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|l inear Functions

Let P, (]) be the space of linear functions on the
interval I = [a, b).

A natural basis for P (1) is { A1, A2}, where

b—x T —a

p— A p—
h— CL7 2(56) b—a 9
because any v(z) € P;(I) can be written:

v(z) = v(a) i (x) +v(b)As(z)

)\1(1’)
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Interval Partition
For a given interval I = |a, b| let

a=x0<T1<T9<...<zxN =D,

be a partition of I into intervals I; = (x;_1, z;) of
Iength h; =x; — x;_1.

a = o r1 T2 T3 Ti—1 Ti Titl TN-1 TN =0
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Continuous Piecewise Linears

Define V), as the space of all continuous piecewise
linear functions on [

Vh — {U c C([) : U‘]jE Pl(]])}

Example: Piecewise linear continuous function
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Nodal Basis
A Dbasis for V), 1s defined by

(1, ifi=j
%(5”7){0, ifi £ ;.

Basis functions (hat functions) are locally supported

pi—1(z) pi(z) pir1(z)
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Function Construction
Scale and add basis functions together

2.0
1901(37)
1.0+
Linear combination of basis functions
9 13
v(z) = Z(% + @9) + g(% + ©3)

5
+¢2+¢7+§(¢4+S@6)
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Function Construction, cnt

Resulting function v () continuous piecewise linear

2.0

1.0+

iy I i) xrs xrq Iy e X7

Every function v € V), can be written:

N

v(r) = - v(x;)pi(T)
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Imensions

to2D

1zing

General

we construct partition into

Given a domain ) C R?

, VIZ

triangles
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Triangulations

Basic data structures of a triangulation

1. A set of nodes P = {p;} (the triangle vertices)

Node ¢ defined by its coordinates p; = (x;, y;)
MESH di nension 2 El emlype Triangl e Nnode 3

Coor di nat es

0. 000000 0. 000000
0. 250000 0. 000000
0. 250000 0. 250000
0. 500000 0. 250000
0. 500000 0. 500000

Mats G Larson — Fraunhofer Chalmers Centre for Industrial Mathematics — p.10



Triangulations, cnt
2. A set of elements I = { K} (triangles)

Triangle corner indices stored (connectivity)
El enent s
1 2 3
1 3 4
4 35
4 56
7 9 8

Local mesh size defi ned by hx = diam(K).
Smallest angle of K denoted a . Assume ax > «g > 0 for some constant a.
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Linear functionson atriangle
et
P (K) ={v(x1,22) = ag + a1x1 + agws}
be the space of linear functions on triangle K.

Using nodal basis defined by
1, ifg =1,

any function v(x1, z9) € Py (K) can be written

3

v(z1,29) = Y v(pi)Ai(w1, 22)

1=1
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Linear functions, cnt

Example: If p = (O, O), Do = (1, O) and p3 = (O, 1)
then

)\1:1—%’1—1’2, )\QZCL’l, )\32332.

Function v = x1 + 3x- IS linear combination of bases

U:>\2—|—3)\3

i) ° 0 1
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Piecewise Continuous L inear
Functionson a Triangulation

On a given triangulation let

Vi, ={v e Q) :v(x)|gece Pi(K)}
be the space of piecewise linear continous functions.
Defining a set of basis functions for V}, by

)1 If 1 =1,

any v € Vj, can be expressed as:

N

v(r) = - v(x;)pi(T)
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Basis Function
A Dbasis function of V}, (tent function)
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Functionson a Triangulation

Example: Continuous piecewise linear function on a
triangulation.

< 0

! 1 | {
Wo o » 0N
y

0
- 0
2 =1 X1

At nodes p; function v(x, x2) = x129.
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Bilinear Elements
Triangulation can also be a quadrilateral mesh.

Let B, (K) be the space of bilinear functions, i.e.
Bl(K) — {U(SE) — Ay -+ ai1xrq -+ ao 9 -+ &3331562},
on a quadrilateral element K.

Basis defined by

(1, ifj =1,
A@'(pj){o, if j £ 4.
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Bilinear Elements, cnt

On the reference element K = |[—1,1| x [—1,1]:

>
|
1
=
N

>~
[\
|

P
V)
= S = S = =

>~
N
: \ : \ : \
=
p—t
N——" N—" N——
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Other Elements

Discontinuous elements (piecewise constants)
Higher order polynomials (quadratics, cubics)

V x conforming elements (electromagnetics)
Beam-plate-shell elements (solid mechanics)
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Function approximations

Given a function f, find approximation to f in V},.

