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Problem Statement

𝑓(𝑡)
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𝐴𝑗𝑒
𝑖Ω𝑗𝑡

𝜁 𝑡 𝑓(𝑡)
Functional Relationship Exists

Wave Elev. Force

Transfer Function
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Problem Statement
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Problem Statement
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Problem Statement

𝑓(𝑡)

For moored structures:

Low-frequency 
loads are important

Difference Quadratic 
Transfer Function 

Estimation 
methods

Potential TheoryEmpirical/Experimental

𝜁 𝑡 =

𝑗

𝐴𝑗𝑒
𝑖Ω𝑗𝑡

CFD
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Problem Statement

𝑓(𝑡)
𝜁 𝑡 =

𝑗

𝐴𝑗𝑒
𝑖Ω𝑗𝑡

• Learn the functional relationship between the force and 
wave elevation profile via machine learning.

• Extract the transfer functions

Goal of the study:

Model:

Nonlinear auto-regressive model with exogenous input (NARX)
+

Harmonic probing (HP)
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Kriging-NARX

• Forecasting, data-driven, time-series model
• What it does:

W
av

e 
E

le
v.

 𝜁
(𝑡
)

Time [s]

F
or

ce
, 𝑓
(𝑡
)

𝑓𝑛

𝜁𝑛−1

𝑓𝑛−2

𝑓𝑛−⋯
𝑓𝑛−𝑛𝑓

𝑓𝑛−1

𝜁𝑛−⋯

𝜁𝑛−𝑛𝜁 𝜁𝑛

𝑓𝑛 = ℱ 𝑓𝑛−1, 𝑓𝑛−2, … , 𝑓𝑛−𝑛𝑓, 𝜁𝑛, 𝜁𝑛−1, … , 𝜁𝑛−𝑛𝜁 = ℱ(𝒙𝑛)

𝜁𝑛−2

Auto-regressive input

Exogenous input

Prediction
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Kriging-NARX

• How does it work?
• Assumes a Joint Normal Distribution

𝑓𝑛 = ℱ 𝑓𝑛−1, 𝑓𝑛−2, … , 𝑓𝑛−𝑛𝑓, 𝜁𝑛, 𝜁𝑛−1, … , 𝜁𝑛−𝜁𝑛 = ℱ(𝒙𝑛)𝑓𝑛 = ℱ 𝑓𝑛−1, 𝑓𝑛−2, … , 𝑓𝑛−𝑛𝑓, 𝜁𝑛, 𝜁𝑛−1, … , 𝜁𝑛−𝑛𝜁 = ℱ(𝒙𝑛)
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Kriging-NARX

• How does it work?
• Assumes a Joint Normal Distribution

𝑘(𝒙𝑛, 𝒙𝑛−𝑚) = 𝜎𝑓
2exp −

1

2𝜃2
𝒙𝑛 − 𝒙𝑛−𝑚

2

𝑓𝑛
𝑓𝑛−1
𝑓𝑛−2
⋮

~𝒩

0
0
0
0

,

𝑘 𝒙𝑛, 𝒙𝑛 + 𝜎𝑒
2 𝑘 𝒙𝑛, 𝒙𝑛−1 𝑘 𝒙𝑛, 𝒙𝑛−2 ⋯

𝑘 𝒙𝑛−1, 𝒙𝑛 𝑘 𝒙𝑛−1, 𝒙𝑛−1 + 𝜎𝑒
2 𝑘 𝒙𝑛−1, 𝒙𝑛−2 + 𝜎𝑒

2 ⋯

𝑘 𝒙𝑛−2, 𝒙𝑛 𝑘 𝒙𝑛−2, 𝒙𝑛−1 + 𝜎𝑒
2 𝑘 𝒙𝑛−2, 𝒙𝑛−2 + 𝜎𝑒

2 ⋯
⋮ ⋮ ⋮ ⋱

𝜽

𝜃: 𝑙𝑒𝑛𝑔𝑡ℎ 𝑠𝑐𝑎𝑙𝑒
𝜎𝑓: 𝑛𝑜𝑖𝑠𝑒 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟

𝜎𝑒: 𝑛𝑢𝑔𝑔𝑒𝑡 𝑓𝑜𝑟 𝑛𝑢𝑚. 𝑠𝑡𝑎𝑏𝑖𝑙𝑖𝑡𝑦
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Kriging-NARX

• How does it work?
• Assumes Joint Normal Distribution

𝑓𝑛
𝑭

~𝒩
0
𝟎
,

𝐾(𝒙𝑛, 𝒙𝑛) + 𝜎𝑒
2 𝑲(𝑿, 𝒙𝑛)

