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The GAIA project

* \We address singularities in NURBS curves
and surfaces e.g. self intersection.

* Approach:

— Approximate implicitization aimed at
reproducing singularities.

— Classification of low degree (3,4,...) algebraic
curves and surfaces for possible use when
choosing among candidate approximations.

— Reference sampling based method

— Industrial testing

* Rational parametric curve and surfaces are
the most singular subsets of algebraic
curves and surfaces!



lmplicit Representation

[Sederberg 84] “Implicit Representation of
Parametric Curves and Surfaces”.

* A 2D rational parametric curyat) of degree
In the variablg can be expressed implicitly as
a degrea polynomialq(x,y), with g(p(t))=0.

* A 3D rational parametric surfaggs,t) of
degreegn,,n,) in the variablegst) can be
expressed implicitly as a degraen,
polynomialq(x,y,2), with g(p(s,t))=0.

— A bicubic surface has algebraic degree 2x3x3=18




| nter section and implicitization

« Combining implicit and parametric descriptions
IN intersections algorithms reduce the number of
variables, however, the polynomial degree
Increase

e Letp(st) andr(u,v) be two parametric surfaces,
with implicit descriptiongy,(x,y,2)=0, and
g,(x,y,2=0. Two alternatlve formulations of the
Intersection op(s;t) andr(u,v) are

—f(s,t,u,v) = p(st)-r(uv) =0
— 0,(r (u,v))=0 andq,(p(s,t))=0

* Letp(s;t) andr(u,v) be bicubic thery(r (u,v))
andd. (p(s,t)) have degree (3x18, 3x18) (54,54).




Exact implicitization

 Find nontrivial polynomiald U Fy( R')
such that
q(p(s)) =0, sOR™
 For curved=2 for surfacd=3

e Assumption:
— Exact arithmetic
— High polynomial degrees no problem



Exact implicitization methods

 Resultant based methods

— Express the implicit equation using
determinants, in general the determinants for
surfaces are large

e Grobner bases methods
— Symbolic computations on polynomials

* Moving curves and surfaces [Sederberg
95,97]. Proof of moving surfaces [Cox 99]

— Reduced the size of the determinates by of 4
— Base points reduce the size of the determinant
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Resultants using scaled
Bernstein basis and floating
point

 Recent work by Joab Winkler on resultants
using the scaled Bernstein basis show
promising results.

— A resultant matrix for scaled Bernstein polynomials, in Linear
Algebra and its Applications, vol. 319, pages 179-191, 2000.

e Using the Bernstein basis makes resultant
type methods better suited for floating point
arithmetic.



Approximative Implicitization

e Letp(st), (s,td Q LIR? be a surface inR
» Find nontriviala OR,(IR ) such that

q(p(s,t) +n(s,t)g(s,1)) =0, (s,1)0Q

- with direction for error measuremelots.t)[, =1.
and error
nstl<e, (st)0Q.
e Assumption

— Floating point can be used
— Degrees can be kept low

a(sit) g(x,y,z)=0




Approximate implicitization
and inter section

 Example separation of two near

parallel not intersecting parametnr

surface(s,t) andr(u,v) Is difficult.

— Approximationr (u,v) with a low order
algebraic surfacg(x,y,z2)=0 of degree 3.

— Make the combination g(s,t)), this has
degrees (9,9).

— Now the geometry is flattened out, check
for possible zeroes of gst))

e This approach has run successfully in
iIndustrial code for five years.
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Error of 4" degree unit circle
approximation opening angle 1

e |s within a tolerance of 10a circle e.q.

algebraic degree 2.

 However, the approximation has algebraic

degree 4
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Ray-tracing and approximative
Implicitization
* [Sederberg 99] showed that ray-tracing of Bezier
surfaces using approximative implicitization is

2-3 times faster than using Bezier clipping
methods.

* By approximating the Bezier surface with a
monoid algebraic surface of degree 4, the ray
will only intersect the approximation once In
addition to the multiple intersection in the
chosen monoid point.

