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Lecture 3: Contents

• FE2 with error estimation and adaptivity
− Discretization and modeling errors
− Error control for FE2

− Computational results for (simple) 2D model problems
− Adaptive (seamless) bridging of scales

• Outlook - Selected research at Chalmers
− Transient problems (Ph.D. student Su)
− Permeability (Ph.D. student Sandström)
− Powder metallurgy - Sintering (Ph.D. student Öhman)
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Lecture 3 - Part I

FE2 with error estimation and adaptivity

Dept. of Applied Mechanics

Runesson/Larsson, Geilo 2011-01-24 – p.3/76



Modeling and Computation – Errors

- Inverse identification
- Calibration
(model error )EVAL

Simulation -
Physical validation

Numerical verification
(discretization and solution error

Model verification
(verifiable model error )EMOD

“Fine model”

(maybeinaccessible)
Computercode

“Reality”

“Work model”

Model validation

E +EFEM SOL)
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Computational mechanics - Accuracy vs. cost

• Error control
- What is the goal of the analysis and what is the accuracy?

• The optimization problem of adaptive analysis
Obtain the required accuracy at minimum computational cost
or
Obtain maximum accuracy with available computational resources

• Different sources of errors
Balance the accuracy (and required effort) in modeling and solution
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Error control

Are the equations solved right?

Are the right equations solved?
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Goal oriented error control - The dual solution

• Structural problem:

K u = f

• Output of interest

Q = qT u

Example structure

u1, f1
u2, f2

u3, f3
u4, f4

Study, e.g., elongation of the diag-
onal bar

Q = 1/
√
2u3 + 1/

√
2u4

• Dual problem (cf. influence/Green’s functions)

KT u∗ = q

⇒ Q = qT u = u∗TK u = u∗Tf
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Goal oriented error control - Solution error

• Approximatesolution toexactproblem

K uh ≈ f ⇒ Q ≈ Qh = qTuh

• Solution (discretization in FEM) error

Eh
def
= Q−Qh = qT (u− uh) = u∗TK (u− uh) = u∗Trh

Computable residual

rh = K u−K uh = f −K uh

• Adaptivity by controllingrh
• Issues in practice

− Linearization of nonlinear problems
− Approximate solution ofu∗ - Must be more accurate than the solution ofuh
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Goal oriented error control - Model error

• Exactsolution toapproximateproblem

Km um = f ⇒ Q ≈ Qm = qTum

• Model error

Em def
= Q−Qm = qT (u− um) = u∗TK (u− um) = u∗Trm

Computable residual

rm = K u−K um = f −K um = (Km −K)um

• Adaptivity by controllingrm

• Issues in practice
− Approximate solution ofu∗ - May be based on approximate model
− Approximate evaluation of exact model, e.g.K, for model residual - Must

be more accurate than approximate model, e.g.Km
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Prototype problem: Nonlinear elasticity

• Strong form: Solve for
displacement fieldu(X)
from

−P ·∇ = f in Ω,

P = P (F ),

F = I + u⊗∇,

+ Boundary conditions

f
X

u(X)

Ω

• Weak form: Solve for displacementsu ∈ U s.t.

∫

Ω

P (F [u]) : [δu⊗∇] dV =

∫

Ω

f · δudV, ∀δu ∈ U0

• Finite element formulation: Solve for displacementsuh ∈ Uh ⊂ U s.t.

∫

Ω

P (F [uh]) : [δu⊗∇] dV =

∫

Ω

f · δudV, ∀δu ∈ U0
h
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Nonlinear elasticity - Error control

• Dual problem: Solve for displacementsu∗ ∈ U0 s.t.

∫

Ω

[u∗ ⊗∇] :
dP

dF
: [δu⊗∇] dV =

∫

Ω

q · δudV, ∀δu ∈ U0

based on output of interestQ(u) =
∫

Ω
q · udV

• Approximate model
P (F ) ≈ Pm(F )

• Error computation for approximationum
h

E =

∫

Ω

f · u∗ dV −
∫

Ω

Pm (F [um
h ]) : [u∗ ⊗∇] dV

︸ ︷︷ ︸

Discretization error

+

∫

Ω

Pm (F [um
h ]) : [u∗ ⊗∇] dV −

∫

Ω

P (F [um
h ]) : [u∗ ⊗∇] dV

︸ ︷︷ ︸

Modeling error
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Numerical example – Adaptive modeling

B

x
2

u

x
1

• "Exact" model:Elasto-plasticity
• "Approximate" model:Elasticity
• Error measure: Contraction of hole diameterQ(u) = −u2|X=XB

• Note: Only model error computed
⇒ u∗

h ∈ Vh considered ”exact”

• LARSSON, RUNESSON: Comput.Meth.Appl.Mech.Eng. (2004)
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Model adaptivity – Coarse tolerance

TOL = 10%

Model resolution Error distribution
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Model adaptivity – Fine tolerance

