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Curve or surface to minimize energy

in £(I').
min ()
Examples:
Curvature energy
E:/ EKJQdS.
r 2

r is the curventure in 2D and the mean curvature in 3D, i.e. Kk = (k1 + k2)/2 and
K1 ko are the principle curvatures.

Hook’s law:
E = /(a, +b(k — cg) + cG)?ds.
r

G is the Gaussian curvature for 3D problems.



Curve or surface to minimize energy

min E().
Examples:
Bulk energy
E =F1 + Es.

E, = Z fijlength(I‘ij).
1<i,j<n

Ey = Z eiarea(§2;).

1<i,j<n



Elliptic inverse problems

—V - (q(x)Vu) = f, in Q, u = 0 on o).

Our interests: g is discontinuous and is piecewise smooth. We want to use some
information from w to recover g(x). The conduct media only contains four types of
materials in this example.



Applications

ELECTRICAL IMPEDANCE TOMOGRAPHY 93

Fig.3 The ACT 3 system with 32 electrodes encircling the chest of a subject. Here the goal is to
make tmages that show the changes in volumes of air and blood that occur with breathing
and the pulsatile circulation of the blood. Such images are referred to as ventilation and
perfusion images, respectively. This is one possible positioning of electrodes for this purpose.

images. However, EIT is low cost, noninvasive, and provides information about the
electrical parameters of the body, which is information that cannot be obtained by
these other methods. Specific clinical applications still need to be explored.

Appendix 1: Derivation of (2.1) from Maxwell’s Equations. The fixed-frequency
version of Maxwell’s equations is

(A1) VAE =—iwpH,



Applications

M. CHENEY, D. ISAACSON, AND J. C. NEWELL

Fig. 1 A test tank containing “lungs” and “heart” made of agar with varying amounts of added
salt. This tank is filled with salt water, and used as a test body for the EIT system. Note
the large electrodes around the inner circumference of the tank.

1es Y M 445 ohm-cm

Fig. 2 Images of the resistivity of two different test tanks like the one shown in Figure 1. The two
different tanks had hearts of different sizes, meant to simulate different times during the
heart’s cycle.

Finally, the ill-posedness of the problem also makes it unlikely that EIT images,
even with many electrodes, will have resolution comparable to that of CT or MRI
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Applications

Computer graphics: use computer to identify number of car plates.
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Other Applications

Reservoir simulations, find the zones
Tumors or demaged detection in human heart and brain

no-damage detections in industrial applications



Phase field method

The idea for phase field model is related to several well-known equations:

Allen-Cahn equation:
1 :
ut — Au+ — f(u) =0, inQ x [0,T7].
€

Ginzburg-Landau equation.
Cohn-Hillard equation

Liquid Crystale



Phase field method

Two-phase case (stationary):

1 :
—eAu+ —u(u® —1)=0inQ u=gondn.
€

1
min/ € 1Vul? + = (2 — 1)2da.
0 2 1

u=g €



Properties when e — 0

1
min/ NVl + = (@2 — 1)%dz.
2 4e

u=—g

It was proved that when ¢ — 0, we have

Values:
u — *1.
Length:
e/ |Vul|? — 0.94 length(T).
Q
Area:
1
— / (u+1) — area(21).
2 Ja
1
— / (1 —u) — area(22).
2 Ja
Curvature:

e/ \Au\Qda:—u)z/ Kk2ds.
Q r



Properties when e — 0

1
—eAu+ —u(u? —1)=0inQ u=gononN.

€

1
min/ “NVul? + = (u? — 1)2da.
u=g JQ 2 4e

u— ut = +1.

Thus for g = +1, the limit u* is the solution of

min Length(L).

u=—g



Other energy functionals

1 ,
—eAu+ eA?u+ “u(u? —1)=0inQ u=gonodn.

€

€ 2 = 2 L 5 2
min/ —|Vul|* + —|Aul*) + — (u” — 1)“dx.
2 2 4e

u=—g

u— ut = +1.

Thus for g = +1, the limit u™* is the solution of

min/ds+/f<;2ds.
u=gJr r



Time evolution

1
vy —eAv+ —v(? —1)=0inQ v =gondN.
€

1 .
Ut—GA’U—I—EQAQ’U—I——U(’UQ—l):OInQ v = g on Of).
€

For fixed €, we have
v(x,t) — u(x) ast — oo.

