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Phaseeld models
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Curwve or surfaceto minimize enegy

min E() :

Examples:

Curvature energy

IS the curventure in 2D and the mean curvature in 3D, i.e.
1 2 are the principle curvatures.

Hook's law: vd
E= (a+ b cp)+ cG)?ds:

G is the Gaussian curvature for 3D problems.

:(1+

2)=2 and



Curwve or surfaceto minimize enegy

min E() :
Examples:
Bulk energy

E=E;+ E2:

X
Ei1= fij length( j ):
1 i n
X
E, = garea( j):



Elliptic inverseproblems

r (g(x)r u)=1f; in ; u=0o0n@ :

0 o

Our interests: q is discontinuous and is piecewise smooth. We want to use some
information from u to recover q(x). The conduct media only contains four types of
materials in this example.



Applications

The ACT 3 system with 32 electrodes encircling the chest of a subject. Here the goal is to
make images that show the changes in volumes of air and blood that occur with breathing
and the pulsatile circulation of the blood. Such images are referred to as ventilation and
perfusion images, respectively. This is one possible positioning of electrodes for this purpose.

images. However, EIT is low cost, noninvasive, and provides information about the
electrical parameters of the body, which is information that cannot be obtained by
these other methods. Speci ¢ clinical applications still needto be explored.

The xed-frequency
version of Maxwell's equationsis

(A1) " E= il H;



Applications

A test tank containing \lungs" and \heart" made of agar with varying amounts of added
salt. This tank is | led with salt water, and used as a test body for the EIT system. Note
the large electrodes around the inner circumference of the tank.

s U 245 ohmeem

Images of the resistivity of two dier ent test tanks like the one shown in Figure 1. The two
dier ent tanks had hearts of dier ent sizes, meant to simulate dier ent times during the
heart's cycle.

Finally, the ill-p osednesof the problem also makesit unlikely that EIT images,
even with many electrodes, will have resolution comparableto that of CT or MRI
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Applications

Computer graphics: use computer to identify number of car plates.
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OtherApplications

Reservoir simulations, nd the zones
Tumors or demaged detection in human heart and brain

no-damage detections in industrial applications



Phaseeld method

The idea for phase eld model is related to several well-known equations:

Allen-Cahn equation:
1 :
Ut u+ —f(u)=0;in [0; T]:

Ginzburg-Landau equation.
Cohn-Hillard equation

Liquid Crystale



Phaseeld method

Two-phase case (stationary):
1 :
u+ —u(u 1) = 0in u=gon@ :

Z

1
: 2 2 2 4y
min r ujc+ —(u° 1)°dx
ity TG ( )



Propertiesvhen ! 0

z 1
min  —kr uk®+ —(u? 1)%dx:
u=g 2 4
It was proved that when ! 0, we have
Values:
u! 1:
L h:
engt -
kr uk?®! 0:94length() :
Area. 7
1
5 (u+ 1)! area( 1):
1Z
5 (LA uw! areal »2):
Curvature:



Propertiesvhen ! O

1
u+ —u(u®> 1)=0in u=gon@ :

z 1
min  —kr uk®+ —(u? 1)%dx:
u=g 2 4
ul! u = 1
Thus forg= 1, the limitu is the solution of

um:'rg]] Length() :



Otherenegy functionals

1 .
u+ 2u+ Zu(@?® 1)=0in u=gon@ :

Z 5 1
min —jr uc+ —j uj°)+ —(u 1) dx:
min- Sirut+ o W)+ o )
ul! u = 1
Thusforg= 1, the limitu is the solution of
Z Z
min  ds+ 2ds



Time evolution

1 .
Vit v+ Zv(v? 1)=0in v=gon@ :

2 2

1 .
Vi v+ v+ Zv(v® 1)=0in v=gon@ :

For xed , we have
v(ix;t)! u(x)ast! 1:

This offers some fast methods for solving the stationary equation for xed .



Phaseeld for morethantwo phases

Use a vector function for the phase values:

u= (ui;uz; ;Um):



Tracingcurvesor interfaces

Levelset Methods.



