without covariates)
TRUE TRUE + NOISE

ESTIMATE
f 0.1 N
|
0.05¢ ' . .
i 50 simulation
oL = L | replicates
SR-NP IHK

http://mox.polimi.it/users/sangalli/firbSNAPLE.htmI_
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Spatial regression over tUTURO
N 1,0° framenssiarie

Riemannian manifolds

Covariates:

- Local curvature of vessel wall — Negative association
- Curvature of vessel — Positive association
- Local radius of vessel — Negative association

POLITECNICO DI MILANO

NER http://mox.polimi.it/users/sangalli/firbSNAPLE.htmI- I




ﬁ?:lTECNICO D|M|MNO FI - l r r
T 50 o £2—r‘-15a)-i SNAPLE

N Future work
IM RICERCA 40

s~

e
e

Variability across patients

(data registration)
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17,0°

s

FUTURO.
IN RICERCA

Spatial regression over
Riemannian manifolds

|
Facing big data challenges:

- Iiterative algorithms

- mesh simplification algorithms

o
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Spatial regression over o rUTURO
N Riemannian manifolds ..'-o I-N-R-IEEEE‘-\-ﬁ SNAPLE S
|

e\ 1 2
Coqui(€, V) 1= #(%Ont)( Z (Np N))

TE7~cont
1

#(Tos)

NT = Nfaces T+ = Nedges + 4 ~ Nuy + 7 ~ Nuy +

#(Toy)

(N

2

#(Tos)

12

4

I 0.14

B No Data

Original Data+Geo OnlyGeo

_ http://mox.polimi.it/users/sangalli/firbSNAPLE.htmI- I
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Spatial regression over .. = o o rUTURO g
Riemannian manifolds IN RICERCA.
|

TRUE + NOISE ESTIMATE

e, ’ am—

© m SR-NP with Data+Geo
o 1 ® SR-NP withOnlyGeo °
m [HK on the original mesh

ollsyJll POLITECNICO DI MILANO
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Motivating applied problem: 1" 0° rUTURO g
I\/I/.A\CAREN@I\/IOX ’

IN RICERCA
MACAREN@MOX Project: MAthematics for CARotid ENdarterectomy @ MOX

Aim: Study the pathogenesis of atherosclerotic plaques

MODELLISTICA E CALCOLO SCIENTIFICO Sta“ St| CS
— External carotid
3 _ artery
MODELING AND SCIENTIFIC COMPUTING CO m putel’ sclience Internal carotid

artery

Common carotid
artery

T

i ik ...' UNIVERSITA’

DEGLI STUDI Numerical analysis
DI BERGAMO

7 Sifad :ujul

FADAM.

Carotid duplex

MANGIAGALLI E REGINA ELENA  \/ASCU |al’ SuUu rg e ry

Echo-Color Doppler (ECD)
wrsnd  BlOOd fluid-dynamics

Carotid

27451220110125 P.O. POLICLINICO
FR 14Hz 60° s oo .
P1 0

: e Magnetic Resonance Imaging (MRI)
| i " \/essel morphology

BB http://mox.polimi.itusers/sangallifitbSNAPLE.htm! T |
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Motivating applied problem: ..'-u FE.'HEE).';*
MACAREN@MOX

IMN RICERCA
PHILIPS

56291320111021 P.O. POLICLINICO
FR 18Hz i .

%% o , : . Longltuma
C 56 ; :

P Bassa section of the
en

CF — :

82%
3354Hz
WF 167Hz
Bassa

RCCA-21|
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Motivating applied problem: ..'-“ FE.'HEE).';*
MACAREN@MOX

IMN RICERCA
PHILIPS

56291320111021 P.O. POLICLINICO
FR 18Hz n M2 M3

+22.

