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Is it possible to use mathematical models and computer
simulation to estimate the size, the shape and the location
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Is it possible to use mathematical models and computer
simulation to estimate the size, the shape and the location The Bidoman model versus the Monodomain model:
of an infarction? .
XCvt + XLion(v) = V - (M;Vv) + V- (M;Vu,) in

(1)
Vo (MiVv) + V- (Mj + M)Vue) =0 inQ  (2)
(3)
(4)

(MiNVv+ M;Vue) -n=0 on 0f)
v(z,0) = vo(x) in Q.

A hat M, = AM;, then (2) gi
® Mathematical model for the electrical activity in the ssume that Me = AM;, then (2) gives

Use (5) in (1) and (3) to get

g heart, and incorporate the effect of an ischemia g V- (M;Vv) +V - ((M; + AM;)Vue) =0

5 . 5 = V- (M;Vv)+ (1+ NV - (M;Vu,) =0

£ -1

% o % = V- (MZVue) = H—/\V . (Mlv7)> (5)
E E




A :
XCvt + xLion(v) = H—AV-(MZ'VU) in Q2 (6)
A
H_—)\(MZ'V”U) -n =0 on OS). (7)

Let 1(v) = &lion(v), k = #Mi? and use (6)-(7) to find

This simplified Monodomain equation can be used to
describe the electrical activity in a healthy heart

v+ I(v) =V - [kVY] in Q, (12)
(kVv) -n=0 on 0, (13)
v(z,0) = vo(x) in €. (14)

(1+X) How should we modify (12)-(14) in order to model the effect
the following model: of infarctions?
g g : .
E v+ 1(v) = V - [kV0] O (8) g 1) Block or reduce the ion transport I(v) in infarcted areas.
g (EVo) -0 =0 on 9O 9) g 2) Tho con‘ductivity function £ should depend on whether or
= S not infarctions are present.
2 v(z,0) = vo(x) in Q. (10) 2
L z To do so, introduce the infarction parameters pi,pa,...,pym.
£ E
- I(v) = = A%(V + Vrest) (v + vin) (v — Upeak)- (11) °
1) Block or reduce the ion transport in infarcted areas, i.e. M{(:)dol fgr th-c elelgt‘mcal potential in the heart £ with an
replace I(v) with gI(v); infarcted region 1:
o v+ gl(v) =V - [EV] in
( ) 0 ifxrinD (15) o 0 50
I; b AR - . —
g\x:p1, P2 Pm | ifzinQ\ D VN on
v(z,0) = vo(x) in Q
2 ) The conductivity function k should depend on whether
or not infarctions are present, i.e. let k£ be given as
( ) 0 ifzin D (17)
e TyP1, P25 -« s =
k(25 1,2, -+, par) = ko ifwin D (16) S 1 ifzinQ\D
g R ky if zin Q\ D g
s S ki ifxin D
8 . _ C: k(x:p1,p2; - o) = o (18)
E D denotes the infarcted area of the heart, i.e. 5 ko ifzinQ\D
E D=Dprp2---.pm). i D = D(p1,p2---,PMm)




Is it possible to use mathematical models and computer
simulation to estimate the size, the shape and the location
of an infarction?

What do we consider as important factors regarding the
geometrical representation?

1 ¢ 2
J(p1,p2, -, PM) = 5/0 /m [d(z, t)—v(z, t;p1,p2 ..., par)]

min J(p17p27"'7pM>'

P1,p2,---,PM

hd A1 1 + £ + / 1 4 : lA |6 Ag'l_\w r‘z JIVAEN Faul
. A level set function ¢ and its zero tevel set T {z; ¢(z)— 0F

11/28

o
S E 1. Number of free parameters
g ® Representation of the interface between healthy and 5 2. Flexibility
E infarcted regions E 3. Is it possible to observe a small change of the infarction
% ° % parameters (shape, size and location) in the boundary
© © measurements?
=] =]
£ £ 4. Implementation aspects
-. 9 -
Let T' be a Closed curve in ]R2 If ¢ is a functjon SU.Ch that HOW dO we describe the infarcted region D in terms Of the
parameters p1,p2...,pyp 7
if ¢(z) <0 = xisinside T,
i . Assume we have a Finite Element mesh, and introduce the
if p(x)=0 = xisatT, (19) .
level set function
if ¢(x) >0 = xisoutside I', M
L : = ¢(x;p1,p2...,PM) = i Ni(),
then T is implicitly represented by ¢, in the sense that ¢ = ¢(x;p1,p pM) ;pz i(x)
['={z; ¢(z) = 0}. where {N;(z)}M, denotes the basis functions. Note that ¢
is usually defined by the following formula
z Z
£ : . g ¢(z) = —dist(I',x) ifxisin D
- ; ; r- p(z)= 0 if z is at 9D
% . - § o(z) = dist(T,x) if z is outside D.
i E
® R 'a pL,p2....pm — ¢ — D — Infarcted regions
o
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Let H denote the Heaviside function:

z >0
0 if 0
and 2
k if 0

k(z:p1,p2....pm) = ki(1—H(¢))+koH(¢) = { k; ;Zio

o=+ o (2

/ 1
0ule) = Holw) = ()
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A realistic model should include a smooth boarder-zone
between the healthy and the infarcted tissue

0 ifzin D,
1 ifzinQ\ D,
and

ki if zin D,
ka(¢) = ki1(1 — Ha(¢)) + ko Ha(¢) ~ { '

ko if xin Q\ D.