Optimalshapeadlesignapproach

Assume that the values of the constants are known and we only need to identify the
discontinuities:

tx = x(t);y = y(t);t 2 [a;b:
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Output-least-squares:

mnF(); F() =ku() ugke+ L()



Optimalshapeadlesignapproach

x(1) = (x(y); y(1)):
x(t) = %x(t) + (O)n(t):

a=tyg<t; < < th = b:
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Find the value of (t) that gives the optimal values.



Weakpoint of the shapedervative approach

Diffcult to handle complicated geometries.
Diffulct if a curve disappears.

Diffulct if a curve splits.

Diffulct if curves merge with each other.

The points could get clustered.



Thelevel setidea(OsherandSethian)
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Representing.w. constanfunctionsby level set

— two region case
Heaviside function: (
_ 1; > 0
0=y 0;
g=qH( )+ @ H()): (1)




More thantwo regions—multipldlevel-sets
(ChanandVese,2000)

++ = fx2 1> 0; 2 > 0g
+ = fx2 1> 0; 2 < 0Og
+ = fx2 1< 0 2 > 0g
= fx2 1< 0 2 < 0g:

g = qH( )H( 2)+ eH( 1)1

+03(1

H(C ))H( 2) + (d

H( 2)) +
H( 1))@ H( 2)):



Thegenerakase

q = awH(1)H(2) H(na)+
+ (1 H(C1)H(C(2) H(na)+

tpn (1 H(1)@ H(C2) @ HC(n):

For n regions, only needs log,(n) level-set functions.

No need to know the number of regions—some of the regions are allowed to be
empty automatically.

We do not need to know ; exactly. We just need to know where it is positive and
where it is negative.

We will try to identify the level set functions ; and also the constant values ¢ .

Easy to extend to cases that q is piecewise polynomial or piecewise smooth (Chan
and Vese).



Theessentialdea

figly () f igly () f oy () fH( i)gio



For generabhapeoptimizationproblems/ChanTai, JCPO3,
vol.193)

Consider

ggllr(l F(q):

Gradient method needs %:
Represent g by level-set functions and the constant values
q= a(g; i):

In order nd the constant g; values and the level-set functions ;, we need

@3 @
— and —:
@ @
Use the chain rule:
F_¢a @_°"@a
Q@ @ @ @ @ @
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An inverseproblem

r (g(x)r u)=1f; in ; u=0o0n@ :

We shall use some observations of u to recover q(x).

min F (q); F(q) = ku(g) ugke + R(q)

or
min F(q; u); F(qu) = ku ugke + R(q)
r (q(x)r u)="f
is a small regularization parameter to be chosen properly.

The problem is identiab le if u 2 Hé* () andr u 6 0Oa.e. in . (There are many

references for this).



The AugmentlLagrangiarnfor theinverseproblem

Assume that we have an observation uy everywhere for the solution u, try to solve
Z

: 1
min -

dx + R(g)dx:
. omn 5 Ju(@  ugitax (q)dx

De ne equation error by
e=r (gr u) f:

Use augmented Lagrangian method
1 2, C 2
L(q;u; )= Eku ugk< + Ekr ek“+ (r ; re+ R(gdx:

Tests have also been done without using augmented Lagrangian method.



For generakhapeoptimizationproblems

Consider

ggllr(l F(q):

Gradient method needs %:
Represent g by level-set functions and the constant values
q= a(g; i):

In order nd the constant g; values and the level-set functions ;, we need

@3 @
— and —:
@ @
Use the chain rule:
F_¢a @_°"@a
Q@ @ @ @ @ @



Computingthe gradients

In case of two regions:
q= qH( )+ @ H()):

@

@:(Ch ) ():
@: @: .
@n H( ) @b 1 H():
@R _ rq
6_ r jr—qj (o) ()



A two-level-setexample

Gradient with respectto j:

% - (1) (@ WH( 2+ (@
Y
% - (2) (@ @H( 1)+ (@

oa)(1

a)(1

H( 2))

H( 1))

ru r (ce

ru r (ce

)

)

(2)



TheUzawva algorithm

Choose initial ¢°; J-O; u®and 9;c%. Setk = 0.