Possible approximation methods:
Interpolation - minimize error pointwise
Projection - minimize error norm over subspace.
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| nter polation

Defined by interpolation operator
m:C(Q) — Vp,
such that the interpolant 7v of v(x) satisfies

N

mo(z) =) v(z;)ei(x)

1=0

where {z;}3" is a set of nodes and {;}! a basis of V.
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|nter polation Error Estimate

Interpolation error satisfies
|lv — 7ol < O],

where A 1S meshsize and C' a constant.
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Lo-projection
Given a function f we seek its projection P f onto V/,.

Error e = f — P f should be orthogonal to all v € V,,
(f B va U) — 07

forall v € V},. Here (v,w) = / vw dx.
0

Find projection Pf € V,, to f such that
(f,v) = (Pf,v)

forall v € V..

Question: How can we compute P f?
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Lo-projection, cnt
Note that (f,v) = (Pf,v) is equivalent to

forall p;,7=1,2,..., N.

Recall also that
N
Pf(z) =) &pj(x)
j=1

with unknown coefficients ¢;.
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Lo-projection, cnt
We obtain

N
Z Spja sz

v
Z mi&,  i=1,2,...,N,

which Is just a Ilnear system of equations:
ME =0

b_fépz
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Lo-projection, cnt

Example: Ly-approximation of x sin 3wz
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Basic Error Estimates
Projection P f Is best approximation to f over V.

If =PI <|f =l

forall v € V},.

Proof:

|f =PI = (f = Pf.f = Pf)
<(f-Pff-v)+ (- Pfv-Pf)

0 orthogonality

< |f = PFlllf =l

where ||u|]* = (u, u).
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Basic Error Estimates, cnt

Choose v = « f to get error estimate

If =P < [If == fll < IP°flls.
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M odel Problem (Poisson)

Find « such that
—Au = f, In €,
u =0, on o),
where f Is a given function, and
B 0%u | 0%u
Ox2  Oy?’

Au
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Variational statement
Let H} be the Hilbert space defined by

Hy (Q) = {v : ||[v[|* + [[Vo]|* < 00, v |ge= 0}.
Multiply —Aw = f by function v € H; and use that

/fv:/—Auv:/Vu-Vv—/ 0, uv,
Q 0 0 o9

l.e. Integration by parts.
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Variational statement
Using that v = 0 on 9¢2, we get variational form.

Variational Statement: |Find v € H; such that

/va:/QVu-Vv,

forall v € Hj.
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Finite Elements
Finite elements are obtained by replacing H; by V,.

Finite Element Method: |Find U € V}, such that

/va:/QVU-Vv,

Question: How can we compute U?

forall v € V},.
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Finite Elements, cnt

First note that the problem is equivalent to
(VU,VSDZ):(]C,SDZ) t=1,..., N,
and that

N
U=> &pji(x)
j=1

with unknown coefficients &; .
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Finite Elements, cnt
This gives the problem

b; = f 907, ny vgpjaVSOZ)

:Zaijﬁj, iZl,Q,...,N,
J=1

l.e. a linear system of equations
b= AE
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Finite Elements, cnt

Example: Solution of Poisson problem on
) =10,1] x |0, 1].

0.07
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0.05

I~ o004 \
0.03 \ \
/ i iy \
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1 Wi ‘(// //l »wk N NN \\ ‘s\\\\
0.01 ,//b/?r/ ,"?Z'//////""/ﬂ i o ;l'M(A" AE‘MM‘W‘ &‘\ ‘\\‘\ ‘\\;“\}
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A ’V' \
) 4%;” it 4/ o " i %‘«n W\““" N

"o Agv‘ (\y “i\m 1
= A
0.4 r);“hqgﬂi N‘ 04

x2 0 o xl

Here f = 1 with boundary condition « = 0 on 0f2.
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Galerkin Orthogonality

Note that we have

/QVu-Vv:/va,
/QVU-Vv:/va,

/QV(u—U)-Vv:O,

forall v € Vj,. Error e = v — U Is orthogonal to V},.

SO
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Energy Error Estimate

Mechanical analogy: Energy norm defined by
fulfy = |Val* = | [l
Convienient measure of errore = u — U.