TOL = 1%

Model resolution Error distribution
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Classical (first order) homogenization

Ω�, Γ�

F̄

P̄ L̄

t

Ω
×

Macro-scale (equilibrium):̄u ∈ Ū

ā{ū; δū} = l̄{δū}, ∀δū ∈ Ū
0

→ H̄
(
= F̄ − I

)

"Typical subscale problem" for Representa-
tive Volume Element (RVE): For given̄H ,
findu ∈ U2(H̄)

”a2(u; δu) = l2(δu)”, ∀δu ∈ U
0
2

→ P̄ , L̄ [dP̄ = L̄ : dF̄ algorithmic relation]
• Remarks

− Basis for FE2 method, iterative solution involving macro- and subscales
− {•} implicit function (via homogenization)
− Functions inŪ smoother thanU2(H̄)
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Macroscale model and discretization errors

• ”Fine” model: Exact solution̄u ∈ Ū solves

ā{ū; δū} = l̄{δū} ∀δū ∈ Ū
0

• ”Work” model (q = hierarchical model parameter): FE-solution
ūHq ∈ ŪH ⊂ Ū solves

ā(q){ūHq; δūH} = l̄{δūH} ∀δūH ∈ Ū
0
H ⊂ Ū

0

• Error measureE{ū; ūHq} = Q{ū} −Q(q){ūHq}
• Exact error representation using dual solutionū∗ ∈ Ū

0

E{ū, ūHq} = RFEM{ūHq; ū
∗ − ρ̄H}

︸ ︷︷ ︸

EFEM

+RMOD{ūHq; ū
∗}

︸ ︷︷ ︸

EMOD

, ∀ρ̄H ∈ U
0
H
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Macroscale model and discretization errors

• Discretization and model residuals

RFEM{ūHq; δū} = l̄{δū} −
∫

Ω

P̄ (q){ūHq} : H̄[δū] dΩ

RMOD{ūHq; δū} = −
∫

Ω

[
P̄ {ūHq} − P̄ (q){ūHq}

]
: H̄ [δū] dΩ

• Remarks
− RFEM captures macroscale discretization error
− RMOD captures macroscale error due to inexact computation of subscale

stresses:̄P {ū} − P̄ (q){ū} macroscale stress error

− P̄ (q) computable for given subscale "model",P̄ normally inaccessible;

need for approximation, i.e. ”best possible accessible model”, P̄ (q+),

q+ � q
− Hierarchical model parameterq(X, t) ∈ [qcoarse, qfine] in Ω× I , qfine may

be inaccessible!! E.g.L2 = LRVE = ∞
− Adaptive choice of (balanced) discretization and model errors fulfills

accuracy requirement
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Sources of macroscale model errors

• Inadequate constitutive models for subscale constituents
• Inexact prolongation conditions (variational framework,boundary conditions)

of Representative Volume Element, RVE
• Finite size of RVE, (should rather be denoted Subscale Volume Element for

L2 < ∞)
• FE-discretization of subscale problem – (Adaptive FE)2

• Neglecting subscale transient character
• Remark: Exact solution still based on complete scale separation within the

chosen framework of model-based homogenization. Error dueto scale-mixing
is not (and cannot be) included in this framework!

Dept. of Applied Mechanics

Runesson/Larsson, Geilo 2011-01-24 – p.18/76



Transfer of error across the scales

• Verifiable errors: Model, discretization, numerical solution, etc

Scale 0 (macroscale)
model error, discretization error

�

Subscale 1
model error , discretization error

�

Subcale 2
model error, discretization error

�

. . .

• Remark : All errors on a given subscale appear as model error on the nearest
coarser scale
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Example: Membrane of Duplex Stainless Steel

Austenite (FCC) Ferrite (BCC)

Voronoi

RVE

1

2

3

f̄X̄A

X̄B

Γ̄R • Macro-scale plane stress,P̄33 = 0

• Crystal plasticity in each phase
• Only model errorconsidered
• Subscale modeling: Prolongation

conditions
− Dirichlet boundary conditions:

accurate- expensive (q = 1)
− Voigt (=Taylor) approximation:

approximate -low cost(q = 0)

• Q = ū2(X̄B)
diameter contraction

• Material parameter values for two phases of SAF 2507 DSS

λ [GPa] G [GPa] q ξ h0 [MPa] h∞ [MPa] τy [MPa] n t∗ [s]

austenite 71 106 1.40 188 3680 0 164 1 small

ferrite 71 106 1.61 148 768 0 321 1 small
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Macroscale response (non-adaptive)

• Global load-displacement response for DSS-membrane

0 0.01 0.02 0.03 0.04 0.05 0.06
0

200

400

600

800

 

 