Solve the following minimization problem:

gt T Ukt =arg ming LG gy 3)

Re-initialize the level-set functions: X = f = = 0g.

k+1 k+1)

= sign distance (X; j

Update

k+1 — k _k+1. k+1 ., k+1
T



Theusedalgorithm

K. k. k. ky 2"
(Update ¢ 's) Let pK = @ @ @;u ) . Find ¥ such that
' i=1
K= arg min Le(a+ p i f5uf %) (4)
gk+ p K2[aj;bilsi=1; ;2n
k+l 2" _ n .
Setfol™ g7, = fofgi, + *p:
k+1l . k. k. k
(Update j's)Forj = 1,2; n,dene = @ (4 @’_J il )and nd jk
J
such that
K _ : k+l . k k. k. Ky
j = arg rjnénRLr(qi N A F (5)
« — Kk K k.
Set 7= 7t g
@ _k+1; !(+l. k. k .
(Update U) Calculate vk = (9, @JJ - ). Find , such that
“=argmin Lo (g [ iul+ Vi (6)

Setuk*l = uk + kyk:

Go to the next iteration for k.



UsesmoothedH and

= (1)

= ( 2)

(o

functions
H() = ltan 1o+
() = (Z+ 2):

B)H( 2) + (@

(o

G)H( 1) + (03

q)(1

o)1

1

2 ]

H( 2))

H( 1))

ru r (ce

ru r (ce

)

)

(7)

(8)

9)



Experiments—Asimpleexample,20% noise.
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Experiments—Asimpleexample,20% noise.
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Experiments—A simple example, different noise levels,
0; 9%; 20%

\\\\\\m\m'ow

(@With =0;r=10% =10 ° (hywith = 5%;r = 10 3;: = 10

()with = 20%r = 10 3; = 10 °



Experiments—A simple example, different noise levels
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Experiments—Asimpleexample,different values.
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Experiments—piee@se smoothg, 5% noise.

(a) Exact zero level (b) Exact ((X)
curve




Experiments—piee@se smoothg, 5% noise.
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Experiments-Anotherexample,onelevel set.
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Experiments-Another example, one level set. Startwith

two-regionsandit splitsinto two regions.
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Experiments-Another example, one level set. Startwith

two-regionsandit splitsinto two regions.
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Experiments-Anotherexample,onelevel setcorvergence.
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Experiments-Anotherexample,onelevel set. Anotherini-

tial guess
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Experiments-Anotherexample,onelevel set. Anotherini-

tial guess.
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Experiments—Ong&evel set.

Differentnoiselevels.
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Two-level sets—threeregions.

Exact zero level-set

Exact q(x)
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Two-level sets—threeegions.
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Two-level sets— threeregions. Startwith 4 regions.
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Two-level sets—threeregions. Startwith 4 regions.

Computed and exact f

iteration =1000
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Get four regions if the constant for the extra regions approaches to the constant for
the regions surrounds it.

Get three regions if the extra regions disappear before the constant for the extra
regions approaches to the constant for the regions surrounds it.



Two-level sets—threeregions. With differentnoiselevel.
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Electricalimpedancgéomograply

Problem: given f (x) and m(x), determine q(x)

r (gru) = 0 in
q% = f on @
u = m on @

where f is current density, m is measured potential, q is conductivity
Our work:
1. A numerical scheme based on level set method for piecewise constant q(x)

2. Numerical results showing that the scheme can be able to recover a sharp interface

and can tolerate higher level of noise in the data



LeastsquaregandTV regularization

A test tank containing \lungs" and \heart" made of agar with varying amounts of added
salt. This tank is | led with salt water, and used as a test body for the EIT system. Note
the large electrodes around the inner circumference of the tank.

s U 245 ohmeem

Images of the resistivity of two dier ent test tanks like the one shown in Figure 1. The two
dier ent tanks had hearts of dier ent sizes, meant to simulate dier ent times during the
heart's cycle.