2D i ol - -
79% = et , asa

C 56 | ‘ ElllptIC

P Bassa . 2 - .

e - beam

82%
3354Hz
WF 167Hz
Bassa

RCCA-21]
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Motivating applied problem: ..'-u FE.'HEE).';*
MACAREN@MOX

IMN RICERCA
PHILIPS

56291320111021 P.O. POLICLINICO

FR 18Hz
P1

2D - ' PW

79% = ‘ - - 60%

C 56 ; : . WF 60Hz
P Bassa SV2.0mm

Gen
CE
82%
3354Hz
WF 167Hz
Bassa

RCCA-21|
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Motivating applied problem: ..'-b FE.'HEE).';*
MACAREN@MOX

IMN RICERCA
PHILIPS

56291320111021 P.O. POLICLINICO

FR 18Hz
P1

2D o ' PW

79% = , - - 60%

C 56 ; i . WF 60Hz
P Bassa j— . s Y SV2.0mm

Gen
CE
82%

3354Hz [ — S e
WF 167Hz ~ =
Bassa S -

RCCA-21|
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Motivating applied problem: Ir0° FUTURO@
M/.A\CAREN@I\/IOX

IN RICERCA
PHILIPS

56291320111021 P.O. POLICLINICO
II3=1R 18Hz 60°

’P‘

2D

79%

C 56

P Bassa
Gen

CFE

WF 167H i | g
z - )
Bassa Systolic peak

RCCA-21]

\ 4

0.000 0005 0010 0.015 0020 0.025

| | | | J | |
0 10 20 30 40 50 60

, b ‘ velocity
) ; | p | | A . ]“ 1" ‘i

Mean velocity

3.6s
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Motivating applied problem: o FfUTURO
hﬂf}(:/\FQEﬂV(@Dhﬂ())( .. ‘[’ .

IN RICERCA

Mean measurements over 7 beams (systolic peak)

ECA 35
ICA
30

Plaque
(high-grade - 25
stenosis)
- 20
For each patient, 7 ECD measurements . 10
over the carotid section located 2 cm
before the carotid bifurcation O .
0

POLITECNICO DI MILANO
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Motivating applied problem: 1" 0° FUTURO@

[ [ | | |
MACAREN@MOX IN RICERCA
|
Spatial Spline Regression Mean measurements over 7 beams (systolic peak)

Tn

H) =3 () =2 A [ () [

i=1 Q

30
Boundary conditions O
_ Dirichlet floa =0 O -
- 20
@ o ol
. - 10
O ;
0

» Physiological boundary conditions:
velocity=0 near the arterial wall

POLITECNICO DI MILANO
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Motivating applied problem: 1" 0° FUTURO@

[ [ | | |
MACAREN@MOX IN RICERCA
|
Spatial Spline Regression Mean measurements over 7 beams (systolic peak)

T

I =S () — 2+ A [ (A

35
[3‘]

O

@ o ol

~ 15

O

O .

0

» Non-physiological velocity field: >
Squared isolines caused by cross-shaped theoretical solution for velocity field in perfectly straight pipe
pattern of observations without turbolence has parabolic profile

POLITECNICO DI MILANO
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Spatial regression models ..'.oo .—IJI‘IJ,.{OE:L

with differential reqularization IN RICERCA
- Azzimonti et al., 2013a, TechRep

- 1 Areal data
Zi= —— + N
‘ | D;| /Dz fo+ i (subdomain D, : i-th beam)

J(f) =) ’;i‘ (/D (ffz-)):/\/ﬂ(lzfu)g

i=1
— Weighted least-square-error term for areal mean over subdomains D);

— Roughness term penalizing misfit with respect to more complex PDE known to
model to some extent the phenomenon under study

general second order elliptic operator forcing term

Lf =—div(K)Vf)+b)- Vs +cs uELQ(Q)

The parameters can be space-varying

POLITECNICO DI MILANO
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Spatial regression models ..'.b o rUTUROD g

with differential reqularization IN RICERCA
||

PRIOR information described by a partial differential model Forcing term

u=10

Lf =—div(K)Vf) +Db) Vs +cs

Reaction term: shrinking effect

c=10
Diffusion tensor field: anisotropic non-stationary Transport vector field: directional smoothing
diffusion that smooths the observations that smooths the observations along the

along concentric circles radial direction

o —
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Spatial regression models ..'.oo .—IJI‘IJ,.{OE:L

with differential reqularization IN RICERCA
||

> z=(21,...,2n)"