Taylor assumption
Dirchlet boundary conditions

ū

f̄

• Only one single realization of RVE in each macroscale GP
• Note: Global response is quite insensitive. Would the Taylor model (fluctuation

field omitted) suffice?
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Adaptive subscale Dirichlet-Taylor

• Adaptive results for TOL≈ 10−4 at completed loading (40 load incr). Assumed
at most linear error growth.Note: Very small tolerance!
− Model distribution (dark=Dirichlet) after 20, 30 and 40 load increments

(left to right)

− Distribution of error (dark=high) generated during 20th, 30th and 40th load
increment (left to right)
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Example: Meso-macro-scale modeling

A

t = T ∗Ematre2

X1

X2

Ω

×

• Macro-scale problem
− Ramp loading in time,T ∗ = 0.01 t/t∗, t/t∗ ∈ (0, 4)

− Goal function:Q(u)
def
= H11[u]| ¯XA

− Aim: Model error≈ Macro-scale discretization error
• Meso-scale problem

− Random realization (perturbation of particle size and lattice) of composite
for particle volume fraction.
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Subscale: Adaptive constitutive modeling

• Elasto-plastic matrix

Ematr, νmatr = 0.3

σy = 0.01Ematr (von Mises)

H = 0.2Ematr, r = 0.5 (mixed hardening)

t∗ (Perzyna visco-plasticity)

• Elastic grains

Epart = 5Ematr, νpart = 0.3

• Model hierarchy
− q = qfine = 1: Elasto-plastic matrix; Meso-macro-scale model
− q = 0: Linear elastic matrix; A priori homogenized macro-model
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Meso-scale Example: Simple shear test

• Elasto-plastic composite
− Elasto-plastic matrix
− Elastic particles

• Macroscopic simple shear test (of RVE)
Effective plastic strain:0 (black) –∼ 2.5% (white)
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Constitutive modeling – Adaptive results

• Adaptive error control

• Total (spatial) error̃Erel ≈ 5% within each time-step
• Aim: Model error≈ Macro-scale discretization error

Adapted mesh and
model,t/t∗ = 1

Adapted mesh and
model,t/t∗ = 2

Adapted mesh and
model,t/t∗ = 3

• Adapted model distribution
− q = 0: Elastic matrix (dark)
− q = 1: Elasto-plastic matrix (light)
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• Final adapted mesh and model,t/t∗ = 4

• Adapted model distribution
− q = 0: Elastic matrix (dark) –q = 1: Elasto-plastic matrix (light)
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• Example of actual deformed elasto-plastic RVE

t/t∗ = 2 t/t∗ = 3 t/t∗ = 4 (final)

• Effective plastic strain0 (black) –∼ 3.8%(white)

Dept. of Applied Mechanics

Runesson/Larsson, Geilo 2011-01-24 – p.28/76



Example: Particle composite

A

t

X1

X2

Ω

×

LM

• Macro-scale plane strain,̄H33 = 0

• Nonlinear elastic phases
• Dirichlet b.c. on RVE
• Discretization and model errors

considered
• Subscale modeling: FE-discretization,

resolved with discrete set of tolerances
w.r.t error in macroscale stress
components
− TOLsub(q) = 10−(q+1)/2,

q = {1, 2, . . .}

• Material parameter values for two phases
K [GPa] G [GPa]

matrix 20 10

particles 300 100
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Adaptive discretization of RVE (FE 2)

• Adaptive computation; Total relative errorẼrel ≈ 5.8% (after 6 macroscale
refinements)

Adapted macroscale mesh Adapted model distributionq ∈ [1, 3] (dark
– light)

• Note : Only one single realization of RVE in each macroscale GP
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Adaptive discretization of RVE (FE 2)
• Snapshots of deformed RVE’s for actual values of macroscaleF̄ and subscale

error tolerance levelq

q = 1
TOLsub = 10%

q = 2
TOLsub = 3.2%

q = 3
TOLsub = 1%

• Note : Enhanced (automatic) subscale resolution for reduced tolerance,TOLsub,
on subscale discretization error
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Example: Particle composite

A

t

X1

X2

Ω

×

LM

• Macro-scale plane strain,̄H33 = 0

• Nonlinear elastic phases
• Dirichlet b.c. on RVE
• Fixed tolerance (TOLsub = 5%) for

RVE discretization w.r.t. error in
macro-scale stress components;

adaptive subscale meshes (unique for
each RVE)

• Discretization and model errors
considered

• Subscale modeling:Size of RVE
− L2 = q× lattice size,

q = {1, 2, . . .}
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Adaptive size of RVE (FE 2)

• Adaptive computation; Total relative errorẼrel ≈ 4.1% (after 5 refinements)

Adapted mesh

Adapted model distributionq ∈ [1, 3] (dark
– light)
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Adaptive size of RVE (FE 2)
• Snapshots of deformed QVE’s for actual values of macroscaleF̄ (deformation

magnified) and subscale error tolerance levelq

q = 1 q = 2 q = 3

• Remarks:
− Small macro-deformations (although possibly large RBM, which contribute

to F̄ ) ; Small-size QVE
− Small-size QVE; Near-homogeneous sub-scale deformations for