Basic error estimate
[V(u—=0U)|| < ||V(u—0)l,
forall v € V},.
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Energy Error Estimate, cnt

Proof:

IV (u— U)|? = / V(u—U)-V(u—-U)

:/Vu— v+ov—U)
/Vu— V(u—v)
< ||[V(u=U)[[|V(u =),

thus
[V(u=0)| <[[V(u—=0)].
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Lo-Error Estimate

Based on dual problem
—A¢p = e, In €2,
¢ =0, on oX).
Dual solution ¢ gives error estimate
IVell? = (Ve, Ve)

— (vea V(¢ o ng))
< | Vel[[V(¢ — 7o)
< Ch||Ve|l

S ChQ‘ub
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Robin and Neumann BC
Consider problem of finding u such that

—Au = f, In €2,
u =0, onlj,
Ot + au = g, on I,

where f, a and g are given dataand I'y U I'y = 0.
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Robin and Neumann BC, cnt

Integration by parts gives variational statement

[ ro=— [ Au
- [ vu. VU—/F28nuv
/Vu VU—/F2 — au)v.

Find « such that

/VU°VU—|—/ auv:/fv+/ gu.
Q) FQ Q FQ
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Robin and Neumann BC, cnt

blem on

f Poisson pro

10N O
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Here f = 1 with boundary conditions v = 0 on I'y,
the x5 axis, and d,u = 0 on I's, the rest of Of2.
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Abstract Setting

Let V' be a Hilbert space with norm || - ||y.

Consider problem of finding u such that
a(u,v) = l(v)
forall v € V, where a(-, -) is bilinear form satisfying
mllv|ly < a(v,v) (coercivity)
a(v,w) < Mlvllv|w[ly (continuity)
and [(v) linear functional satisfying
l(w)| < Cllv]lv.
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Abstract Setting, cnt

Example: Poisson model problem

a(u,v)=/QVu-Vv, Z(U):/va.

Let V,, C V be a finite dimensional subspace of V.

FEM: | Find v € V}, such that
a(u,v) = l(v)

forall v € V},.
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Galerkin Orthogonality

Using abstract notations a(-, -) and [(-) yields
a(u,v) =1lv) veV,
a(U,v) =1(v) v eV,
SO
a(u —U,v) =0,
forall v € V},.
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Equivalent Minimization

Problem of finding « such that
a(u,v) = I(v)
and minimization problem
1
min F'(v) = min = a(v,v) — [(v)

veEV), veV;, 2

have the same solution (Lax Milgram).
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Error Estimate
Error depending on constants m and M of a(-, -)

M
|lu —Ully < —J|lu—wvl||y forallv eV,
m

Proof:

mfu—Ul* < a(u —U,u—U)
=a(u—Uu—v)+alu—Uv—-U)
N —
0, v-UeV,

< Mju = Ullfju = v]]
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Time Dependent Problems

Ordinary Differential Equations

Find « : [0, 7] — R” such that
u+Au=f, 0<t<T,
u(0) = uyp.

Here A = A(t) € R"™"™and f(t) € R" given function.
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Time Dependent Problems, cnt

Partition 0 < ¢ < T Into time intervals
D=1t <t1 <ty <...<ty,

of length ky =ty — ty_1.

As before define a function space on the partition.

V., - space of continuous piecewise polynomials of
degree gq.

qu - space of discontinuous piecewise polynomials of
degree gq.
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Galerkin Method

Multiply by test function v € V%, and integrate to get

T T T
/ fv:/ 1'w+/ Auw,
0 0 0

d
forallv € V" .

Continuous piecewise linear solution approximation.

cG(1):

Find U € V{ such that

T T T
/ fU:/ uv+/ Auw,
0 0 0

forall v € V.
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Galerkin Method, cnt

Solution basis functions on Iy = [ty _1,tN]

Yn-1(t) = tNk; t, YN (t) = t_kiivl-

SoU = U]\ﬂﬁ]\[(f) + UN_1¢N_1(ZL) on /y.

Evaluate weak form on [, I.€.

/fv:/ UU—|—/ AUw,
Iy In Iy

to get iteration scheme.
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Galerkin I\/Iethod cnt
Example: Assume A(t) = 1and f = 0.

