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∀ū

∈
U

h
,

So
lv

e
by

Q
ua

si
-N

ew
to

n
B

FG
S

w
ith

lim
ite

d
st

or
ag

e.

M
at

s
G

.L
ar

so
n

–
C

ha
lm

er
s

–
p.

9



A
po

st
er

io
ri

fo
r

L
ag

ra
ng

ia
n

L
(u

)
−

L
(u

h
)

=

∫ 1 0

d d
εL

(ε
u

+
(1

−
ε)

u
h
)d

ε

=

∫ 1 0

L
′ (
εu

+
(1

−
ε)

u
h
;u

−
u

h
)d

ε

=
L
′ (
u

h
;u

−
u

h
)
+

R
=

L
′ (
u

h
;u

−
u

I h
)
+

R

w
he

re
R

is
a

se
co

nd
or

de
r

re
m

ai
nd

er
te

rm
,

an
d

w
e

us
ed

th
e

G
al

er
ki

n
or

th
og

on
al

ity
w

ri
tin

g
u
−

u
h

=
(u

−
u

I h
)
+

(u
I h
−

u
h
)

w
he

re
u

I h
∈

U
h

de
no

te
s

an
in

te
rp

ol
an

t
of

u
.

N
eg

le
ct

in
g

th
e

te
rm

R
,w

e
ge

tt
he

fo
llo

w
in

g
a

po
st

er
ro

r
es

tim
at

e:

M
at

s
G

.L
ar

so
n

–
C

ha
lm

er
s

–
p.

10



A
po

st
er

io
ri

fo
r

L
ag

ra
ng

ia
n

|L
(u

)
−

L
(u

h
)|

≤
∫ T 0

∫ Ω

R
p
1
σ

ϕ
d
x
d
t
+

∫ T 0

∫ Ω

R
p
2
σ

ϕ
d
x
d
t

+

∫ T 0

∫ Ω

R
p
3
σ

ϕ
d
x
d
t
+

+

∫ T 0

∫ Ω

R
ϕ

1
σ

p
d
x
d
t

+

∫ T 0

∫ Ω

R
ϕ

2
σ

p
d
x
d
t
+

∫ T 0

∫ Ω

R
ϕ

3
σ

p
d
x
d
t

+

∫ T 0

∫ Ω

R
α
σ

α
d
x

w
he

re
th

e
di

ff
er

en
tr

es
id

ua
ls

R
ar

e
de

fi
ne

d
as

M
at

s
G

.L
ar

so
n

–
C

ha
lm

er
s

–
p.

11



R
es

id
ua

ls

R
p
1

=
∣ ∣ f∣ ∣ ,

R
p
2

=
m

ax
S
⊂∂

K
h
−1 k

∣ ∣[ ∂
s
p h

]∣ ∣ ,
R

p
3

=
α

h
τ
−1

∣ ∣[ ∂
tp

h

]∣ ∣ ,
R

ϕ
1

=
∣ ∣ p h

−
p̃∣ ∣ ,

R
ϕ

2
=

m
ax

S
⊂∂

K
h
−1 k

∣ ∣[ ∂
s
ϕ

h

]∣ ∣ ,
R

ϕ
3

=
α

h
τ
−1

∣ ∣[ ∂
tϕ

h

]∣ ∣ ,
R

α
=

∣ ∣ ∣ ∣∂
ϕ

h

∂
t

∣ ∣ ∣ ∣·∣ ∣ ∣ ∣∂
p h ∂
t

∣ ∣ ∣ ∣,

M
at

s
G

.L
ar

so
n

–
C

ha
lm

er
s

–
p.

12



W
ei

gh
ts

T
he

di
ff

er
en

tw
ei

gh
ts

σ
ha

ve
th

e
fo

llo
w

in
g

fo
rm

:

σ
ϕ

=
C

1τ
|[∂

tϕ
h
]|+

C
1h

|[∂
s
ϕ

h
]|,

σ
p

=
C

1τ
|[∂

tp
h
]|+

C
1h

|[∂
s
p h

]|,
σ

α
=

C
2∣ ∣ [α

h
]∣ ∣ ,

M
at

s
G

.L
ar

so
n

–
C

ha
lm

er
s

–
p.

13



A
po

st
er

io
ri

fo
r

re
co

ns
tr

uc
ti

on
D

ua
lp

ro
bl

em
:

Fi
nd

ũ
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;ũ

−
ũ
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