Dirichlet B.C. (∼ Taylor assumption); Coarse sub-scale mesh for given
tolerance
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Two-scale modeling - ”The basic dilemma”

• Mixing/separation of scales: Two extreme cases
1. Adopt (1st order) homogenization everywhere (complete scale separation)

– inexpensive
Note: Communication via macro- and subscales entirely via homogenized
quantities, e.g. strains and stresses

2. Resolve fine scale evereywhere in the space/time domain (complete scale
mixing), "overkill" solution – expensive

• Need to account for scale-mixing depends on
− Physical phenomena resulting in smooth or non-smooth fields, e.g.

localized damage and deformations is stress problems
− Required level of accuracy in desired output (quantity of interest): Local

(subscale) or global (macroscale)
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Example of scalemixing – Transient problems

• Transient RVE-problem
; Size-effect (Physical & Numerical)
0th and1st order derivatives in space

• Stationary RVE-problem (Exact for the limitL2 →0)
; Complete scale separation
cf. ÖZDEMIR ET AL. (2008),TEMIZER & WRIGGERS (2010)

• Investigation of error for 1D heat flow example
− Macroscale problem of sizeL
− Harmonic variation of heat capacity and conductivity with wavelengthl
− FE2-solutions with different RVE-sizes,L2, and different macro-scale

discretizations
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Homogenization of transient problems

• Large scale separation (L/l = 100)
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• Converging results
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Homogenization of transient problems

• Small scale separation (L/l = 25)
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• Optimal RVE-size meshdependent!
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”Model-based” homogenization

• A priori assumed separation of scales
• Order of homogenization (1st, 2nd,

etc) part of modeling
• Homogenization on RVE’s in

quadrature points
• Prolongation condition, i.e. how to

imposeF̄ on the subscale (defining the
RVE-problem), is part of modeling

• No possibility for "built-in" scale-
bridging
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”Discretization-based” homogenization

Scale separation

Scale mixing - bridging

• No a priori assumed homogenization
on RVE’s

• Order of homogenization (1st, 2nd,
etc) determined by macroscale
FE-approximation (no model
assumption)

• Variationally consistent "nonlocal
homogenization" on QVE=Quadrature
Volume Element (in case of sufficient
scale separation)

• Possibility for adaptive FE2

• Admits adaptive (seamless) bridging of
scales
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Micro-inhomogeneity - Characteristics

• Characteristic dimensions of substructure
Note: Periodic lattice structure shown for illustration only

l+sub

l−sub

• Resolution length of subscale (e.g. fraction of
lattice size with presumed homogeneous material
properties):l−sub

• Size of QVE (Quadrature Volume Element):l+sub

• Remark: Aim for l+sub ≈ lRVE = size of RVE
(Representative Volume Element)

• Remark: l+sub, l
−
sub obtained as the result ofanalysis of the properties of the

substructure: Topology and size of lattice structure (in case of ordered
structure), volume fraction of particles, statistical properties, etc. They are not
physical lengthsper se but are rathermodel assumptionsand should be chosen
adaptively!
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Discretization-based scale-bridging

• Model resolution defined by macroscale FE-mesh diameterH

• Scale-bridging levels in present framework relevant to
− No scale separation (level I)
− Partial scale separation (level II)
− (Near-)complete separation (level III)

• Theadaptively chosen value ofH determines the appropriate modeling level!
⇒ Not quite (but close to) seamless algorithm
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Scale-bridging levels

Level I.
Hmax < l−sub,
no subscale
problem

l+sub

l−sub

H

Level II.
Hmax > l−sub, Hmin < l+sub,
l2 = H

l+sub

h

H

Level III.
Hmin > l+sub,

l2 = l+sub l+sub

H
l+sub

H

• Level II: cf. Variational Multiscale Method,
HUGHES (1995), MÅLQVIST & M. LARSON (2006), . . .
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Macro-subscale coupling and homogenization

• (De)coupling of coarse and fine scales

GivenuM, ∃ prolongationũs{uM} s.t.

u = ũ{uM} def
= uM + ũs{uM}

uM → u ⇒ ũs → 0

us

uM

uM = "coarse scale" - macroscale solution

ũs{uM} = "fine scale" - subscale solution (fluctuation field)

• Condition foruM to act as "homogenizer": Satisfaction ofHill-Mandel
macro-homogeneity condition
− Model-based homogenization: A priori assumption on the variation ofuM

within RVE’s
− Discretization-based homogenization: FE-approximationfor uM → uM

H

within QVE = Quadrature Volume Element
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Discretization-based homogenization

• Subscale problem on QVE: Given macroscale FE-solutionuM
H 7→ subscale

prolongationũs{uM
H} (may be incomputable) replaced byũs

(q){uM
H} (always

computable)
− q represents hierarchical level of subscale model and defines"work model"

Example: Local tolerance:tol = 10−q/2

• Subscale "Dirichlet problem" on QVE: For givenuM
H , find subscale solution

ũs ∈ U2 = U
0
2

, ũs = 0 onΓ2, s.t.