This offers some fast methods for solving the stationary equation for fixed e.



Phase field for more than two phases

Use a vector function for the phase values:

u = (u1,u, , Um)-



Tracing curves or interfaces

Levelset Methods.



Optimal shape design approach

Assume that the values of the constants are known and we only need to identify the
discontinuities:

I:z=uxa(t),y =y(t),t € [a,b].
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Optimal shape design approach

Z(t) = (z(y), y(t)).
F(t) := Z(t) + §(H)A(2).

a=tog<t1 <---<tn, =0.
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Find the value of 4(¢) that gives the optimal values.



Weak point of the shape derivative approach

Diffcult to handle complicated geometries.
Diffulct if a curve disappears.

Diffulct if a curve splits.

Diffulct if curves merge with each other.

The points could get clustered.



The level set idea (Osher and Sethian)

Start external animation|
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I' = {z| ¢(x) = 0}.

() = distance(z, I'), x € interior of I
| —distance(z,T), x € exterior of T,



Representing p.w. constant functions by level set

— two region case

Heaviside function:

1, ¢>0

H(cb):{ 0 bt

q=qH(®)+q(1—H(d)).

¢<0




More than two regions—multiple level-sets

(Chan and Vese, 2000)

¢1 <0

¢2 <0

Q_|__|_ = {37 c Q, (bl > 07 ¢2 > O}
Qy - = {zeQ, ¢1>0, ¢2<0}
Q4 = {z€Q, ¢1<0, ¢2>0}
Q__ = {xe€Q, ¢1<0, ¢2 <O0}.
q = qH(¢1)H(p2)+qeH(¢1)(1 — H(gp2)) +

+q3(1 — H(¢1))H(d2) + qa(1 — H(¢1))(1 — H(¢2)).



The general case

q = qH(¢1)H (p2) - H(¢n)+
+q2 (1 — H (¢1)) H (¢2) -+ - H (¢n) +

qon (L= H (61)) (1= H (62)) -+ (1 = H (ém)).

For n regions, only needs log,(n) level-set functions.

No need to know the number of regions—some of the regions are allowed to be
empty automatically.

We do not need to know ¢, exactly. We just need to know where it is positive and
where it is negative.

We will try to identify the level set functions ¢; and also the constant values g;.

Easy to extend to cases that ¢ is piecewise polynomial or piecewise smooth (Chan
and Vese).



The essential idea

Qi35 == {Liticy == {¢itic1 == {H(di) )iz



For general shape optimization problems (Chan Tai, JCP03,
vol.193)

Consider
in F'(q).
min (2)
Gradient method needs %—Z.

Represent g by level-set functions and the constant values

q = q(q:, i)

In order find the constant ¢; values and the level-set functions ¢;, we need

OF oOF
— and )
O¢ 0qi
Use the chain rule:
OF  OF @ oF OF Oq

8¢ Oq 9 da;  Jo Oq 0q;’



Level Sets Methods for Elliptic Inverse
Problems
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An 1nverse problem

—V - (q(x)Vu) = f, in Q, u = 0 on o).

We shall use some observations of w to recover g(x).

min F'(q), F(q) = ||u(q) — udllg + BR(q)

or
min F(q,u), F(g,u) = |lu—uyllg + BR(q
odin - Flgu), Flgu) = flu—udl ()
[ is a small regularization parameter to be chosen properly.

The problem is identifiable if v € H(}JFG(Q) and Vu # 0 a.e. in Q. (There are many

references for this).



The Augment Lagrangian for the inverse problem

Assume that we have an observation u everywhere for the solution u, try to solve

: 1
min

— U — uy|?dx + BR(q)dx.
omin 5 [ jula) - waldn + BR(

Define equation error by
—Ae =—-V . (¢Vu) — f.

Use augmented Lagrangian method

1 c
L(q,u,\) = §|lu — ugl|* + 5||Ve||2 + (VA, Ve) + BR(q)dx.

Tests have also been done without using augmented Lagrangian method.