O—/ Uv+/ Uv
In In

Un — U
—/ ~ o+ / (Untny + Un_19N_1) v
In

kn In

k k
= Uy — Un_ 1‘|‘_NUN‘|‘_NUN 1,

since v = 1. Crank-Nicholson iteration form

ko ko
1+ — Unv=|1——)Un_
<+2>N ( 2>N1,
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Heat equation

Combination of time and space discretization.

Consider the Heat Equation
uw—Au=f, InQ x|0,T],
u(0,2) = ug, onfl,
u(t,.) =0, onof.

Multiplying by function v € WV with

w = L*([0,T]) Q) H' (%)
and integrating over 2 x [0, 7] yields (next slide)
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Heat Equation, cnt

/OT(u,v) (A, ) dt = /OT(f, 0) dt.

Integration by parts and BC gives variational form.

Find v € YV such that

/OT(u, o) + a(u,v) dt — /OT(f, p) dt.

u(0, ) = uy,

forevery v € W.
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Finite Element Approximation

Let VP C H'(Q) denote the space of piecewise
continuous functions of order p.

Standard nodal basis of V!.

pi—1(z) j(z) pj+1(z)

Sj—2 Sj—1 Sj Sj+1  Sj+2

On each space-time slab Sy = Iy x €2, define

q
Wi ={w:w= thvj(s), v; € VP, (t,s) € Sy}
j=0
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Finite Element, cnt

tN

tnN—1

S0 S1 Sj Sm

Figure: Space-time discretization.

Let W7 C VW denote the space of functions on
0, 7] x Q such that v |g,, € W5, for every N.
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Finite Element Problem
FEM: | FInd U € WY such that

/(U,v)+a(U,v)dt:/(f,v)dt,

In In
Ut (ty) — U™ (tn) =0,
U+(t()) — U,

forall v € Wi . Here U*(ty) = lim_o Uty £ ¢).
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Matrix Problem
Example: Assume g = 1.

Looking only at interval I Iteration form is derived

k
M(UN— UN—l) —|—7NS(UN—|—UN_1) = Fly,

where matrix and vector entries are given by

S@']‘ — / Vgpz y VQOJ' dil?, MZ']' = / PiP; dZIZ‘,
Q) Q)

FNJ':/ /ngJ dxdt.
Iy J S
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Wave Equation

Extend to second order equations in time.
Consider for simplicity 1D Wave Equation.

Seek wu such that
i—u"'=0 0<z<1, t>0
u=0 =0 t>0
u(x,0) =wug, u(x,0)= vy,

where g, ug and v, are given indata.
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Wave Equation, cnt

Substitute © = v and write as a system

u—v =0,
v—u" =0.

Make the cG(1)cG(1) ansatz

U(z,t) = Un-1(z)n-1(t) + Un(z) YN (1)
Vi(z,t) = Vy_1(x)Yn-a(t) + Vv(z)yn (t)

where UN Z fN JQOJ etC.
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Wave Equation, cnt

Note that « — v = 0 Implies

//unda;dt //vndajdt—()

forall n(x,1).
Also,

//?mdxdt—l—// n' drdt = 0,

for all n(x,t) such that »
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Wave Equation, cnt
Find U(z,t) and V' (x, t) such that

//UN_Ungo]da:dt
In

—/ / VN 1N — 1—|—VN77DN) @i drdt = 0,
In J0O

1
Vv — Vn_
// al ngpjdxdt
Iy Jo kn

1
T / / (Ul -1 + Ulyon ), dadt = 0.

In JO

and
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Wave Equation, cnt

Previous problem reduces to

1 kN 1
/ Unpjzdr — o Vg, do

0 0
1 kN 1
— UN—lSpj dr + 7 VN—lSOj d:lj‘,
0 0
and
1 kN 1
/ Vvpjdr + — ]’Vgpg dx
0 2 0

1 1
En
= / V-1 da — B} U]/V—190;d37'
0 0

Mats G Larson — Fraunhofer Chalmers Centre for Industrial Mathematic
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Wave Equation, cnt

Vectors Uy and V) are determined by

MUy — 2 MVy = MUy_1+%MVy_4
]%NSUN + MV = MVy_— ]%NSUN—I 7

where matrix elements are given by

1 1
Sij :/ wi; dz, M;; :/ pip; dx.
0 0
Obtains iteration scheme

s ar | [e] = s A0

kTNS M VN B —]%VS M VN_1
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Double Slit Diffraction 1

Example: Simulation showing a diffracting wave

'y

Figure: Light waves encounter a double dlit.
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Double Slit Diffraction 2

Figure: Slit causes diffraction of waves.
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Double Slit Diffraction 3

Figure: Superposition of waves give diffraction pattern.
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Stabilized M ethods

Consider the abstract problem
Lu=f, InQ, u = 0, on JfL.
Variational statement reads find v € V' such that
a(u,v) = (f,v)
forall v € V. Here a(u,v) = (Lu,v) = (u, L, v).

