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𝑓𝑓 𝑡𝑡

Synthetic Data Generation
𝜁𝜁 𝑡𝑡

3



5
0 0.5 1 1.5 2

0

0.2

0.4

0.6

0.8

1

𝑆𝑆 𝜔𝜔 =
1

𝜎𝜎𝑏𝑏 2𝜋𝜋
𝑒𝑒𝑒𝑒𝑒𝑒 −

𝜔𝜔 − 𝜔𝜔𝜇𝜇
2

2𝜎𝜎𝑏𝑏2

𝑆𝑆 𝜔𝜔 = lim
𝑇𝑇→∞

𝑍𝑍𝑇𝑇 𝜔𝜔 2

𝑇𝑇
𝑍𝑍𝑇𝑇 𝜔𝜔 = �

0

∞
𝜁𝜁𝑇𝑇 𝑡𝑡 𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑

Synthetic Data Generation 𝜁𝜁 𝑡𝑡

𝑓𝑓 𝑡𝑡

𝜁𝜁(𝑡𝑡) = ℜ �
𝑖𝑖=1

𝑁𝑁

𝐴𝐴 𝜔𝜔𝑖𝑖 𝑒𝑒𝑖𝑖𝜔𝜔𝑖𝑖𝑡𝑡+𝜙𝜙𝑖𝑖 𝐴𝐴 𝜔𝜔𝑖𝑖 = 2𝑆𝑆 𝜔𝜔𝑖𝑖 𝑑𝑑𝑑𝑑

Wave Elevation Profile:

𝑓𝑓1(𝑡𝑡) = ℜ �
𝑖𝑖=1

𝑁𝑁

𝐻𝐻 1 (𝜔𝜔𝑖𝑖)𝐴𝐴 𝜔𝜔𝑖𝑖 𝑒𝑒𝑖𝑖𝜔𝜔𝑖𝑖𝑡𝑡+𝜙𝜙𝑖𝑖

Linear Force Component:

𝑓𝑓2(𝑡𝑡) = ℜ �
𝑖𝑖=1

𝑁𝑁

�
𝑗𝑗=1

𝑁𝑁

𝐻𝐻 2 (𝜔𝜔𝑖𝑖 ,𝜔𝜔𝑗𝑗)𝐴𝐴 𝜔𝜔𝑖𝑖 𝐴𝐴 𝜔𝜔𝑗𝑗 𝑒𝑒𝑖𝑖 𝜔𝜔𝑖𝑖−𝜔𝜔𝑗𝑗 𝑡𝑡+𝜙𝜙𝑖𝑖−𝜙𝜙𝑗𝑗

Quadratic Force Component:

3
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𝜁𝜁(𝑡𝑡) = ℜ �
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Linear Force Component:

𝑓𝑓2(𝑡𝑡) = ℜ �
𝑖𝑖=1

𝑁𝑁

�
𝑗𝑗=1

𝑁𝑁
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Quadratic Force Component:
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• Forecasting, data-driven, time-series model
• What it does:

W
av

e E
lev

. 𝜁𝜁
(𝑡𝑡

)

Time [s]

Fo
rce

, 𝑓𝑓
(𝑡𝑡

)
𝑓𝑓𝑛𝑛

𝜁𝜁𝑛𝑛−1

𝑓𝑓𝑛𝑛−2

𝑓𝑓𝑛𝑛−⋯
𝑓𝑓𝑛𝑛−𝑛𝑛𝑛𝑛

𝑓𝑓𝑛𝑛−1

𝜁𝜁𝑛𝑛−⋯

𝜁𝜁𝑛𝑛−𝑛𝑛𝜁𝜁 𝜁𝜁𝑛𝑛

𝑓𝑓𝑛𝑛 = ℱ 𝑓𝑓𝑛𝑛−1, 𝑓𝑓𝑛𝑛−2, … , 𝑓𝑓𝑛𝑛−𝑛𝑛𝑛𝑛, 𝜁𝜁𝑛𝑛, 𝜁𝜁𝑛𝑛−1, … , 𝜁𝜁𝑛𝑛−𝑛𝑛𝑛𝑛 = ℱ(𝒙𝒙𝑛𝑛)

