The classical inverse ECG problem Why?

® Improve traditional ECG recordings

® Better qualitative and quantitative understanding of

Is it possible to compute the electrical potential at the the heart

surface of the heart from body surface measurements?
o Detect diseases and malfunctions
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The Bidomain model Outside the heart
o In T (torso):

@ T V-(MVu) = 0 inT,

(MVu)-n = 0 alongdT.

(Not a closed problem!)

av i aT
Xcmg + Xlion(v) =V - (M;Vv) + V- (M;Vu,) in H -
( ) .

V- (M;Vv)+V-(M;+M.,)Vu,) =0 inH
V- MVu=0 inT
v = u; — u.. membrane potential

®
® [, ionic current
® M, M.: conductivity tensors
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ECG (electrocardiogram)

® ECG recording — d =d(t) along I' C 9T
® Focus on one time instance ¢ = t*, d = d(t¥)

# Briefly about the time dependent problem

Outside the heart - ECG

In T (torso):

V- (MVu)=0 inT,
(MVu)-n=0 along dT,
+ ECG recording of w along T C 9T.

u along OH?
'E E ' T
o}
E E
The Challenge, cont. Properties
Operator R(g) = u(g)|r, where u = u(g) solves Solve
R(g)=4d 1
V.(MVu) = 0 inT, (9) L)
(MVu)-n = 0 along dT, for g.
uw = g along dH. ® Ris alinear operator
. o (1)isill-posed
Find ¢ such that
i Rlg) = d. ) o |If d ¢ Range(R)
g g - 12
‘g where d is the data from the ECG recording ‘g mn 1(g) — dII”.
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This lecture

# Fourier analysis on the unit square, stationary
® The general case, stationary
o The time dependent problem

® Numerical results
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Fourier analysis

Unit square
A

u=g?

Q:O Au=0 67u:0

ou _ X
on =0 \\

u=d
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Fourier analysis

Unit square

A

oH

%NH
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The direct problem
Find u = u(g) satisfying
Au = 0 inT,

Vu-n = 0 alongdT,
uw = g along JH.



The direct problem, cont.

Separation of variables:
Ni(z,y) = cos(kmz) cosh(kny), k=0,1,...
satisfies

Au = 0 inT,
Vu-n = 0 along dT.

The direct problem, cont.
Linearity:

(0.9]

u(z,y) = Z ¢k cos(kmz) cosh(kmy),
k=0

where {¢;} are constants, satisfies

Au = 0 inT,

r z Vu-n = 0 alongdT.
E E
ﬂ 13/48 ﬂ 14/
The direct problem, cont. The direct problem, cont.
Fourier cosine series of g: R: heart surface — body surface
g(x) = Y py cos(knz) R(g) = R (Zpk cos(km) = u(g)(z,0)
k=0 k=0
Solution formula for the direct problem _ S Pk
z_: cosh (k) cos(kmz)
B Pk

% u(g)(z,y) = u(z,y) = Z cosh (k) cos(kmz) cosh(kmy). %
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The direct problem, cont. The direct problem, cont.
o Fourier coeff.: p;, — ﬁf’kw) - o
® Largek
Pk
|m| < | px
strong damping effect
® R has a strong smoothing effect
g g
E E
The inverse problem The inverse problem, cont
® R: heart surface — body surface o Consequently
® For a given ECG recording d, find ¢ such that 1
R (cos(kmx)) = ————— cos(kmx)
Rlg) = d cosh (k)
o Recall that o Eigenvalues
1
o0 o0 )\ = — k = 1, 2, e
R prcos(kmz) = - cos(kmz) * ™ cosh(kn)
= o 0 cosh(km) =
5 5 ® Zero is a cluster point for {\;}
8 g ® R not continuously invertible, R~! not “well-behaved”



The inverse problem, cont.

The inverse problem, cont.