Standard Galerkin: | Find © € V}, such that
a(u,v) = (f,v)

forall v € V},.
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Stabilized M ethods, cnt

Stabilized Galerkin:

Find « € V}, such that

a(u,v) + (7(Lu — f),Lv)x = (f,v)
for all v € V). Here Il is a stabilizing operator, e.g.

C-(GLS).
Loav - (SUPG).
— L.

Parameter 7 determines size of stabilization. Further,
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Stabilized M ethods, cnt

Example: Convection-Diffusion Problem
B-Vu—eAu= f, Inf),
u = 0, on of).

Galerkin Least Squares method

GLS: | Find u € V}, such that
(f,v) = (6 Vu,v) — (¢€Vu, Vo)

+ (7(B-Vu—eAu— f), (8- Vv —eAv))g.
forall v € V},.
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Stabilized M ethods, cnt

Streamline Upwind Petrov Galerkin method

SUPG: |FInd w € V}, such that
(f,v) = (6 Vu,v) — (¢€Vu, Vv)
+ (1(B-Vu—eAu— f),(BV -v))xk
forall v € V},.
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Mixed M ethods

Consider Stokes problem

—Au+ Vp=f, In{),
V-u=20, In¢,
u = 0, on of).

Here w Is velocity, p pressure and f given data.

Note that pressure is not unigue and that we may add

/p:().
Q
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Mixed M ethods, cnt

We may seek v € V = Hj and p € Q = L, such that

(Vu, Vo) = (p, V- u) = (f,v)
(Q,VU) = 0,

forallv € V and g € Q.
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Mixed M ethods, cnt

Introduce subspaces V;, C V and )}, C Q.

Mixed Galerkin:

Find U € V},, P € ()}, such that

(VU, Vo) — (P,V - U) = (f,0)

(q,V -U) =0,

forallv e Vj, and g € Q).

Not all spaces (V},, Q;,) give stable method.

Combination V;, = ()5, = P; Is Instable, for instance.
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Mixed M ethods, cnt

The Babuska-Brezzi condition

sup
vevi, ]l

> |lql|.

gurarantees that the pair (V, Q) is stable.

Can then prove the estimate
lu = Ully + |lp = P|| < C(llu — vl + [[p — 4]),
forallv e Vj, and q € Q).
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dG Methods- A Model Problem

Problem: Find v : Q ¢ RY — R such that
—Au=f, InQ,
u=20, onI = o9l.

Exist unique weak solution v € H} if f € H™'.
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Discontinuous spaces

Let V be the space of
discontinuous piecewise polynomials

of degree p defined on a partition { K'} = K of 0.
V=P P, (K).

May replace P,,.(K) by a finite dimensional function
space Vi on K.
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Aver ages and jumps

For all v € V we define

vt v

where

v (2) = SIE& v(r — ngs).

and n 1s a fixed unit normal.
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Derivation of a dG method

Multiplying
_Au — fv

by v € V and integrating by parts yields
Z(vua VU)K _ (nK ) VU, v)@K — (f7 U)'
K
Since [n - Vu| = 0, this may be written

> (Vu,Vo)g =Y (ng-Vu,[v)g = (f,v).

K E
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ThedG method
Find U € )V such that

a(U,v) = (f,v) forallv e V

Here

a(v,w) = Z(\/v Vuw)g — » ((n- Vo), [w)e

E

+ozz (n - Vw)) E+ﬁz w|) g,

with « and 3 real parameters.

Other terms like (|n - Vvl, [n- Vw]) g are also possible.
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Consearvation
Continuous case: For w C €2 we have

/f+/ n-Vu =0,
W Ow

Discrete case: For each element K we have

JoF = fu

with the numerical flux X,,(U) defined by

Su(U) = (n- VU) — [
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Remarkson the dG method
Method is consistent for all values of o« and (.