𝜁𝜁𝑛𝑛−2

Auto-regressive input

Exogenous input

Prediction

10
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Polynomial-NARX
𝑓𝑓𝑛𝑛 = ℱ 𝑓𝑓𝑛𝑛−1, 𝑓𝑓𝑛𝑛−2, … , 𝑓𝑓𝑛𝑛−𝑛𝑛𝑛𝑛, 𝜁𝜁𝑛𝑛, 𝜁𝜁𝑛𝑛−1, … , 𝜁𝜁𝑛𝑛−𝑛𝑛𝑛𝑛 = ℱ(𝒙𝒙𝑛𝑛)

12

𝑓𝑓𝑛𝑛 = 𝑪𝑪(𝟏𝟏)𝒙𝒙𝑛𝑛𝑇𝑇 + 𝒙𝒙𝒏𝒏𝑪𝑪(𝟐𝟐)𝒙𝒙𝑛𝑛𝑇𝑇

5

𝑓𝑓𝑛𝑛 = 𝐶𝐶1
(1) 𝐶𝐶2

(1) 𝐶𝐶3
(1) 𝐶𝐶4

(1) 𝐶𝐶…
(1) 𝐶𝐶𝑝𝑝

(1)

𝑓𝑓𝑛𝑛−1
𝑓𝑓𝑛𝑛−⋯
𝑓𝑓𝑛𝑛−𝑛𝑛𝑛𝑛
𝜁𝜁𝑛𝑛
𝜁𝜁𝑛𝑛−⋯
𝜁𝜁𝑛𝑛−𝑛𝑛𝑛𝑛

 

+

𝑓𝑓𝑛𝑛−1
𝑓𝑓𝑛𝑛−⋯
𝑓𝑓𝑛𝑛−𝑛𝑛𝑛𝑛
𝜁𝜁𝑛𝑛
𝜁𝜁𝑛𝑛−⋯
𝜁𝜁𝑛𝑛−𝑛𝑛𝑛𝑛

𝑇𝑇
𝐶𝐶11

(2) 𝐶𝐶12
(2) 𝐶𝐶13

(2) 𝐶𝐶14
(2) 𝐶𝐶1…

(2) 𝐶𝐶1𝑝𝑝
(2)

𝐶𝐶21
(2) 𝐶𝐶22

(2) 𝐶𝐶23
(2) 𝐶𝐶24

(2) 𝐶𝐶2..
(2) 𝐶𝐶2𝑝𝑝

(2)

𝐶𝐶31
(2) 𝐶𝐶32

(2) 𝐶𝐶33
(2) 𝐶𝐶34

(2) 𝐶𝐶3…
(2) 𝐶𝐶3𝑝𝑝

(2)

𝐶𝐶41
(2) 𝐶𝐶42

(2) 𝐶𝐶43
(2) 𝐶𝐶44

(2) 𝐶𝐶4…
(2) 𝐶𝐶4𝑝𝑝

(2)

𝐶𝐶…1
(2) 𝐶𝐶…2

(2) 𝐶𝐶…3
(2) 𝐶𝐶…4

(2) 𝐶𝐶..,..
(2) 𝐶𝐶…𝑝𝑝

(2)

𝐶𝐶𝑝𝑝𝑝
(2) 𝐶𝐶𝑝𝑝𝑝

(2) 𝐶𝐶𝑝𝑝𝑝
(2) 𝐶𝐶𝑝𝑝𝑝

(2) 𝐶𝐶𝑝𝑝…
(2) 𝐶𝐶𝑝𝑝𝑝𝑝

(2)

𝑓𝑓𝑛𝑛−1
𝑓𝑓𝑛𝑛−⋯
𝑓𝑓𝑛𝑛−𝑛𝑛𝑛𝑛
𝜁𝜁𝑛𝑛
𝜁𝜁𝑛𝑛−⋯
𝜁𝜁𝑛𝑛−𝑛𝑛𝑛𝑛

 

𝑝𝑝 = 𝑛𝑛𝑓𝑓 + 𝑛𝑛𝜁𝜁 + 1
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𝑪𝑪(1),𝑪𝑪(2) = arg min
𝑪𝑪(1),𝑪𝑪(2)