For general shape optimization problems

Consider
in F'(q).
min (2)
Gradient method needs %—Z.

Represent g by level-set functions and the constant values

q = q(q:, i)

In order find the constant ¢; values and the level-set functions ¢;, we need

OF oOF
— and )
O¢ 0q;
Use the chain rule:
OF  OF @ OF OF Oq

8¢ Oq 9 da;  Jo Oq 0q;’



Computing the gradients

In case of two regions:

q=qH(¢) +q2(1 — H(9)).

3]
a—i = (g1 — q2)d(¢).
Oq Oq B

OR \Y
__v,< q

T W) (g1 — q2)d(¢)

o



A two-level-set example

Gradient with respect to ¢;:

gTbLl = §(¢1) ([((h —q3)H(d2) + (92 — q4)(1 — H(¢2))] [Vu - V(ce — )]
Y %> @
STSLQ = §(¢p2) ([((h —q2)H(¢1) + (g3 — q4)(1 — H(¢1))] [Vu - V(ce = N)]

_BV . Y2
v |V¢2|>°



The Uzawa algorithm

Choose initial ¢?, qb?, 1% and X9, 0. Set k = 0.

Solve the following minimization problem:

k 7 .
(qz +17¢§+17uk+1) — arg min L (Q’L7¢jaua)\k> .

q;€R
p;eWH1(Q)
u€HJ ()

Re-initialize the level-set functions: I'* = {¢* = 0}.

¢§+1 = sign distance(x, F§+1)

Update A:

k+1 k k+1 k+1 k41
AP — ) —ce(qi—i_ ,¢j+ ,u+>.



The used algorithm

0L, (gk, ok uk AF) 2 _
(Update g;’s) Let pF = { — (a; ;qf “ ) } . Find o* such that
‘ i=1
o = arg min Lr(qF + apP, ¢§“,uk, AFY. (4)

Qf_‘_apf’fe[a’zabz]ﬂ’:]w ,2')’1,

k; 1 n n
Set {g; * Yooy = {af i, +oFph.

k+1
aL?"(qZ t 7¢‘I;auk 7>‘k)

(Update ¢,’s) For j = 1,2, - - n, define w;‘? = — 5% and find a;?
J

such that

aé-“ = arg Jméx}% Lr(qiﬁLl, ¢§c + ajwf, uk, )\ki), (5)

J
Tk _ ik ko k
Set ¢; = ¢ +oiPl.
OLy(qf T 5T uk Ny

(Update u) Calculate v* = — (4 ;‘1 - ) . Find £, such that

¢r = arg?éi]r% Lr(qf+1, qﬁf“,uk + vk AR, (6)

Set uFt1l = uF 4 ¢kok,

Go to the next iteration for k.



Use smoothed H and 0 functions

Hc(p) = %tan 10 %
€

™ (¢? +€2)

= 6(¢1) ([((h —q3)H(¢2) + (g2 — q4)(1 — H($2))] [Vu - V(ce = N)]
—BV- |§?§1|>
= 6(¢2) ([((h —q2)H(¢1) + (g3 — q4)(1 — H(¢1))] [Vu - V(ce — N)]

(V. Y2
v |v¢>2|)'

9)



Experiments—A simple example, 20% noise.
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Experiments—A simple example, 20% noise.

Computed and exact ¢

iteration =1000

. 10—01 7‘

10702 7\‘

1073 :

!
0.1

!
0.2

| | | | |
0.3 0.4 0.5 0.6 0.7

(e) 1000 iterations

|
0.8

|
0.9

I
100

1
200

=1 | | |
300 400 500 600 700

M llg — quLQ(Q)

1
800

1
900

1000



Experiments— A simple example, different noise levels,

0, 5%, 20%
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Experiments— A simple example, different noise levels

40%, 60%

sl Yl

(@) With o = 40%,r = 1073, = 5 X (b) With o = 60%,r = 1073,8 = 1
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Experiments—A simple example, different (3 values.
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Experiments—piecewise smooth ¢, 5% noise.