Fourier expansion Consequently
o0 o0
d(z) = dycos(krz) g(z) = R7'(d(z))=R"! dj cos(kmz)
k=0 k=0
0 o0
Can Easy solve R(g) = d for g = > ,_, p cos(kmx): _ dy, cosh(kr) cos(krz)
Pk
= R(g) = cosh(km) cos(krz) = dycos(kmz), - ® Fourier coeff: dj, — dj cosh(km)
8 k=0 k=0 2
5 g o Even for small k, cosh(kn) is large, e.g.
2 yields g
% pr = dicosh(km) fork=0,1,.... % cosh(5m) ~ 3.32-10°
E E
Example 1 Regularization

® Exactdata, d(z) = cosh™ () cos(mz) ® Output least squares, minimize

® Error-prone data, ds(z) = d(z) + ¢ cos(bmz) 7(9) = |R(g) — d||%2(r)

® Then .

® Tikhonov regularization
R™Yd;) — R(d) ~ 3.32 - 1056 cos(57x) , ,
Je(9) = [[R(g) — dl[72ry + €llgll 2o
o For example, ||ds — d||.~ = O(10~3) implies that
® Second order Tikhonov regularization

g IR~ (ds) = B~ (d)|| 1= = O(10°) g ) )
5 5 J2.e(9) = ||R(g) = dl[72r) + €llg22l720m)
5 B ® Approximations
: ; R;'~R" and R, ~R
E E

(derived from V.J. =0 and V.Jy, = 0)



Regularization, cont.

R: heart surface — body surface

® No regularization

Regularization, cont.

o For the low frequency components of the data d, the
action of =1, R-! and R;j is almost identical,
provided that ¢ is small

R-1 > dy cos(krz) = > dy cosh(k) cos(kmz) ® The high frequency components of d are damped
— — efficiently by R and R, !
® Tikhonov
5 R! dy cos(kmx) = dy, cosh( ;T) cos(kmx) 5
EU 0 r—o 1T e cosh” (k) Eu
: ® Second order Tikhonov :
® - - ®
o -osh(k o
E Rg_’i di cos(krx) = Ik oo 4( ™) 5 cos(kmx) 2
E o p—o 1+ e€(km)*cosh”(km) o =
Example 1, revisited Example 1, revisited - cont.
® Exact data, d(z) = cosh™ () cos(nz) L? error on the heart surface
® Error-prone data, ds(z) = d(z) + ¢ cos(bmz) ® No regularization
® Tikhonoy, error e(d) ~ 2.35 - 10%
_1p-l -1 2
E(e,0) = [|1B7(d) — B (ds )|z o) o Tikhonov (optimal regularization)
E(6) ~ 4.05-107°8
§ g ® Second order Tikhonov (optimal regularization)
- : F2(8) ~ 6.48 - 10785,



Example 1, revisited - cont.
® Second order works better than plain Tikhonov
regularization

® In general, difficult to find an optimal value for the
regularization parameter ¢

The general case

R: heart surface — (part of the) body surface
o Complex geometry
® Non-constant conductivity M

® Fourier analysis impossible

T

IH
@ !

z 5
2 E
The general case, cont. Linearity
Operator R(g) = u(g)|r, where u = u(g) solves R is a linear operator:
V- (MVU) = 0 in T, R(a1g1 + aggg) = CLlR(gl) + agR(gg),
(MVu)-n = 0 along T, for any scalars a1 and ao and functions ¢; and ¢ defined
uw = g along dH, on OH.
and ' C 0H.
We will use this fact to discretize our inverse problem
z  Find g such that z
5 R(g) =d 5
2 E
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Discretization

Linearly independent functions
g1,...,9n : OH — IR,
and

Vi, = span{g1,...,9n},
R, = Rly,

33/48
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Discretization, cont.
g € Vy:

where {p;} are scalars.
Consequently, if

r; = Rn(g;) fori=1,....,n,

then the linearity of R,, implies that

n

Rn (Q> = piTi.
=1

34/
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Discretization, cont.

# Original problem
Rn(g) =d
® d ¢ Range(Ry)

. 2
min |1 Bn(9) = dll 72

n

o Tikhonov

. 2 2
min {||Rn(g) —d|F2r + 6||9||L2(8H)}
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Discretization, cont.

g= | pigi, thus

Je(9) = Je(p1s---.pn)
= || Ra(9) = dllZ2r) + ell9llZ20m)

n n
) 2
piri — dllz2ry el Pigillizom
i=1 =1

where
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Discretization, cont.