Finally, the ill-p osednesof the problem also makesit unlikely that EIT images,
even with many electrodes, will have resolution comparableto that of CT or MRI



LeastsquareandTV regularization

Assume g1 and gy are known
Let N be number of measurements
Determine by minimizing

R z
F()= 3 jui(s) mj(s)j® ds+ ir g dx

using the gradient descent method:

dF
k+1 _— Kk kd_( k)

where > 0is chosen such that F( ¥*1) is minimized



Computatiorof gradient

The gradient can be computed by

dF _ dF dqg _ dF
da - dgd dq(ql ) ()
and
X
d—F: rujy r z r (.r_q)
dq i1 Irq
where z; satis es
r (grz) = 0 in
q@ = U mj on @



Onetestresult

Parameters: N = 60, noise =0:05%, = 10 ’.
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Figure 1. Left picture shows the initial guess. Right picture shows the numerical result
after 200 iterations.



Onetestresult

Parameters: N = 60, noise =0:1%, = 10 6.
Computed and exact f, iteration =0 Computed and exact f, iteration =200
teration =0 [ "~ iteraion=200 |
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Figure 2: Left picture shows the initial guess. Right picture shows the numerical result
after 200 iterations.



Parameters: N=60, noise = 0.1%,

09
0.8
0.7F
0.6
05F
04
03f
0.2f

0.1F

Figure 3: Left picture shows the initial guess. Right picture shows the numerical result

Anotherexamples
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~ teration =0

Computed and exact f, iteration =200
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04 05 0.6 0.7

~ iteration =200

0.8 0.9 0.1

after 200 iterations.




More complicatedgeometry

Parameters: N = 60; h =

1=32; =

Computed and exact f, iteration =0

10 12 no noise.
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More complicatedgeometryandmorenosie

Parameters: N = 60;h = 1=32; = 10 12, 0:1% noise.

Computed and exact f, iteration =0
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Finermesh betterresults

Parameters: h = 1=64, noise=same%
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Figure 7: Result with 0:01% noise in the data. Left: initial guess. Right: numerical result
after 10000 iterations with computed q = 2:273



Numberof obserations

Computed and exact f, iteration =0

~iteration =0
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Figure 8. A circle is chosen to be an initial guess.



Numberof obserations

Computed and exact f, iteration =200

Computed and exact f, iteration =200
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Figure 9: The upper left, upper right, lower left and lower right gures show results with

4. 12, 28 and 60 measurements.




In uence of noiselevel

Computed and exact f, iteration =0
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Figure 10: A circle is chosen to be an initial guess.



In uence of noiselevel
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Figure 11: The upper left, upper right, lower left and lower right gures show results with
1%, 2%, 3% and 4% noise and regularization parameter 10 13,10 19,2 10 © and
5 10 ° respectively.



In uence of noiselevel
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Figure 12: A circle is chosen to be an initial guess.



In uence of noiselevel
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Figure 13: The upper left, upper right, lower left and lower right gures show results with
the regularization parameter chosen to be 10 4,10 °,10 ® and 10 7 and noise level
7%, 2%, 1% and 0:5% respectively.



PET using TV-norm regularization and
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PETequation

8 X
L( )= min b nglog (P )t + R( ); (10)

b t
where R( ) is a regularization term introduced to improve image quality

DETECTORS EMISSION RATE
@ HIGH

O Low

Figure 16. Gamma-rays escape the brain and an
external detection Is possible.



Level SetMethodto RestorePETImages

If the PET image only takes 4 different intensity values, , k=1:4, we de ne:

Kk =Ff(xy)2 ] (xy)= «o

S
where = ‘k‘:l k IS the image domain. The unknown (x; y) now takes the form:

= 1H(C )H(C 2)+ 2H( 1[I H( 2)]+ 3[1 H( )IH( 2)+ 4[1 H( )1 H( 2)]

where the Heaviside function is given by:

(

1 if 0O j=12
H( j) = ’ ’

0 if j<0 j=12

With 2 level set the objective function to minimize is:

Z Z
L( 15 2)= 1 HC2)H(C2)dx+ 2 H( 1)[1 H( 2)] dx
Z Z
+ 3 [1 H(CH( 2)dx+ 4 [1 H( 0 H( 2)] dx (11)
X z x <
nt log Qt[ ]dx + jr H( j)j dx

t j=1



PETequation

After some calculation we nd that

%: (1 2 3+ H(C2)+ 2 a4 (1)

X Qe (1 2 3+ a)H(2)+ 2 4 (1)
Nt R (12)

and in a similar way we discover

%:(1 2 3+ 4)H( 1)+ 3 4(2).