(a) Exact zero level (b) Exact q(x)

curve




Experiments—piecewise smooth ¢, 5% noise.

|
| 10° ul
| \
\
|
|
\
| |
|
\
—1
| 10 - A
~
[ |
<
»
N \\
\ I Ny o
L - Vb -7 Y
| Wy - —
| - _
‘ \| lIH“M”A - _
Lyl " ~ - _
1072 1‘””1.[” U“' \ - - - -
l“.”li“ Ml» I
[T NN |
'\"”I111“11‘1““41‘u’1“uw Py b
I R A T N L YT Kl
[ TR T ' ) '
rp e ) I
"»V'l,l.‘.””’lul\ o \ ’1“!i‘,l,i”“ﬂ'ulﬂ[
' L Um,\x"un,'f,‘l'l‘n|‘uy|,.|”,, "
Vi e Y e e
I RN LR RN |
g n,.]1\{‘\1‘“:\.;““:‘::“1 v
| | | \
Iy I |
10k '”!,"J"\" \
| | | r A S R S I | | | | | | | H"H |
20 40 60 80 100 120 140 160 20 40 60 80 100 120 140

(@) |lg — quL(Q) (b) HGkHLQ(Q) and H"“kHL%Q)

Figure 4:



0.9

0.8F

0.7

0.6

0.5r

0.4r-

0.3r

0.2r-

0.1r

Experiments— Another example, one level set.
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Experiments— Another example, one level set.

two-regions and it splits into two regions.
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Experiments— Another example, one level set. Start with

two-regions and it splits into two regions.
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Experiments— Another example, one level set convergence.
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Experiments— Another example, one level set. Another ini-

tial guess
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Experiments— Another example, one level set. Another ini-

tial guess.
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Experiments—One level set. Different noise levels.
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Two-level sets — three regions.
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Two-level sets—three regions.
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Computed and exact ¢

Two-level sets — three regions. Start with 4 regions.
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Two-level sets — three regions. Start with 4 regions.

Computed and exact ¢

iteration =1000
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Get four regions if the constant for the extra regions approaches to the constant for
the regions surrounds it.

Get three regions if the extra regions disappear before the constant for the extra
regions approaches to the constant for the regions surrounds it.



Two-level sets — three regions. With different noise level.
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A level set method for electrical impedance
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Electrical impedance tomography

Problem: given f(x) and m(x), determine q(x)

—V-(@Vu) = 0 in Q
q g—z = f on 0X
u = m on Of)

where f is current density, m is measured potential, g is conductivity
Our work:
1. A numerical scheme based on level set method for piecewise constant g(x)

2. Numerical results showing that the scheme can be able to recover a sharp interface

and can tolerate higher level of noise in the data



Least squares and TV regularjzation

M. CHENEY, D. ISAACSON, AND I/

. NEWELL

Fig. 1 A test tank containing “lungs” and “heart” made of agar with varying amounts of added
salt. This tank is filled with salt water, and used as a test body for the EIT system. Note
the large electrodes around the inner circumference of the tank.

s U 245 ohmeem

Fig. 2 Images of the resistivity of two different test tanks like the one shown in Figure 1. The two
different tanks had hearts of different sizes, meant to simulate different times during the
heart’s cycle.

Finally, the ill-posedness of the problem also makes it unlikely that EIT images,
even with many electrodes, will have resolution comparable to that of CT or MRI

Phase field, level set method and PCLSM — p.59/133



Least squares and TV regularization

Assume ¢ and g2 are known
Let NV be number of measurements
Determine I" by minimizing

N
1
F@) =53 [ fu() = mi(o)* ds+ 6 [ Va|do
2 1=1 o082 Q2
using the gradient descent method:

d
O = ¢ — o ()

where oy, > 0 is chosen such that F(¢*+1) is minimized



Computation of gradient

The gradient can be computed by

and

where z; satisfies

dF dF dg
dp  dqg dp
N
dF
— ==Y vy
dq im1
—V (qui) —
821-
q pr—

dF

d_q(ql —q2)0(¢)

\V4
Vi — AV - (—L
V4|
0 in
u; —m; on Of2



One test result

Parameters: N = 60, noise =0.05%, 3 = 10~ ".