R2(δu
s)

def
= l2(δu

s)− a2(u
M
H + ũs; δus) = 0 ∀δus ∈ U2

a2(u; δu)
def
= 〈P (F ) : G[δu]〉2, 〈•〉2 def

=
1

|Ω2|

∫

Ω2

• dV, G[u]
def
= u⊗∇

• Remark : Variational framework may be extended to accomodate discont. us on
Γ2, eg. weakly periodic variational framework [future work]
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Discretization-based homogenization

• Macroscale FE-problem for work model: Solve foruM
H ∈ U

M
H that satisfies:

R(q){uM
H ; δuM

H} def
= l(δuM

H)− a(q){uM
H ; δuM

H} = 0 ∀δuM
H ∈ U

M,0
H

a(q){uM
H ; δuM} def

=

∫

Ω

a
(q)
2 {uM

H ; δuM} dV =

∫

Ω

〈

P (q){uM
H} : G[δuM]

〉

2

dV

P (q){uM
H} def

= P (G[ũHq{uM
H}])

ũHq{uM
H} def

= uM
H + ũs

(q){uM
H}
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Discretization-based homogenization

• Macroscale quadrature for FE-solutionũHq{uM
H} def

= uM
H + ũs

(q){uM
H} of

"work model"

a(ũHq; δu
M
H) =

∫

Ω

a
(q)
2 {uM

H ; δuM
H}dV ≈

NQV E
∑

i=1

Wi a
(q)
2,i{uM

H ; δuM
H}

Wi = quadrature weights
• "Homogenization" on a QVE does not introduce a macroscale error per se;

however,quadrature does!

A trivial observation ....

I def
=

∫

Ω
f(x) dx

"Homogenization":fi
def
= 1

|Ωi|

∫

Ωi

f dx

Definef̃(x) = fi if x ∈ Ωi

⇒
∫

Ω
f̃(x) dx = I!!! x

f

Ωi

fi
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Discretization-based homogenization: Evaluation

• "Homogenization property" for macroscale FE-approximationuM
H of

polynomial orderp:

〈P : G[δuM
H ]〉2 = P̄

(1)
: δH̄

(1)
+ P̄

(2)
: δH̄

(2)
+ . . .+ P̄

(p)
: δH̄

(p)

P̄
(k) def

= 〈P ⊗ [X − X̄]⊗ [X − X̄]⊗ . . .⊗ [X − X̄]
︸ ︷︷ ︸

k−1

〉2

δH̄
(k) def

= (G[δuM
H ]⊗∇⊗∇⊗ . . .⊗∇

︸ ︷︷ ︸

k−1

)(X̄)

• Remark : P̄
(k)

, H̄
(k)

live in "the discrete world"
• Remark : 1st order homogenization obtained forp = 1: only classical volume

averageP̄
(1)

remains
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Example: Stationary macro-crack

σ̄22

Γtop

spacing

• Sub-scale problem characterization
− Stiff elastic particles,GP, KP = 10GP

− Elastic-plastic matrix,
GM = GP/10, KM = KP/10, σY,M = GM/10

• Adaptive control of average displacementQ = 1
|Γtop|

∫

Γtop
u2dA
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Results: Stationary macro-crack

• Large scale separation,
d/LMAC = 1/100, adaptive
algorithm aiming for
TOL = 2%

• Small scale separation,
d/LMAC = 1/10, adaptive
algorithm aiming for
TOL = 20% Note :
Substructure not yet well
resolved!

black: level I (full resolution),
grey: level II (special case of VMS),
white: level III (homogenization)
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• Large scale separation - "multiscale closeup"

• Small scale separation - "multiscale closeup":Note : still large error,
substructure not yet well resolved!

Dept. of Applied Mechanics

Runesson/Larsson, Geilo 2011-01-24 – p.51/76



Selected references

• Goal-oriented error control for FEM

K. Eriksson, D. Estep, P. Hansbo, C. Johnson. Introduction to adaptive methods for differential

equations.Acta Numer. 1995: 105–158.

R. Becker, R. Rannacher. A feed-back approach to error control in finite element methods:

basic analysis and examples.East- West J. Numer. Math. 1996: 237–264.

• Model and discretization errors

E. Stein, S. Ohnimus. Coupled model- and solution-adaptivity in the finite-element method.

Comput. Methods Appl. Mech. Engrg. 1997: 327–350.

J.T. Oden, S. Prudhomme, D.C. Hammerand, M.S. Kuczma. Modeling error and adaptivity in

nonlinear continuum mechanics.Comput. Methods Appl. Mech. Engrg. 2001: 6663–6684.