The condition

0J.
Op;

=0 fori=1,...,n,

gives the n x n system

Jj=1

n
[/rjridm—ke/ gjgidx] pj:/dridm fori=1,... n.
. r OH Tr
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Discretization, cont.

Which may be written on the form

Bep =C,
where
Be = [begj] € R"™"™, bejj —/T‘jri d93+f/ 9;9i dx
r OH
p = (pla"'apn)T S Rna

T
</ drlda:,...,/drndx> e R",
I I
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An algorithm

a) Pick n linearly independent functions
gls---,9n : OH — IR,

defined at the surface 0H of the heart H

b)Fori=1,...,n, set g = g; in the direct problem and

solve it for u = u(g;)

c) Compute

ro=ulg)le, i=1,....n

PECIEE
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An algorithm, cont.

d) Compute the matrix B,

e) Compute the right hand side ¢

f) Solve the linear system B.p = ¢ for p

g) Compute the potential ¢ at the heart surface by

n

g = Digi
i=1

For each new observation d, only steps €)-g) have to be

carried out. (Important for the time dependent problem)
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Example 2

Tikhonov, e = 103

Potentials at the heart surface Potentials at the torso surface

24 /\\ --- Computed
— True
22) 20
20 /
18] 18|
= =
£16 £ / \
g g
S14 ° 16
12|
14
10/
dl
8r i 12)
100 200 300 400 500 600 20 40 60 80 100
Epicardial node number Body surface node number

11/48
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Example 2, cont.

Second order Tikhonov, ¢ = 108

Potentials at the heart surface Potentials at the torso surface

24 ; /h\ --- Estimated --- Computed
22| | — True 20 — True ‘
20| /
18] \ 18
= / =
216 ]
g \ 216
£14 \ &
12|
14
10
8 ' ‘ 12

80 100

100 200 300 400 500 600 20 40 60
Epicardial node number Body surface node number
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Example 2, cont.

Second order Tikhonov, 1% noise, ¢ = 1

Potentials at the heart surface

24 i [ \ --- Estimated ! /’\ --- Computed
22| | — True — True

20
20 ¥ \ /

18] ,' \ 18
e — |\

£16 R 2
3 / h\ 215 W
S14 ; &

12 \ 14

10 \/

100 200 300 400 500 600 20 40 60 80 100
Epicardial node number Body surface node number

Potentials at the torso surface
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The time dependent problem

o Time instances ty, ..., ¢y with data
d°, .. dM e L¥(T)

defined at the body surface

o Compute the corresponding potentials at the heart

surface

Brute force: Solve

Byp"=c¢" forr=0,....M



The time dependent problem, cont.

® Ensure that the change in the epicardial potential is

Example 3

min [1Fa(97) = @73y + ellg” = 97 Nsom) |

small from one time step to the next gTev,
. T —112 € — 001
in {I1Rn(6) = d"[Faqey + €llg” =0 Faom)|
Potentials at the heart surface
fOf' T = 1, ce M 30 . _IF:rSlEi;nated
® Hybrid scheme _® ,
g . T 7'71 2 T2 g gzo .";'
min {1 B0(67) = d"[3aqry + llg™ =07 Wiomy + B1AomdI3200] § J
5 g 3 s
f&; (Aggg™ = curlyy curlyy g™ - Laplace-Beltrami f&; 100 200 0 400 500 600
8 operator) 2
é ® More advanced schemes (F. Greensite) %
Example 3, cont. Summary
Aim: To compute the potential at the heart surface from
min [||Rn(g ) — (FHL2 +ellg” — g™ 1|\L2 om) + Bl Aorg” 12, BH] body surface measurements (ECGs)
gTeV, .
® Leadsto alinear problem R(g) = d
e=00land =1 Py ”l_posed
Potentials at the heart surface K FrOm a mathematlcal p0|nt Of VleW, fa'rly S|mp|e
» e ® Second order Tikhonov regularization works well

z > ; z # Main practical problems:
g 2 ] E » Noisy ECG data
(EL‘: 15/__/' (;L‘: . High.quality geometrical models of the body
g o required
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