Computed and exact 0, iteration =0 Computed and exact ¢, iteration =200

iteration =0 iteration =200

0.9F b 09F J

08

0.7F

06

051

041

03

0.2F

01t 8 01l i

0.1 02 0.3 0.4 0.5 06 0.7 08 0.9 0.1 0.2 03 0.4 05 0.6 0.7 0.8 0.9

Figure 1: Left picture shows the initial guess. Right picture shows the numerical result
after 200 iterations.



One test result

Parameters: N = 60, noise =0.1%, 3 = 1076.

Computed and exact 0, iteration =0 Computed and exact ¢, iteration =200

iteration =0 iteration =200
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Figure 2: Left picture shows the initial guess. Right picture shows the numerical result
after 200 iterations.



Another examples

Parameters: N=60, noise = 0.1%, 3 = 10— °

Computed and exact ¢, iteration =0 Computed and exact ¢, iteration =200
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Figure 3: Left picture shows the initial guess. Right picture shows the numerical result
after 200 iterations.



More complicated geometry

Parameters: N = 60, h = 1/32,3 = 10~ 12, no noise.

Computed and exact ¢, iteration =0
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More complicated geometry and more nosie

Parameters: N = 60,h = 1/32, 8 = 10~ '2, 0.1% noise.

Computed and exact ¢, iteration =0
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Finer mesh, better results

Parameters: h = 1/64, noise=same%

Computed and exact ¢, iteration =0 Computed and exact ¢, iteration =10000

~ jteration =0 " jteration =10000
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Identify both constants and the discontinuity

Computed and exact ¢, iteration =0 Computed and exact ¢, iteration =10000
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Figure 7: Result with 0.01% noise in the data. Left: initial guess. Right: numerical result
after 10000 iterations with computed ¢ = 2.273



Number of observations

Computed and exact ¢, iteration =0
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Figure 8: A circle is chosen to be an initial guess.



Number of observations

Computed and exact ¢, iteration =200

Computed and exact ¢, iteration =200
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Figure 9: The upper left, upper right, lower left and lower right figures show results with

4, 12, 28 and 60 measurements.




Influence of noise level
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Figure 10: A circle is chosen to be an initial guess.



Influence of noise level
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Figure 11: The upper left, upper right, lower left and lower right figures show results with
1%, 2%, 3% and 4% noise and regularization parameter 10— 13, 10=1°9, 2 x 10~% and
5 x 1072 respectively.



Influence of noise level
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Figure 12: A circle is chosen to be an initial guess.



Influence of noise level
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Figure 13: The upper left, upper right, lower left and lower right figures show results with
the regularization parameter chosen to be 104, 10~°, 10~% and 10~ and noise level
7%, 2%, 1% and 0.5% respectively.



PET using TV-norm regularization and
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PET equation

B T

L()) = min D> X =) nilog (PA): + R(N), (10)
b t

where R()) is a regularization term introduced to improve image quality

DETECTORS EMISSION RATE
@ HIGH

O Low

Figure 16: Gamma-rays escape the brain and an
external detection is possible.



Level Set Method to Restore PET Images

If the PET image only takes 4 different intensity values, A, k=1:4, we define:
Qr = {(z,y) € QX(=z,y) = A},

where Q = |J;_, Q4 is the image domain. The unknown \(z, y) now takes the form:

A=MH(¢1)H(d2)+ 2 H (d1)[1—H(d2)|+A3[1—H(¢1)|H(P2)+Aa[1—H (¢1)][1—H (d2)]

where the Heaviside function is given by:

1 if¢; >0 j=1,2
H(¢p;) = J = !
(¢5) { 0 ifg; <0 j=1,2

With 2 level set the objective function to minimize is:

L(p1,¢2) = A1 | H(¢1)H(¢2) dxr+ A2 [ H(g1)[l — H(¢2)] dz
Q Q

s [ 1= H@OMH () do+ [ 1= @O = H@) o

Q

T 2
_;ntlog/ﬁQt[A] dm+ﬁ;/§2|vﬂ(¢j)|dm.