J.T. Oden, K.S. Vemaganti. Estimation of local modeling error and goal-oriented adaptive

modeling of heterogeneous materials.J. Comput. Phys. 2000: 22–47.

M. Braack, A. Ern. A posteriori control of modeling errors and discretization errors.

Multiscale Model. Simul. 2003: 221–238.

F. Larsson, K. Runesson. Model and discretization error in (visco)plasticity with a view to

hierarchical modeling.Comput. Methods Appl. Mech. Engrg. 2004: 5283–5300.

C. Oskay, J. Fish. Eigendeformation based reduced order homogenization.Comput. Meth.

Appl. Mech. Engrg. 2007: 1216–1243.

Dept. of Applied Mechanics

Runesson/Larsson, Geilo 2011-01-24 – p.52/76



Selected references, cont’d
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Lecture 3 - Part II

Outlook - Selected research at Chalmers
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Consolidation in porous granular media

Su, Larsson, Runesson
• Multiscale modeling of porous fine-grained granular material with pore-fluid,

such as asphalt concrete (sand/bitumen mixture with embedded stones)
• Micro-inhomogeneity: particles in matrix
• Note: Intrinsically time-dependent (seepage)

Multiscale material modeling of

asphalt-concrete for road

pavements

ballast

asphalt

fluid-filled pores

solid skeleton

Dept. of Applied Mechanics

Runesson/Larsson, Geilo 2011-01-24 – p.55/76



Quasi-static consolidation problem

• Balance equations for subscale porous medium (mixture) subjected to
quasistatic loading

−σ̂ ·∇− %̂g = 0 in Ω× [0, T ), momentum balance

dtΦ+ ŵ ·∇ = 0 in Ω× [0, T ), mass balance of pore fluid

• Storage function

Φ = φ

[

1 +
u− u0

KF

]

+ εvol, εvol
def
= u ·∇

• Bulk stress, effective stress:σ̂σσ = σσσ′ − uIII

• Hooke’s law for solid skeleton:σ′ = σ′
0 + 2Gεdev +KεvolI

• Nonlinear Darcy’s law for seepage:̂w = −k(u,∇u)
[
∇u− %Fg

]

• Remark : σ̂0 = initial equilibrium stress,u0 = non-flow pore pressure
[∇u0 = %Fg]. Henceforth: Set̂σ0 = 0, u0 = 0 without loss of generality
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Decoupled theory – Pore pressure equation

• Decoupled theory:εvol = K−1[u+ σ̂m]
approx→ K−1[u+ σ̂∗

m]
cf. CHRISTIAN AND BOEHMER, ASCE J. Eng. Mech., 1970

• Approximate "total mean stress"̂σ∗
m computeda priori. Assumptions:

− Assume undrained condition in each micro-constituent (matrix, particles)
; "undrained macroscale elastic moduli"Ḡ∗, K̄∗

− Total stress analysis→ equilibrium stresŝσ∗ → σ̂∗
m

• "Decoupled storage function"

Φ(u) = φ+

[
1

K
+

φ

KF

]

u+
1

K
σ̂∗
m

• Remark : Computation of undrained macroscale moduli based on the
assumptions:
− homogeneous stresŝσ∗

m within each RVE
− homogeneous elastic moduli within each micro-constituent
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Decoupled consolidation problem

• Space/time variational format: Findu(x, t) ∈ U s. t.

R(u; δu) = L(δu)−A(u; δu) ∀δu ∈ U
0

A(u; δu)
def
=

∫ T

0

( dtΦ, δu) dt+

∫ T

0

a(u; δu) dt+ (Φ(u|t=0+), δu|t=0+)

L(δu)
def
=

∫ T

0

l(δu) dt+ (Φ0, δu|t=0+)

with
a(u; δu)

def
= −

∫

Ω

ŵ ·∇(δu) dV, l(δu)
def
= −

∫

ΓN

qp δu dS

• FE-discretized macroscale and subscale problems (on RVE’s) in space/time:
p.w. quadratic in space, p.w. constant in time from dG(0) (problem has strongly
dissipative character)

• Remark : A priori restriction to algorithmic format; No possibility to control
time error (only spatial error)
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Nested Multiscale Method – FE 2

• Macroscale FE-problem on space-time slabΩ× In for n = 1, 2, . . . using
dG(0): Findnū ∈ Ū s.t.

R̄{nū; δū} =

[∫

In

l̄(δu) dt+∆t
(
¯̂w{nū, ∇̄nū}, ∇̄δū

)
]

−
([
Φ̄{nū, ∇̄nū} − n−1Φ̄

]
, δū

)
−

([
¯̄
Φ{nū, ∇̄nū} − n−1¯̄

Φ

]

, ∇̄δū
)

= 0, ∀δū ∈ Ū
0.