X Qe (1 2 3+ aH( 1)+ 3 a2 (2)
Nt R (13)
. Q[ ]dx




ExperimentaResult

In our rst example we try to reconstruct a 32x32 image of two circles, one inside the
other as shown below

Total 1536 (32 position and 48 angular views) observations was given to us, all exposed
with noise. In this speci ¢ test we used intensity values: 4 (dark), » (gray) and
1 = 3 (light), all perturbated by 10 %.



ExperimentaResult

5 5 5
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15 15 15

20 20 20

25 25 25

30 30 30
5 10 15 20 25 30 5 10 15 20 25 30 5 10 15 20 25

(a) Initial image (b) 5 iterations (c) 30 iterations (d) 100 iterations

Figure 17: Evolution of a two circles with the OSL
algorithm.



ExperimentaResult
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(e) Initial 2 (f) 50 iterations (g) 150 iterations (n) 650 iterations



ExperimentaResult

Sharp edges is implicit given for the reconstructed image when Level Set algorithm
Is used

Two major drawbacks with OSL-algorithm is the lack of termination criteria and the
introduction of noisy as the number of iteration increase.

(i) OSL algorithm (j)) LSEM algorithm (k) True image

Figure 18: Image of two circles constructed with
different algorithms.



ExperimentaResult

In our last example we try to reconstruct a 64x64 image of the brain.

We used the true intensity values: 4 (background), > (gray matter)and 1 = 3 (white

matter) and 6144 (64 position and 96 angular views) observations as input data.
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ExperimentaResult
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ExperimentaResult

(@) Initial (b) 50 iterations (c) 250 iterations
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(d) 1000 iterations (e) 2800 iterations (f) True »




ExperimentaResult

(a) OSL algorithm (b) LSEM algorithm (c) True image

Figure 21: Image reconstruction



Tracingcurvesor interfaces

A third approach: Label techniques



Somenew labeltechniques

Johan Lie, Marius Lysaker and Xue-Cheng Tai:
A Variant of the Level Set Method and Applications to Image Segmentation,
September 2003. UCLA, Applied Mathematics, CAM-report-03-50.

Johan Lie, Marius Lysaker and Xue-Cheng Tai:
A Binary Level Set Method and Applications to Image Segmentation,
CAM-report-04-31, May 2004.



Sagmentation.Piecavise constantrepresentation

(a) U with 3 object. 0 =[32, i c) =1 2 3

Figure 22:



Overlapor vacuumbetweerthe phases

KCxpy=C DO 2 C m= 1) (14)

If (x)=1in j,then:
K( (x)) = 0: (15)



Thebasisfunctions

1 Y Y

)= — () p)ad = (i Kk; (16
hj=1 k=1
|6 K6'i

It is clear that a function u given by:

X0
u(x) = G i(X) (17)
i=1

IS a piecewise constant functionandu = ¢; in ;.



SaymentationPiecavise constantepresentation

(@ 1= 0orl (b) 2= Oor1. (c) 3= Oorl.

Figure 23:



Areaandarclength

The basis functions can further be utilized to express arc length of @ ; and the area
of each phase, i.e.

Z Z
j@ij= jr jjdxandj ij= i dx: (18)



Someconjectures

The basis functions can further be utilized to express the curvatue and normal vectors
for the interface, i.e.

r r
h ., r h .