PET equation

After some calculation we find that

5751 = (A1 =22 = A3+ A)H(62) + A2 — Aa )5(é1)
T Qi [(M — A2 — A3+ A)H(¢2) + A2 — >‘4] 0(¢1) (12)
T Jo Q] da
Vi
_gv. 5
B Vol (¢1)

and in a similar way we discover

STZ = ((Al — A2 — A3+ A4)H(P1) + A3 — )‘4)5(@)
g . Qe|(A1 = Az = A3 + M) H(1) + As = M| 8(02) .
p Jo Qt[N] dx
— BV - Vo2 6(¢2).

Vo



Experimental Result

In our first example we try to reconstruct a 32x32 image of two circles, one inside the
other as shown below

Total 1536 (32 position and 48 angular views) observations was given to us, all exposed
with noise. In this specific test we used intensity values: A4 (dark), A2 (gray) and
A1 = As (light), all perturbated by + 10 %.



Experimental Result

I

a) Initial image b) 5 iterations c) 30 iterations ) 100 iterations

Figure 17: Evolution of a two circles with the OSL
algorithm.



Experimental Result
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(e) Initial ¢ (f) 50 iterations (g) 150 iterations (h) 650 iterations



Experimental Result

Sharp edges is implicit given for the reconstructed image when Level Set algorithm
is used

Two major drawbacks with OSL-algorithm is the lack of termination criteria and the
introduction of noisy as the number of iteration increase.

(i) OSL algorithm (j) LSEM algorithm (k) True image

Figure 18: Image of two circles constructed with
different algorithms.



Experimental Result

In our last example we try to reconstruct a 64x64 image of the brain.

We used the true intensity values: A4 (background), Ao (gray matter) and A1 = A3 (white

matter) and 6144 (64 position and 96 angular views) observations as input data.
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Experimental Result
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Experimental Result

(a) Initial o (b) 50 iterations (c) 250 iterations

(d) 1000 iterations (e) 2800 iterations (f) True @9




Experimental Result

(a) OSL algorithm (b) LSEM algorithm (c) True image

Figure 21: Image reconstruction



Tracing curves or interfaces

A third approach: Label technigues



Some new label techniques

Johan Lie, Marius Lysaker and Xue-Cheng Tai:
A Variant of the Level Set Method and Applications to Image Segmentation,
September 2003. UCLA, Applied Mathematics, CAM-report-03-50.

Johan Lie, Marius Lysaker and Xue-Cheng Tai:
A Binary Level Set Method and Applications to Image Segmentation,
CAM-report-04-31, May 2004.



Segmentation: Piecewise constant representation

(a) u with 3 object. (b)) = Ug’:lQi- C)p=1V2V3.
Figure 22:



Overlap or vacuum between the phases

K@) =(p—1)(¢—2)--- (¢ —n)=]](¢—1),
=1

If () =i in Q;, then:
K(¢(z)) = 0.



The basis functions

vi() = = [[6() ~ ) and a; =G~k
i et

It is clear that a function « given by:
u(x) = Z ci; ()
1=1

is a piecewise constant function and u = ¢; in €;.



Segmentation: Piecewise constant representation

(a) 91 = Oor 1. (b) 102 = 0 or 1. (c) Y3 =0or.

Figure 23:



Area and arc length

The basis functions can further be utilized to express arc length of 9€2; and the area 2;
of each phase, i.e.

|8QZ| :/ |V¢Z| dx and |Qz| = / Y; dx. (18)
Q Q



Some conjectures

The basis functions can further be utilized to express the curvatue and normal vectors
for the interface, i.e.

Vi N Vo
y R =~ V .
Vol Vol

qf'\J
n=

when mesh size goes to zero. (19)



Application to segmentation

Based on the above observations, we propose to solve the following constrained
minimization problem for segmenting an image ug:

mm {F(c D) = /|u—u0\2dx—|—ﬁ2/|vwz\da: (20)

K(¢) 0 =1a

We see that large approximation errors will be penalized by the fidelity term [, |u — uo|?.
The penalization term is just the sum of the length of the sub-domain boundaries and it
is treats all phases equally.

u = u(c, ®).



Application to other problems

in [F(e.9) = /|1 u)—uo\de—l—ﬁZ/|sz\da: |

K(¢>> 0 =g

u = u(c, ®).



Two-phase problems

Y1=2—-9¢, P2=¢—L

u = c1YP1 + c219.