Special cases:
Nitsche’s method: o = —1, 3 large.
Nonsymmetric without penalty . o =1, 3 = 0.
Stabilized nonsymmetric: o« = —1, 5 > 0.

aBabuska, Oden, and Bauman
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Effect of 3

Example:

Skew-Symmetric Method

0.25 ‘
[0) --- Exact
— a=1
0.2t
k=2
015t 1=0 )
X, =0.69
0.1t
005/
0 1 1 1 1

Stabilized Skew-Symmetric Method

0.25

0.2

0.15;

0.1

0.05;

- Exact
— a=1 B

k=2
1=1/h K
X =0.69 L X

Stabilized Skew-Symmetric Method

0.25

0.2

0.15¢

0.1}

0.05¢

-— Exact
— o=1 A

k=2 2
1=10/h /
Xy =0.69 /

0
0

0.2 0.4 0.6 08

Figure: Quadratic dG, witha =1and 3 = 0,1,10. (t = 8/h)

X

1
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Weak Dirichlet conditions
Weak statement of u = gp on 0f2:

(Vu,Vvu)g — (n - Vu,v)an + pu(u, v)so
= 1(gp,v)oa + (f,v)a.
Nitsche’s method based on this form Is consistent

(u = B/h)
Stiff springs obtained by neglecting

(n - Vu,v)aq,
IS not consistent. Corresponds to

u:gpwu%—,u_ln-Vu:gD.
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dG versus cG: Advantages
Very flexible framework for adaptivity and
construction of approximation spaces.

Not sensitive to the use of triangles, bricks or other
types of elements.

Easy implementation of hp-spaces, hanging nodes
and nonmatching polynomial orders.

Special basis functions not required. Element basis
functions can be z%y” with 0 < a 4+ 3 < p.

Can be used to glue together solutions on
nonmatching grids.

Elementwise conservation property.

Mats G Larson — Fraunhofer Chalmers Centre for Industrial Mathematics — p.85



dG versus cG: Disadvantages

Lots of more degrees of freedom.
Efficient iterative solvers need to be developed.
Complicated to implement compared to basic cG.
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dG versus cG: Number of dof

Number of unknowns for the dG method as a multiple of the number of unknowns for

the cG method for various elements and orders of polynomials.
For p = 0 normalization is with respect to the unknowns of the cG with p = 1.

D Quad Tri Hex Tet
0 1 2 1 5
1 4 6 8 20
2 2.25 3 3.38 7.14
3 1.78 2.22 2.37 4.35
00 1 1 1 1
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Classical results
Energy norm: Define

—1/2
loll? =S 1vol3 + 3 1hs 2 1])1%
K E
1/2
+ ) |[hf n - Vo) |13
E

Coercivity: If 5 > 0 large there is m > 0 such that
m||[v]]|* < a(v,v) Yv € V.
Error estimate: If G > 0 sufficiently large we have
[Ju = Ull] < Ch"||ul| o1
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Systems- Linear Elasticity

Elastic Problem: Find the symmetric stress tensor
0;;, and displacement vector u; : 2 — R’ such that

80'7;]' i
= J;, 1IN Q,
0513]- f
u; =0, only,

o;inN; = gi, 0N I's.

Here n; 1s normal to 02 = I'y UT'y and f; and g; are
given loads.

8uk
] ———
1] axl Y,

where C};x; 1S tensor of elastic coefficients.

Uij —
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Linear Elasticity,cnt

Internal work a(u, v) and external load [(v) given by

8ui Ov
a(ua U) — /Q O CZ]kl 3—33]; dl’,
J

Z(?)) :/fivi dil?-l—/ g;U; ds.
Q) PQ

Variational Form: | Find « such that

a(p,u,v) = Il(v),
forallu,v e V={ve H' :v=00nT4}.
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Linear Elasticity,cnt

Example: Stress caused by volume load.

Figure: von Mises stress contours in a cube.
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Linear Elasticity, cnt

Example: Stress in a hoistfitting due to point load.

Figure: von Mises stress contours in a hoistfi tting.
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Navier Stokes Equations

Motion of incompressible fluids governed by

a—quu Vu—VAu——Vp,
0

ot
V'u:f,

where u(x, t) 1s velocity and p(x, t) pressure of fluid.

Mats G Larson — Fraunhofer Chalmers Centre for Industrial Mathematics — p.93



Navier Stokes, cnt

Example: Dual solution of Navier Stokes equations

Figure: Streamlines around a solid body.
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