(a) Heaviside functions (b) Delta function

simula . research laboratory

Is it possible to use mathematical models and computer
simulation to estimate the size, the shape and the location
of an infarction?
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® Solve a minimization problem (differentiation of the
cost-functional)

-

NME
S
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The complete form of this minimization problem can now be
written as

min  J(p1,p2,...,pm) =

P1,p2,y..;PM
) 1t 2
min — [d(m,t) —v(z, t;p1,p2 ... ,pM)} dz dt
P1,P2y---sPM 2 0 o0

subject to the constraint that v solves

vt + 9a(9)1(v) =V - [ka($) V] in €, (20)
ka(@)Vu-n =0 along 092, (21)
v(z,0) = vo(x) in €, (22)

where

Nz(x)a ga(¢):Ha(¢) and ka(¢):k1(1_Ha(¢))+k2
=1




Different techniques can be used to solve this minimization
problem, let us focus on a gradient-type of method, i.e. find

oJ oJ oJ
ap17ap27’apM7

and for all old parameter values, we will get new values by

Algorithm 1
1. Choose an initial value vy, and a constant value for 3
T
)
until convergence do:

2. Choose p°, where p® = (p9,p9, ...
3. Forn=0,1,...
(a) Solve Forward Problem for v" = v(p")
(b) Solve Adjoint Problem for w" = w(p")

aneWN ZpOIdN Z Old,pgld,...,pﬁ}[d)N(x). (c) Fori=1,2,....M compute
g Remember that v g (d) Update the infarction parameters by
% ¢ = o¢(z;p1,p2-..,PM) = ;pzNz<I) % pn—l—l :p"—ﬁVJ(p"),
3 so actually we update the level set function, whereupon D is 3 where V.J(p") =
E . . . . . E
@ changed, meaning that the infarcted region is modified! . @ [0.J/0p1(p™), 0.J/Op2(p™), . .., 0] /Oppr(p™)]T
Due to the ill-posed nature of this inverse problem, the Is it possible to use mathematical models and computer
process of locate infarctions suffers from noise artifacts simulation to estimate the size, the shape and the location
of an infarction?
oD = [ [PHa@)dz = [ GVl 3
—
DI = [ (1 Ha(o) ds (24)
t
Je(p1,p2, .- pm) = J(P17p2a---apM)+€/ /(1—Ha(¢)) d dt ®
z 0 Jo g
5 : o
: £ 0a()bp, dz dt £
g apl 8p2 / / ¢p g °
z / / Yo + (ky — k1)Vo - Va + e) o($) by, dz dt E

19
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#® Numerical examples




) initial guess ) 4 iterations

f 7 fa
< Let d(zg,t;) = d(zs,t;) + r(xs,t;) denote the corrupted g
@ (0]
= measurements recorded at the boundary, in position x4 at =
@ : : . . ©
P time t;. The relative error in the measurements is given by P
G G
8 S L g
[44] [«4]
© e = ZS:l Zl:l |r(x$7 tl>| . (25) © 7 lterdtlonb 200 lteI‘atIOIlS trlle lnfarctl
3 S L d ZL 3
E Zé:l Zl:l | ('Tl’:” /l>| E
7] n
) initial guess ) e =0.01 ) initial guess ) 10 iterations
z z
o (=]
B B
o o
® ©
e L
= [=
@ @
1] p o )
8 B
r e=20.0 e=20.10 ) true infarction r ) 20 iterations ) 200 iterations ) true infarcti
E E
wm wm
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(a) initial guess (b) e =0.01

(c) e =0.05 (d) e =0.10 (e) true infarction

(a) initial guess (b) 100 iterations (¢) true infarcti

Is it possible to use mathematical models and computer
simulation to estimate the size, the shape and the location
of an infarction?
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Mathematical model for the electrical activity in the
heart, and incorporate the effect of an ischemia

Representation of the interface between healthy and
infarcted regions

Solve a minimization problem (differentiation of the
cost-functional)

Numerical examples

Is it possible to use mathematical models and computer
simulation to estimate the size, the shape and the location
of an infarction?
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