𝑲(𝒙𝑛, 𝑿) 𝑲(𝑿, 𝑿) + 𝜎𝑒
2𝑰

𝐸 𝑓𝑛|𝑭,𝑿 = ℱ 𝒙𝑛|𝑿 = 𝑲 𝒙𝑛, 𝑿 𝑲 𝑿, 𝑿 + 𝜎𝑒
2𝑰 −1𝑭
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Kriging-NARX

𝜔(𝑟𝑎𝑑/𝑠)

A
m

pl
itu

de
JONSWAP Spectrum

Wave-Elevation Profile

Time [s]

𝜁
(𝑡
)

𝑓
(𝑡
)

Resulting Force
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Kriging-NARX

Windmoor Predicted Force Time-History

Time [s]

F
or

ce
 [N

]
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𝑓𝑛

Harmonic Probing

𝑓𝑛 𝑡 = 𝐻0 + 𝐻1 Ω1 𝑒𝑖Ω1𝑡𝑛 + 𝐻1 Ω2 𝑒𝑖Ω2𝑡𝑛 + 2𝐻2 Ω1, Ω2 𝑒𝑖 Ω1+Ω2 𝑡𝑛 +𝐻2 Ω1, Ω1 𝑒𝑖 2Ω1 𝑡𝑛 +𝐻2 Ω2, Ω2 𝑒𝑖 2Ω2 𝑡𝑛

𝜁𝑏𝑖 𝑡 = 𝐴1𝑒
𝑖Ω1𝑡𝑛 + 𝐴2𝑒

𝑖Ω2𝑡𝑛

1.0 1.0

𝑓𝑛 𝑡 = 𝐻0 + 𝐻1 Ω1 𝑒𝑖Ω1𝑡𝑛 + 𝐻1 Ω2 𝑒𝑖Ω2𝑡𝑛 + 2𝐻2 Ω1, Ω2 𝑒𝑖 Ω1+Ω2 𝑡𝑛 +𝐻2 Ω1, Ω1 𝑒𝑖 2Ω1 𝑡𝑛 +𝐻2 Ω2, Ω2 𝑒𝑖 2Ω2 𝑡𝑛

NARX

𝐸 𝑓𝑛|𝑭,𝑿 = 𝑲 𝒙𝑛, 𝑿 𝑲 𝑿,𝑿 + 𝜎𝑒
2𝑰 −1𝑭

Volterra

𝑓𝑛 𝑡 = 𝐻0 + 𝐻1 Ω1 𝑒𝑖Ω1𝑡𝑛 + 2𝐻2 Ω1, Ω2 𝑒𝑖 Ω1+Ω2 𝑡𝑛 …

𝜁𝑏𝑖
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Harmonic Probing

𝒙𝑛 =
𝑓𝑛−1
𝜁𝑛
𝜁𝑛−1

𝑻

𝑓𝑛 = ℱ 𝒙𝑛|𝑿,𝑭 ≈ ℱ 𝟎 + ቤ
𝜕ℱ

𝜕𝒙
𝟎

𝒙𝑛 +
1

2
𝒙𝑛
𝑇 อ
𝜕2ℱ

𝜕𝒙2
𝟎

𝒙𝑛

NARX

𝐸 𝑓𝑛|𝑭,𝑿 = 𝑲 𝒙𝑛, 𝑿 𝑲 𝑿, 𝑿 + 𝜎𝑒
2𝑰 −1𝑭

Volterra

𝑓𝑛 𝑡 = 𝐻0 + 𝐻1 Ω1 𝑒𝑖Ω1𝑡𝑛 + 2𝐻2 Ω1, Ω2 𝑒𝑖 Ω1+Ω2 𝑡𝑛 …

=
𝐻0 + 𝐻1 Ω1 𝑒𝑖Ω1 + 𝐻1 Ω2 𝑒𝑖Ω2 + 2𝐻2 Ω1, Ω2 𝑒𝑖 Ω1+Ω2 +⋯ 𝑒𝑡𝑛−1

𝑒𝑖Ω1𝑡𝑛 + 𝑒𝑖Ω2𝑡𝑛

𝑒𝑖Ω1 𝑡𝑛−1 + 𝑒𝑖Ω2 𝑡𝑛−1

𝐓

Linearize and solve for 𝐻0, 𝐻1, and 𝐻2
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Harmonic Probing
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m
pl
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JONSWAP
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Harmonic Probing

Frequency [rad/s]

P
ha

se
 [d

eg
]
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Harmonic Probing

Example QTF validated for a nonlinear duffing oscillator

𝜔1

𝜔2
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Future Outlook

• Estimate the low-frequency QTF for the Windmoor floater
• Investigate signals with different sampling rates
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Q&A
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