1
2𝑁𝑁�

𝑖𝑖=1

𝑁𝑁

𝑓𝑓𝑖𝑖 − �𝑓𝑓𝑖𝑖 𝑪𝑪(1),𝑪𝑪(2)
2

+ 𝜆𝜆�
𝑗𝑗=1

𝑝𝑝

|𝐶𝐶𝑗𝑗
1 | + 𝜆𝜆�

𝑘𝑘=1

𝑝𝑝2

|𝐶𝐶𝑘𝑘
2 |  

𝜆𝜆: nonnegative parameter

5

𝑓𝑓𝑛𝑛 = 𝑪𝑪(𝟏𝟏)𝒙𝒙𝑛𝑛𝑇𝑇 + 𝒙𝒙𝒏𝒏𝑪𝑪(𝟐𝟐)𝒙𝒙𝑛𝑛𝑇𝑇

𝑝𝑝 = 𝑛𝑛𝑓𝑓 + 𝑛𝑛𝜁𝜁 + 1
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5

Link to probing explanation

• Extracts Transfer Functions out of the learned coefficients.

• Improved the original method substantially.

Poly-NARX LTF + QTF

Harmonic Probing
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5

NARX Volterra

𝑓𝑓𝑛𝑛 𝑡𝑡 = 𝐻𝐻(1) Ω1 𝑒𝑒𝑖𝑖Ω1𝑡𝑡𝑛𝑛 + 2𝐻𝐻(2) Ω1,Ω2 𝑒𝑒𝑖𝑖 Ω1+Ω2 𝑡𝑡𝑛𝑛 …𝑓𝑓𝑛𝑛(𝑡𝑡) = 𝑪𝑪(𝟏𝟏)𝒙𝒙𝑛𝑛𝑇𝑇 + 𝒙𝒙𝒏𝒏𝑪𝑪(𝟐𝟐)𝒙𝒙𝑛𝑛𝑇𝑇

𝐴𝐴𝑒𝑒𝑖𝑖Ω1𝑡𝑡𝑛𝑛 + 𝐵𝐵𝑒𝑒2𝑖𝑖Ω1𝑡𝑡𝑛𝑛 + 𝐶𝐶𝑒𝑒𝑖𝑖 Ω1+Ω2 𝑡𝑡𝑛𝑛 + 𝐷𝐷𝑒𝑒𝑖𝑖 2Ω1+Ω2 𝑡𝑡𝑛𝑛 + 𝐸𝐸𝑒𝑒𝑖𝑖Ω1𝑡𝑡𝑛𝑛 + 𝐹𝐹𝑒𝑒𝑖𝑖Ω2𝑡𝑡𝑛𝑛 = 𝐻𝐻(1) Ω1 𝑒𝑒𝑖𝑖Ω1𝑡𝑡𝑛𝑛 + 2𝐻𝐻(2) Ω1,Ω2 𝑒𝑒𝑖𝑖 Ω1+Ω2 𝑡𝑡𝑛𝑛

(𝐴𝐴 + 𝐸𝐸)𝑒𝑒𝑖𝑖Ω1𝑡𝑡𝑛𝑛 = 𝐻𝐻(1) Ω1 𝑒𝑒𝑖𝑖Ω1𝑡𝑡𝑛𝑛

𝐴𝐴 + 𝐸𝐸 = 𝐻𝐻(1) Ω1

𝑒𝑒𝑖𝑖Ω1𝑡𝑡𝑛𝑛𝑒𝑒𝑖𝑖Ω1𝑡𝑡𝑛𝑛𝑒𝑒𝑖𝑖Ω1𝑡𝑡𝑛𝑛
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5

Δ𝜔𝜔 = 0.01 𝑟𝑟𝑟𝑟𝑟𝑟/𝑠𝑠
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𝜔𝜔𝜇𝜇 = 0.6 𝑟𝑟𝑟𝑟𝑟𝑟/𝑠𝑠
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Summary
• Validated harmonic probing algorithm for both LTF and QTF estimations using synthetic data (Windmoor Hydrostar model).

• It is observed that the dispersion of LTF and QTF estimates is smaller where the spectral energy of the wave elevation 
profile (WEP) is concentrated.

• Identify different portion of LTF and QTF independently using WEPs characterized by Gaussian spectral energy distributions 
with different mean and standard deviation. 

• A procedure for merging LTF and QTF estimates obtained for different WEP is proposed; the procedure allows for obtaining 
LTF and QTF estimates for the entire frequency range of interest with good accuracy.

• Optimization of number, mean, and standard deviation of each WEP spectrum
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LTF Results
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