) | : -, ,
I n | I n |

when mesh size goes to zero: (19)



Applicationto seggmentation

Based on the above observations, we propose to solve the following constrained
minimization problem for segmenting an image ug:

n Z o £ 0
Enin F(c; )= ju ugj%dx + jirijdx (20)
K ()=0 =
— . . . R .
We see that large approximation errors will be penalized by the delity term  ju  ugj?.
The penalization term is just the sum of the length of the sub-domain boundaries and it
is treats all phases equally.
u=u(c; ):



Applicationto otherproblems

n Z yn 2 0
Enin F(c; )= jl(u) upj?dx + jirijdx (21)
K ()=0 !

u= u(c; ):



Two-phaseroblems

Uu=¢C 1+ C 2.

No need to impose the constraint

Minimization functional is strongly convex and smooth

n VA yn 2 0
Enin F(c; )= ju ugj%dx+ irojdx (22)
! i=1



Three-phaseroblems

1=@ )2 )=z 2=( 1B ) 3= I 2=
u=2~0€ 1+C 2+ C3 3.
No need to impose the constraint, but we often impose it.
Minimization functional is locally convex and smooth.
n Z o £ 0
mn F(c; )= ju ugj’dx+ jir o jdx (23)

C;
K ( )=0



Augmented_agrangiarMethod

We shall use the augmented Lagrangian method to solve the constrained minimization
problem (21).

Z - Z
L(c;; )= F(c; )+ K()dx+§ iK ()j%dx; (24)

where 2 L?() isthe multiplierandr > 0is a penalty parameter which needs to be
chosen properly. To nd a minimizer for (21), we need to nd the saddle points for L. We
use the following Uzawa type algorithm to nd a saddle pointfor L(c; ; ):



Algorithm

Algorithm 1 Choose initial values for 9 and ©. Fork = 1;2;
1. Find ck from
L(ck; * 1, kK 1)= min L (c; kK 1.k dy. (25)
P K 1
2. Use(17)toupdateu = _; ¢ i( ).

3. Find X from
Lck; * * Hy=minL(c*;; * 1) (26)

P
4. Use (17)toupdateu =T, c i( X).
5. Update the Lagrange-multiplier by

K= kK 1a k(4 (27)



Algorithm

= (u ug)— r + — + rK —:

a @ X @i, & @&
@ @ 1 roij @ @

Use Gradient method to solve it:

new — ol t@(ck; old; k 1):
Z Z
% = %% = (U ug) jdx; for i =12, n:

Solve a system of equations Ack = b:

i Z Z
( i)cik dx = Uo i dX; for i = 1;2; n:
j=1

(28)

(29)

(30)

(31)



StrengthandWeakness

Storage capacity

Avoid reinitialization
Avoid approximations for the Heaviside and the Delta function

Not tracing curves
advantage with inside "curves"

Dif cult to nd a suitable way to represent the unit normal and the mean curvature
for the curves

Higher order polynomials are used as basis functions to represent u

Coef cient matrix in is ill-conditioned



StrengthandWeakness




Samentationglobalmethod
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Sagmentation
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Sagmentation
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MRI segmentation

(d) SPM:phase (f) Exact:phase




MRI segmentation




MRI segmentation
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(a) The MRI image. (b) The MRI image
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MRI segmentation




Sagmentation.Goodfor complicatedgeometries
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SagmentationExtensionto 3D
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SagmentationExtensionto 3D
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AnotherPCLSM:binarylevel setmethod

1: X 2 inter ior
1;. X 2 exterior
2 -1

Use n level set functions |2 = 1to get 2" regions.



AnotherPCLSM:binarylevel setmethod

1(x) = 1 2(x) = 1
c2; if 1(x)= 1,  20%)= 1
cg; if 1(x)= 1,  o(x)= 1
ca; if 1(x¥)= 1, ()= 1

u(x) =

W AW 0
(@]
|—\
=

Thus, a piecewise constant function taking four different constant values can be written

u= %( 1+ 1)( 2+ 1) %2( 1+ 1)( 2 1)

CZS(l 1)(2+1)+%4(1 (2 1)

Using (32), we can form the set of basis functions ; as in the following

u= Cl}( 1+ 1( 2+ 1)+ ¢ 1)%( 1+ (2 D+

{z P {z }

2

_ P
and we canwrite: u =, ¢ .