• Homogenized quantities:

¯̂w{ū, ξ̄} = 〈ŵ(u, ξ)〉
2
, Φ̄{ū, ξ̄} = 〈Φ(u)〉

2

¯̄
Φ{ū, ξ̄} def

= 〈Φ(u) [x− x̄]〉
2

• Remark : "Quasi-separation" of scales inherent in "2nd order storage function"
¯̄
Φ{ū, ξ̄}, cf. KOUZNETSOVA ET AL. (2002)

• Remark : ¯̄Φ{ū, ξ̄} → 0 whenlRVE → 0
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Nested Multiscale Method – FE 2

• SVE-problem: Dirichlet b.c. for pressurenu.
• Subscale FE-problem on space-time slabsΩ2 × In for n = 1, 2, . . . using

dG(0):
For givennuM(x̄;x, t), find nus ∈ U

0
2

s. t.

R2(
nuM + nus; δus) =

∫

In

l2(δu
s) dt−∆t a2(

nuM + nus; δus)

−
〈[
Φ(nuM + nus)− n−1Φ

]
δu

〉

2

= 0, ∀δus ∈ U
0
2

a2(u; δu)
def
= −〈ŵ ·∇δu〉

2
, l2(δu) = 0

• Remark: For the coupled problem it is possible to choose different
prolongation conditions for different fields
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Macroscale algorithmic tangent operators

• Linearization of macroscale problem for each space-time slab; bilinear but
generallynon-symmetric form

R̄′{•; δū, dū} = −
∫

Ω

δūC̄ dūdV −
∫

Ω

δūB̄ · ∇̄( dū) dV

+

∫

Ω

∇̄(δū) ·
[

∆t Ȳ − ¯̄C
]

dūdV

−
∫

Ω

∇̄(δū) ·
[

∆t K̄ + ¯̄B
]

· ∇̄( dū) dV

• Macroscale tangent operators defined by

d ¯̂w = Ȳ dū− K̄ · dξ̄
dΦ̄ = C̄ dū+ B̄ · dξ̄
d¯̄Φ = ¯̄C dū+ ¯̄B · dξ̄

• Note : ¯̄B 3rd order tensor
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Macroscale algorithmic tangent operators

• Algorithmic tangent operators̄C, Ȳ , B̄, ¯̄C, K̄, ¯̄B computed via sensitivity

fieldsûs
ū, û

s(j)

ξ̄
∈ U

0
2

on RVE .

Example:

(K̄)ij = 〈(K)ij〉2 +
〈

(K ·∇û
s(j)

ξ̄
)i

〉

2

− 〈(Y )i[xj − x̄j ]〉2
︸ ︷︷ ︸

"2nd order"

−
〈

(Y )iû
s(j)

ξ̄

〉

2

Y
def
=

∂ŵ

∂u
, K

def
= − ∂ŵ

∂(∇u)

• Definition of sensitivities in terms ofansatz for dus related to differential

changes of̄u andξ̄j
def
= (∇̄ū)j :

dus(x) = ûs
ū(x) dū+

NDIM∑

i=1

û
s(i)

ξ̄
(x) dξ̄i
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Macroscale algorithmic tangent operators

• Sensitivity fields are solutions of tangent problems on RVE’s:

(i) Solve forûs
ū

def
= nûs

ū ∈ U
0
2

from

〈Φ′δus ûs
ū〉2 −∆t 〈∇[δus] · Y ûs

ū〉2 +∆t 〈∇[δus] ·K ·∇[ûs
ū]〉2

= −〈Φ′δus〉
2
+∆t 〈∇[δus] · Y 〉

2
,

∀δus ∈ U
0
2
.

(ii) Solve for ûs(i)

ξ̄

def
= nû

s(i)

ξ̄
∈ U

0
2
, i = 1, 2, . . . , NDIM , from

〈

Φ′δus û
s(i)

ξ̄

〉

2

−∆t
〈

∇[δus] · Y û
s(i)

ξ̄

〉

2

+∆t
〈

∇[δus] ·K ·∇[û
s(i)

ξ̄
]
〉

2

= −〈Φ′δus[xi − x̄i]〉2 +∆t 〈∇[δus] · Y [xi − x̄i]〉2 −∆t 〈∇[δus] ·K · ei]〉2
∀δus ∈ U

0
2
.

• Remark : ûs
ū = 0 for stationary problems
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Consolidation of pavement layer – coupled model

• Plane consolidation of symmetrically loaded (semi-infinite) layer of
asphalt-concrete. RVE consisting of 2× 2 unit cells. Dirichlet b.c. adopted.

sym

0 0.1 0.2 0.3 0.4 0.5
0

0.05

0.1

0.15

f̄R = 0.8 MPa

f̄R = 0.8 MPa

lRVE

0.15 m

0.5 m

0.25 m

(a)

(b)(b)

x̄1

x̄2

ΩA
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FE2 algorithm: Results
• Pore pressure field on top of deformed mesh after 0.0001 sec. (a) Single-scale

analysis. (b) Multiscale analysis: macroscale solution and RVE- solutions at
three different macroscale quadrature points.