No need to impose the constraint

Minimization functional is strongly convex and smooth



Three-phase problems

P1=0B8-9¢)2-¢)/2, Y2=(0-1)B—-¢) Y3=(¢—-1)(¢

u = c191 + c2¥2 + c313.

No need to impose the constraint, but we often impose it.

Minimization functional is locally convex and smooth.

mm {F(c ) = /\u—uo\ dx—l—ﬁZ/\VML\da:

K<¢>> 0 =1o

—2)/2.



Augmented Lagrangian Method

We shall use the augmented Lagrangian method to solve the constrained minimization
problem :

Le.6. ) = F(e.0)+ [ AK(@) do+ 3 [ K(9)do 24

where \ € L?(Q) is the multiplier and » > 0 is a penalty parameter which needs to be
chosen properly. To find a minimizer for (21), we need to find the saddle points for L. We
use the following Uzawa type algorithm to find a saddle point for L(c, ¢, \):



Algorithm

Algorithm 1 Choose initial values for ¢° and X\°. Fork =1,2,---

Find ¢ from

L(c®, ¢" 1, A" 1) = min L(c, ¢" 1, AF 7).
C

Use (17) to update u = >0, cFyp; (P~ 1).
Find ¢* from
L(c®, ¢*, N71) = m(;nuc’“,qb, AR,

Use (17) to update uw = Y7, cF4p; (oF).
Update the Lagrange-multiplier by

AP =X 4 rK (o).

(23)



Algorithm

¢ Vil / g T 0¢

Use Gradient method to solve it:

oL (U—UO)——BZ (V¢z>81pz+)\_ rK

0K

8_¢.

¢new — ¢old (C old k_l)-
oL OL 0
dc; a_au:/(“_uO)%dw, for i =1,2,---m
Csq u oc;
2 Q

Solve a system of equations Ac* = b:

Z/(%%)C? dr = /umbz- dz, for i=1,2,---n
jle

Q

(30)



Strength and Weakness

Storage capacity

Avoid reinitialization
Avoid approximations for the Heaviside and the Delta function

Not tracing curves
advantage with inside "curves"

Difficult to find a suitable way to represent the unit normal and the mean curvature
for the curves

Higher order polynomials are used as basis functions to represent u

Coefficient matrix in is ill-conditioned



Strength and Weakness




Segmentation: global method
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Segmentation
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Segmentation

Figure 29: Scattered data with 3

Q|



MRI segmentation

(f) Exact:phase

Phase field, level se




MRI segmentation




MRI segmentation

(a) The MRl image. (b) The MRI image

as input



MRI segmentation




Segmentation: Good for complicated geometries
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Segmentation: Extension to 3D
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Segmentation: Extension to 3D

(€) 0.99823 (f) 1.99955 (g) 2.99022

Figure 34: Segmentation of 3D objects
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Another PCLSM: binary level set method

1, x &€ interior
—1, x € exterior

Use n level set functions ¢# = 1 to get 2™ regions.



Another PCLSM: binary level set method

(a1, if (@)= 1, 2= 1,

) oe2 i (@)= 1, ¢2X) = -1,
ul@) =« cz, if ¢1(%) = —1, ¢2(2) = 1,
[ ca, if 91(Z) = —1, ¢2(2) = —1.

Thus, a piecewise constant function taking four different constant values can be written

w= "1+ 1)(92+1) = T (1 +1)(92 — 1)
~Z (g1 = D92+ D+ S (g1 — D92 — 1 (32

Using (32), we can form the set of basis functions ; as in the following

u=ci i(qm + 1)(¢2 + 1) +e2 (—1&@51 + (g2 —1)+..., (33)

\ 7 \
Ve Ve

1 o

and we can write: u = >_7_, ci;.



Binary level set methods

min {F(c ) = /|u—uo| dx—l—BZ/\Vszdac

1=1
¢—1 &

Ki(¢i) =67 — 1.