(32)

(33)



Binary level setmethods

K= (K1;K2;  ;Kp)

Z Z

L(eii )= Fle )+ K ()dx+ = JK()jdx

(34)

(35)



Binary level setmethods

Algorithm 2 Choose initial values for =0 and ~9. Fork = 1;2;:::, do:

Update ~* by (29), to approximately solve

L(ek l;~k;~k l): minL(ek 1. ~ ~k l)

Pov g

Constructu(e® 1;"®)by u= "7, ¢ k.

Update € by (31), to solve
L(e; 757 D =minL(e 757 ):
Update the multiplier by
~k =~k 1y g (k.

If not converged: Set k=k+1 and go to step 1.

(36)

(37)

(38)




Elliptic inverseproblems

r (g(x)r u)=1f; in ; u=0o0n@ :

Our interests: q is discontinuous and is piecewise smooth. We want to use some
information from u to recover q(x).
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Obsenations

Can treat complicated geometries and sharp corners

Discontinuous level set function, but smooth and convex minimization cost
functional

Remove Heaviside, get convexity and smoothness

Disconnect from distance functions
Different mechanism in moving the level function: global.

Treat the same dif culties with another technique.



Fastmethods

new old @a ( old . old )'
@ )
new old rK ( old ):

Gradient method |

Netwon or Quasi-Newton

%( old . oldy K 0 old)!

H = KO( Old) 0

Gradient+Newton method

M=M +(1 H); 2 [0; 1]



TheMBO scheme

U= u 1wo(u) (39)

with W (s) = (s? 1)?/2.
If we use the splitting scheme to solve (39), we would need to solve the following two
equations on [ty ;th+1 |:

Q) (= ;b o= Swo) (@0)

The rescaled solution (x; th=) of (43.a) is exactly the solution of (41). When ! 0",
the rescaled solution (x; tn =) of (43.b) has three values, i.e. 1, 0, -1. We drop the
nonstable soultion 0 and get (42).



TheMBO scheme

Algorithm 3 (MBO scheme for two regions)
Choose initial value (0) = 1l1andthetimestep . Forn = 0;1;2; andtp = n ,

Solve 7(t);t 2 [th;th+1 ] from

T =T (th) = (th)in ; %:Oon@: (41)
Set
1 |f ~(tn+1 ) < O,
t =
( n+1 ) 1 if ~(tn+1 ) 0 (42)



The MBO schemdor segmentation

Once ¢; are comouted, we need to solve the following minimization problem for
segmentation:

min F :
g ()

The splitting scheme is in this case:

Q) t= FYA ) b = Swo) @3



The MBO schemdor segmentation




Anotherfastvariant

n+1 n
= Iwo (44)

This is equivalent to
min Zj T KO (W) = K ()I); (45)

This is a polynormial of order 2n. Similar problems need to be solved for Liquid Crystale
problems. We have fast methods to solve this one. The method converes in about 10-20
iterations and the cost of the iteration per step is nearly the same as the explicit method.



Relationships

Phase eld:
2 1 - N _ :
u+ u+ —u(u 1) = 0in u=gon@
z 1
min —(Jr + ] uj“)+ —(u 1)“dx:
min- SOrwt+ g wt)+ o )

ul! u = 1L
Level set method: Level set function , (x) > O indicates that x is in the interior,
(x) indicates that x is in the exterior.

u=H():

PCLSM:
Binary PCLSM: u = 1.

Z Z
j@ij= jr jjdxandj ij= i dx: (46)

Multilayer PCLSM: u = 1:2:3: :n:



Relationships

Advantages: Local and global mechanism.

Level set method: velociytfor ! velocityfor ! extendto ! move . This
mechanism is local.

PCSLSM and phase eld: Do not move the curve, move u so that at the end it
goesto 1orl;2; n. Every pointis moving during the iterations.

Constraint: replace distance functions by other constraints.
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Conclusion

Thank you!
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