> {€q,...,Ex }: nodes of T

> ) = (U1,...,¢YK)": finite element basis U ={U};; :=1,(pi)

> for any ¢ in the finite element space, g = g'v» where g := (g(&;),...,9(€x))"

> R={R}r = fQT(-uﬁj-uﬁkt) A={A}jr = fQT (KVY; - Vi +b -Vt + cjiy)

Corollary. The finite element estimator f that solve the discrete counterpart of the

estimation problem, exist unique and is given by f = f'4/) where f satisfies

—pt =
0

—Pir \A
AA AR

f
g

(Here for simplicity: pointwise case, u = 0, homogeneous Neumann b.c.)

http://mox.poIimi.it/users/sangalIi/firbSNAPLE.htmI- I
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Spatial regression models ..'.oo .—IJI‘IJ,.{OE:L

with differential reqularization IN RICERCA
||

f is linear in z and has typical penalized regression form:

f, = (VW +\P)" Uiz
P=A'R71A is discretization of penalty

» Classical inferential tools are readily derived

> mean and variance of f

> confidence bands for f

> prediction intervals for new observations
2

> estimate of error variance o

> selection of smoothing parameter A via generalized cross validation

POLITECNICO DI MILANO
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Spatial regression models = EUTURO
N .. o IN RICERCA = VAPLE -5

with differential reqularization
|

pointwise 95%
confidence bands

Physiological velocity field
Asymmetry due to curvature of carotid
artery and to carotid bifurcation

Relevant features: eccentricity, " Nobile, Pozzoli, Vergara
reversion of fluxes Patient-specific inflow conditions for Computation Fluid-Dynamics

POLITECNICO DI MILANO
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Irreqularly shaped domains and boundary conditions

- Sangalli L.M., Ramsay J.O., Ramsay T.0. (2013), “Spatial splines regression models”,
Journal of the Royal Statistical Society Ser. B, Statistical Methodology, 75, 4, 681-703.

- Ramsay J.O., Ramsay T.0., Sangalli L.M. (2011), “Spatial Functional Data Analysis”, in Recent Advances in Functional Data
Analysis and Related Topics, Springer Series Contribution to Statistics, pp. 269--276.

Incorporating a priori knowledge

- Azzimonti L., “Blood flow velocity field estimation via spatial regression with PDE penalization”, PhD Thesis, Politecnico di Milano,
2013.

- Azzimonti L., Sangalli L.M., Secchi P., Domanin M. and Nobile F. (2013), “Blood flow velocity field estimation via spatial regression
with PDE penalization”, Tech.rep N. 19/2013, MOX, Dip. di Matematica, Politecnico di Milano.

- Azzimonti L., Nobile F., Sangalli L.M., Secchi P. (2013), “Mixed Finite Elements for spatial regression with PDE penalization”,
Tech.rep N. 20/2013, MOX, Dip. di Matematica, Politecnico di Milano.

Manifold domains

- Ettinger B., Perotto S., Sangalli L.M. (2012), “Regression models over two-dimensional manifolds”, Tech.rep N. 54/2012, MOX, Dip.
di Matematica, Politecnico di Milano.

- Ettinger B., Passerini T., Perotto S., Sangalli L.M. (2013), “Spatial smoothing for data distributed over non-planar domains”, in
Complex Models and Computational Methods in Statistics, Springer Series Contribution to Statistics, pp. 123-136.

- Dassi F., Ettinger B., Perotto S., Sangalli L.M. (2013), “ Mesh simplification for spatial regression of cortical surface data”, Tech.rep
N. 31/2013, MOX, Dip. di Matematica, Politecnico di Milano.
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