0 0.05 0.1 0.15 0.2

0.11

0.12

0.13

0.14

0
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8
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5
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0.12

0.14

0
2
4
6
8

x 10
5

[Pa]

[Pa]

x̄ = [0.008, 0.133] x̄ = [0.058, 0.133] x̄ = [0.108, 0.133]

(a)

(b)
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FE2 algorithm: Results, cont’d
• Comparison of different particle distributions inside RVE: one particle in the

center (particle-centered topology) vs. 4 quarters of a particle in the corners of a
unit cell (matrix-centered topology). (a) Average pore pressure in the selected
regionΩA. (b) Averagevertical (x2-) displacement the selected regionΩA.
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Computational homogenization of porous media

Sandström, Larsson, Johansson, Runesson

• Up-scaling and computational homogenization offlow in porous mediacoupled
to solid skeleton deformation
; Improved modeling for
− deformation-dependent permeability
− gas-fluid mixtures
− . . .

• Initial analysis: Homogenization of porous media flow (rigid solid)

− Macroscale: Darcy-type
flow

q̄ · ∇̄ = 0

whereq̄ is seepage

− Subscale: incompressible
Stoke’s flow

− [σv(v ⊗∇)− pI] ·∇ = 0

v ·∇ = 0

v velocity
p pressure andσv viscous
stress
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Macroscale permeability

• Prolongation: Ensure prescribed macroscale pressure gradient ξ̄
• Homogenization; q̄ = n̄〈v〉2

n porosity
• Consider Linear Stokes’ law, i.e.

σv = 2µ [v ⊗∇]sym

• Macroscale constitutive relation for seepage velocity (flux) q̄ in terms of

pressure gradient̄ξ
def
= ∇̄p̄:

q̄ = −K̄ · ξ̄
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Dirichlet conditions on v

Prescribed∇p̃ = [1 0]
T

1s
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Neumann conditions on tv

Prescribed∇p̃ = [1 0]
T
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Periodic conditions

Prescribed∇p̃ = [1 0]
T
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Macroscale permeability tensor

• Nonlinear fluid; FE2
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Sintering of hardmetal (WC-Co system)

Öhman, Runesson, Larsson

• WC-particles surrounded by "matrix" of Co, initial pore-space∼ 20− 40%
Note: Intrinsically time-dependent deformation + solid diffusion + melt Co

pore Co WC

• Sintering driven by surface tension Co-porespace
from initial precompacted porosity (inhomogeneous
relative density,ρ′0)

• Subscale constitutive modeling:
− Co-binder: Incompressible, non-Newtonian

(visco-plastic) flow; nonlinear Stokes’
− WC-particles: "Rigid"→ incompressible,

Newtonian flow with "large" viscosity

σdev(d) = 2µ f(de)ddev, de
def
=

√

2

3
|ddev|

• Macroscale momentum balance.
Note : Finite macroscale compressibility due to
shrinking pore-space
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Model-based homogenization of viscous sintering

Figure 1: Evolution of free surface within a typical RVE

• RVE-problem with Dirichlet b.c. (example), "driven" by macroscale
rate-of-deformation̄d → subscale velocity:v = vM(d̄) + vs

For givend̄, solve forvs ∈ V
(D)
2 , p ∈ P2:

a2(v
M(d̄) + vs; δvs) + b2(p, δv

s) = l2(δv
s) ∀δvs ∈ V

(D)
2 ,

b2(δp, v
M(d̄) + vs) = 0 ∀δp ∈ P2.

l2(δv
s): loading by "sintering stresses" = surface tension tractions onΓpore

2

• Surface-tension driven microflow of single "unit cell" RVE
− macroscopically rigid (RVE-boundaries are rigid)
− macroscopically isochoric
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Simulation of sintering

• Macroscale problem for "free" (special case) sintering obtained from
variationally consistent macro-homogeneity condition

ā{v̄; δv̄} def
=

∫

Ω

σ̄{d̄} : δd̄dv̄ = 0

Energy-conjugated macroscale stress:σ̄ = 1
|Ω̂2|

∫

Γ̂2

(t⊗ [x− x̄])sym da

x̄ = center of RVE
• FE2 of free sintering for non-Newtonian microflow

− homogeneous initial relative density (but lower boundary is artificially
fixed)

− non-homogeneous initial relative density, truly unrestrained macroscopic
boundaries, single-phase

− non-homogeneous initial relative density, truly unrestrained macroscopic
boundaries, two-phase (with near-rigid particles)

• Modeling and computational strategies of surface tension:ZHOU & DERBY, PERIC

ET AL., JAVILI & STEINMANN among others
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