K= (Ki,Ks, - - ,Kp)

L(e,d, ) = F(c, ) + /Q NKC($) do + /Q K (¢)|2de,



Binary level set methods

Algorithm 2 Choose initial values for #° and X°. Fork = 1,2, . .., do:

Update ¢* by (29), to approximately solve

L(é'k_l, oF Xk_l) = m(gnL(ék_l, b, Xk_l) (36)

— N
Construct u(eF—1, ¢*) by u =32 cF 1k,

Update & by (31), to solve
L(&*, &, X1y = min L€, F, Nk, (37)
Update the multiplier by
Ne = Xe=1 L r K (6F). (38)

If not converged: Set k=k+1 and go to step 1.




Elliptic inverse problems

—V - (q(x)Vu) = f, in Q, u = 0 on o).

Our interests: g is discontinuous and is piecewise smooth. We want to use some
information from w to recover g(x).



Elliptic inverse problems
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Elliptic inverse problems
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Observations

Can treat complicated geometries and sharp corners

Discontinuous level set function, but smooth and convex minimization cost
functional

Remove Heaviside, get convexity and smoothness

Disconnect from distance functions
Different mechanism in moving the level function: global.

Treat the same difficulties with another technique.



Fast methods

Hrew B ¢old - g_(lg (¢old7 )\old)
(}\nem) T (}\old) + M ( ’I“K(q50ld).

Gradient method
A
M- tI O
0 rl

i %(¢old7Aold> K (¢04d)
K/(¢old) 0

Netwon or Quasi-Newton

Gradient+Newton method

~

M =aM+ (1—aH), «oc]l0,1].



The MBO scheme

utr = eAu — 1VV’(u) (39)

€

with W (s) = (52 — 1)2/2.
If we use the splitting scheme to solve (39), we would need to solve the following two
equations on [tn, tn+1]:

Q) bt = €A, b) dr = —%W’w) o)

The rescaled solution ¢(z, t,, /€) of (43.a) is exactly the solution of (41). When ¢ — 0,
the rescaled solution ¢(z, ¢, /€) of (43.b) has three values, i.e. 1, 0, -1. We drop the
nonstable soultion 0 and get (42).



The MBO scheme

Algorithm 3 (MBO scheme for two regions)

Choose initial value ¢(0) = +1 and the time step . Forn = 0,1,2, - - -

Solve ¢(t),t € [tn,tni1] from

~

O¢

bt = AJ, d(tn) = ¢(tn) inQ, —= =0 o0ndN.
on

Set
—1 ifgg(tn—l—l) <0,

¢(t”“):{ 1 if(tns1) > 0.

(41)



The MBO scheme for segmentation

Once ¢; are comouted, we need to solve the following minimization problem for
segmentation:

in F(o).
i (9)

The splitting scheme is in this case:

a) v = eF'(¢),  b) pr = —-W'(¢)



The MBO scheme for segmentation

(a) Input picture

(b) u, 7 = 0.03. (c) 7 = 0.01.



Another fast variant

n+1 _ 1n
¢ o ~Iw(gm) (44)
T €
This is equivalent to
1
min _[¢ — ¢"[* + —|K(@). (W(9) = |K(9)). (45)

This is a polynormial of order 2n. Similar problems need to be solved for Liquid Crystale
problems. We have fast methods to solve this one. The method converes in about 10-20
iterations and the cost of the iteration per step is nearly the same as the explicit method.



Relationships

Phase field:

1 :
—eAu+eA?u+ —u(u? —1)=0inQ u=gondQN.
€
- ¢ 2 2 L9 2
mm/ —(|Vul® + |Aul*) + — (u” — 1)“dx.
u=g 2 de

u— ut = +1.

Level set method: Level set function ¢, ¢(x) > 0 indicates that « is in the interior,
¢(x) indicates that z is in the exterior.

uw=H(®).

PCLSM:
Binary PCLSM: v = +1.

|8QZ| = / |V¢Z| dx and |Qz| = / Y; dx. (46)
Q Q

Multilayer PCLSM: v = 1.2.3. -. n.



Relationships

Advantages: Local and global mechanism.

Level set method: velociyt for I' — velocity for ¢ — extend to {2 — move ¢. This
mechanism is local.

PCSLSM and phase field: Do not move the curve, move u so that at the end it
goesto £1 or 1, 2, -n. Every point is moving during the iterations.

Constraint: replace distance functions by other constraints.
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Conclusion

Thank you!
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