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Outline

• Overflow modelling: LP vs MILP
• Challenges: non-physical overflow vs computation time
• Solutions
• Results
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Overflow function
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𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚

𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚

𝑣𝑣𝑣𝑣 ≤ 𝑉𝑉𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚

𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚 + 𝑉𝑉𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚

𝑚𝑚3/𝑣𝑣

𝑀𝑀𝑚𝑚3

𝑣𝑣𝑣𝑣 = max(0, 𝑣𝑣 − 𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚)

q𝑣𝑣 q𝑣𝑣 = 𝑓𝑓(𝑣𝑣𝑣𝑣)

𝑣𝑣

Non-convex



Mathematical 
formulation

𝑣𝑣𝑣𝑣 ≥ 0
𝑣𝑣𝑣𝑣 ≥ 𝑣𝑣 − 𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚

𝑣𝑣𝑣𝑣 ≤ 𝑣𝑣 − 𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚 ⋅ 𝛿𝛿
𝑣𝑣𝑣𝑣 ≤ 𝑀𝑀 ⋅ 𝛿𝛿
𝑞𝑞𝑣𝑣 = 𝑐𝑐 ⋅ 𝑣𝑣𝑣𝑣
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Overflow

𝑣𝑣

q𝑣𝑣

𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚

𝛿𝛿 = 0 – no overflow
𝛿𝛿 = 1 – overflow
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Overflow Zero

Zero bound

𝑣𝑣𝑣𝑣 ≥ 0
𝑣𝑣𝑣𝑣 ≥ 𝑣𝑣 − 𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚

𝑣𝑣𝑣𝑣 ≤ 𝑣𝑣 − 𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚 ⋅ 𝛿𝛿
𝑣𝑣𝑣𝑣 ≤ 𝑀𝑀 ⋅ 𝛿𝛿
𝑞𝑞𝑣𝑣 = 𝑐𝑐 ⋅ 𝑣𝑣𝑣𝑣

𝑣𝑣 𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚

q𝑣𝑣
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Overflow Zero c*vs c*(vs-Vmax)

Upper and lower 
bounds

𝑣𝑣𝑣𝑣 ≥ 0
𝑣𝑣𝑣𝑣 ≥ 𝑣𝑣 − 𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚

𝑣𝑣𝑣𝑣 ≤ 𝑣𝑣 − 𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚 ⋅ 𝛿𝛿
𝑣𝑣𝑣𝑣 ≤ 𝑀𝑀 ⋅ 𝛿𝛿
𝑞𝑞𝑣𝑣 = 𝑐𝑐 ⋅ 𝑣𝑣𝑣𝑣

𝑣𝑣 𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚

𝛿𝛿 = 0

𝛿𝛿 = 1
q𝑣𝑣
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Overflow Zero c*vs c*(vs-Vmax) M

Big M
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𝑞𝑞𝑣𝑣 = 𝑐𝑐 ⋅ 𝑣𝑣𝑣𝑣
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q𝑣𝑣
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Overflow Zero c*vs c*(vs-Vmax) M

Binary delta

𝑣𝑣𝑣𝑣 ≥ 0
𝑣𝑣𝑣𝑣 ≥ 𝑣𝑣 − 𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚

𝑣𝑣𝑣𝑣 ≤ 𝑣𝑣 − 𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚 ⋅ 𝛿𝛿
𝑣𝑣𝑣𝑣 ≤ 𝑀𝑀 ⋅ 𝛿𝛿
𝑞𝑞𝑣𝑣 = 𝑐𝑐 ⋅ 𝑣𝑣𝑣𝑣

𝑣𝑣 𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚
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Overflow Zero c*vs c*(vs-Vmax) M Mv / (M+Vmax)

Continuous delta

𝑣𝑣𝑣𝑣 ≥ 0
𝑣𝑣𝑣𝑣 ≥ 𝑣𝑣 − 𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚

𝑣𝑣𝑣𝑣 ≤ 𝑣𝑣 − 𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚 ⋅ 𝛿𝛿
𝑣𝑣𝑣𝑣 ≤ 𝑀𝑀 ⋅ 𝛿𝛿
𝑞𝑞𝑣𝑣 = 𝑐𝑐 ⋅ 𝑣𝑣𝑣𝑣

𝑣𝑣 𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚

𝛿𝛿 = [0,1]

Non-physical overflow

q𝑣𝑣



Fossdal watercourse
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Overflow Zero c*vs c*(vs-Vmax) M

Binary delta

𝑣𝑣𝑣𝑣 ≥ 0
𝑣𝑣𝑣𝑣 ≥ 𝑣𝑣 − 𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚

𝑣𝑣𝑣𝑣 ≤ 𝑣𝑣 − 𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚 ⋅ 𝛿𝛿
𝑣𝑣𝑣𝑣 ≤ 𝑀𝑀 ⋅ 𝛿𝛿
𝑞𝑞𝑣𝑣 = 𝑐𝑐 ⋅ 𝑣𝑣𝑣𝑣

𝑣𝑣 𝑣𝑣𝑣𝑣
𝐻𝐻𝐻𝐻𝐻𝐻/𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚𝐻𝐻𝐻𝐻𝐻𝐻

𝛿𝛿 = 0

𝛿𝛿 = 1

𝛿𝛿 = 1

𝛿𝛿 = 0



Big M

• The tightest big M is given by the 
maximum possible overflow volume.

• Can be approximated with known inflow 
by assuming the worst possible upstream 
production and gate discharge.

• Can be updated between the SLP 
iteration.
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𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚

𝑉𝑉𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑀𝑀



Big M heuristics for  SLP 
(successive linear 
programming)

• Starting volume
• Inflow
• Overflow description
• Plant and gate discharge
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Determine big M as max overflow 
volume for each timestep given 

worst case decisions

Optimize

Use resulting volume from 
previous iteration and add 

tolerance

Reoptimize



SHOP

• SHOP is a short-term hydro scheduling model developed by SINTEF.
• Uses successive linear programming.
• In operational use by most of the major hydro power producers in the Nordic 

countries.
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Comparison of static and dynamic big M

Static big M
Dynamic big M



Optimizing big M?

Teknologi for et bedre samfunn

Minimize costs
Subject to physical and market
constraints

Maximize flood volume



Further work
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• Investigate feasible directions towards tight feasible big M values. 
• Test method for more complex systems and improve heuristics if necessary.
• Test other reasons for non-physical overflow.
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