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The menu - day 1, part 1
● I can’t get no explanations
● How does homo sapiens usually do it?
● Shapley values: Axioms and intuition
● Example: Cab sharing
● Hands on: A cats and mice game
● Shapley values for data: Dependence attribution
● Hands on: Jupyter (Calculate Shapley values. Boston Housing.)

Break
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The menu - day 1, part 2
● The characteristic function
● Hands on: Jupyter (Characteristic functions)
● Explaining a model, take 1
● Hands on: Jupyter (Shapley values of model output)
● Summary

Jupyter Notebooks: gitlab.com/Strumke/shapley_lectures 

https://gitlab.com/Strumke/shapley_lectures
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I can’t get no explanations
Machine learning works like

How do machine learning methods do feature extraction and compression?
(How) do they solve the curse of dimensionality?

Are the solutions even stable??

Nobody knows. 

What can we do in the meantime?
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A mystery box fell from the sky
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A mystery box fell from the sky

Information → →Predictions 
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A mystery box fell from the sky
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Poking the box like a boss
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Example 1: Cab sharing
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Example 1: Cab sharing

Characteristic function values
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Example 1: Cab sharing
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Example 1: Cab sharing

N = total passengers
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Example 1: Cab sharing

N = total passengers
S = subsets of N
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Example 1: Cab sharing

N = total passengers
S = subsets of N

subsets S of N 
excluding passenger i
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Example 1: Cab sharing

Sets excluding passenger 1:
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Example 1: Cab sharing

Sets excluding passenger 1:
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Example 1: Cab sharing

True story: The fair and unique way to distribute the cost 
of the journey (at a price of 1NOK per km), is when 
passenger 1 pays 1, 
passenger 2 pays 3 and 
passenger 3 pays 6.
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The words and symbols
Marginal contribution: Calculate the result with and without the player

Average marginal contributions: Sum and calculate prefactor over all coalitions (subsets)

Shapley value 
for player i

Average over all coalitions Marginal contribution 
in each coalition
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Distributive justice

Symmetry: Equally productive players receive the same pay

Efficiency: The entire output is shared among the players

Dummy: The Shapley value is zero for players who don’t contribute

Additivity: Train a random forest (prediction is an average of many decision trees). Can 
calculate the Shapley value for a feature in each tree individually, average them, and get the 
Shapley value for the feature value for the random forest.
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The axioms

Fun fact: The symmetry, efficiency and additivity can be combined in a single one:



Just do it
Pencils out!
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Mice caught alone:

Mice caught in coalitions:

Shapley value per cat: ? 

?

?
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Mice caught alone:

Mice caught in coalitions:

Shapley value per cat: ½ 

1

3/2
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Just do it
Computers out!
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Coding time
Regarding that prefactor…

|S| depends on coalition sizes (not members). N is constant.
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Coding time
Regarding that prefactor…

|S| denotes coalition size (independent of specific members). 
N is constant.

all  sets of size k
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Coding time
Task 1: What are the Shapley values for the three cats if  the characteristic function 
values are as follows?
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Coding time
The characteristic function is symmetric, i.e. yields the same value for

- coalition {1,2} adding player 3, and
- coalition {1,3} adding player 2, and
- coalition {2,3} adding player 1

(for example)
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Coding time
Task 1: What are the Shapley values for the three cats if  the characteristic function 
values are as follows?

Task 2: Calculate the Shapley decomposition of Boston housing data set, using the 
coefficient of determination R²  as characteristic function



● Coffee / tea

● Stretch

● What is the Shapley value for AGE,
on the Boston Housing data set?

Back to business!



● Coffee / tea

● Stretch

● What is the Shapley value for AGE?

Back to business!
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The characteristic function
Shapley value or decomposition: Distribution of the value, represented by the  
characteristic function
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The characteristic function
Shapley value or decomposition: Distribution of the value, represented by the  
characteristic function

aka “where the action is”
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The characteristic function
R²: Nice, quick to calculate, but linear

Y=aX²
Estimate of R² =0.0043 with 
95% bootstrap CI 
(0.001, 0.013) over 100 fits. 
⇒ R² ≈ 0 despite strong 
(non-linear) dependence.



Just do it
Characteristic functions out!
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Non-linear correlation in the characteristic function
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Non-linear correlation in the characteristic function
dcor.distance_correlation(x,y)
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Non-linear correlation in the characteristic function
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Just do it
Models out!
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Explaining a model, take 1
Machine learning model ✅

Does it capture the dependence structure in the data?

Let’s find out!
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Summary
Shapley values do dependence attribution. From game theory to ML

N all players -->  features

i player --> feature 

S coalition of players --> set of features

v game --> model

The Shapley value takes as input a set function v: 2N→R and 
produces attributions 𝜑i for each player i ∈N that add up to v(N)
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Explaining a model
How to calculate the marginal contributions, i.e. how do we remove features from our model?

Følg med i morgen… 

Inga Strümke
inga@simula.no / inga@strumke.com 

mailto:inga@simula.no
mailto:inga@strumke.com