* Thus, finding the intersection is just solving a
fourth degree equation. s



The approximative

Implicitization factorization

[Dokken 97,01] Approximate Implicitization
Assume that the surfapgs,t) has degreen(,n,)

Assume that] has total degrem and thab Iis a
vector containing the unknown coefficientsgof

The combinatiom(p(s,t)) Is a polynomial of
degreesrnn,, mn,)
Collect basis functions of degraar(,mn,) in
o(S1)
heng(p(s,t)) can be factorized

ap(s,t)) = (Ob) a(s,t). y




Motivation approximative
Implicitization
 CAD type application use floating point
* Methods based on exact arithmetic will, when
iImplemented in floating point, in certain

situations behave differently with minor

changes in input data.
— E.g. noise of relative size 1®change the
classification from singular to nonsingular
* Methods that are based on approximation will

allow controlled behavior:
— Approximate and try to avoid singularities
— Approximate and try to produce singulariti€s



Initial idea for use of
approximate implicitization

« Approximate with algebraic surfaces and make
sure that singular points are far away from the
region of interest.

 The number of singular points for a given

algebraic degree is known from classical

algebraic geometry.

 Alternative:
— Give Interpolation condition ensuring controlled
behavior of singularities [Sederberg 99]
— Choose solutions that have controlled behavior of
gradients in region of interest
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ldea in the EU GAIA project

* Use approximative implicitization to detect

singularities iIs NURBS curves and surfaces.
— Make approximations that aim at enhancing
singular behavior.




Thefactorization

a(p(s.t)) = (Ob) a(s,t).
The matrixD is built from products of the
coefficients ofp(st).
An element IrD Is the product of a maximum
of m such coefficients, witim the total degree
of Q.
If p(s,t) was described in a Bernstein basis of
degree1i,, n,) theno(s,t) contains the
Bernstein basis of degreer,, mn,).
The first step of moving curves and surfaces
use the same factorization. 8



Properties of the factorization

a(p(s.t)) = (Ob) a(s,t).
 If Db=0 andb#0 thenqg(p(s,t))=0 andb
describes an implicitization of p(s,t)).

 If a(st) describes a Bernstein basis then
Hoz(s,t)”2 <1.

* Then the following inequality is valid

q(p(s,1)| = ‘(Db)Ta(s,t)‘ <|Db|..

e Also valid if a(s,t) Is a partition of unity, thus
Including NURBS with positive weights,



Properties of the inequality
a(p(s.1)] = |(Ob) a(s,1)| < Db,

* Let o, be the smallest singular valueldf

then min  max \OI(p(S,t))\Sffl-

bl,=1 (s)0Q
e Singular value decomposition (SVD) can be
used to find approximative solutions of the
implicitization problem.
* The singular values can be regarded as a
criteria for sorting the approximations.
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y=x3 between (-1-1) and (1,1)
p(s) = [ B )(H)%( _f )3(1-3)2“( _?Ll )3(1—s)s2+( 1 )ﬁ
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Example p(s) = (s,5°)

 Implicit factorization /

0 0 01 0 0 0 0

a(p(s)) = (Db) a(s). 000000

. 0 0 0 0 0 0 1 0
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Representing g by a Bernstein

basis over atetrahedral

* Letq be described in a Bernstein basis over a
tetrahedral that contaipgs,t) (Also described In
a Bernstein basis). Then

—A
-T
-T

| entries InD are non-negative
ne sum of entries in all rows Bfis one

ne Frobenius norm @ is limited by the number of

FrOWS

— If

proper algorithms are used for buildibghe

relative rounding errors @ are limited byme;, mthe
total degree of), £ the relative rounding error @is)

Ep =Mmed .

— Bernstein basis representation of algebraic curves was introduced by [Sederberg 84] in the
paper “Planar piecewise algebraic curves.” 3



Constraining the
approximation

e Constraints can be added imposing
— Interpolation of points, curves,....
— Tangent direction in points and along curves,...
— Normal (gradient) in points and along curves,...

* Direct elimination to impose constraints.
e Direct elimination alternative to SVD for
finding approximative null space.
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Conver gence Rate of
Approximative lmplicitization

(m+1)(m+2)

» Curves in IR? with convergencgth 2 ).

Algebraicdegree | 1 | 2 | 3 4 5 6 7 8 9 10
Convergencerate | 2 | 5 9 14 | 20 | 27 35 44 54 65

(m+1)(m+2)(m+3)

 Curves inIR® with convergence@th ¢ 7).

Algebraicdegree | 1 | 2 | 3 4 5 6 7 8 9 10
Convergencerate | 3 | 9 | 19 | 34 | 55 | 83 | 119 | 164 | 219 | 285

e Surfaces i”QS Wit}b(hE%J(9+12m2+72m2+132m)—%[;).

Algebraicdegree | 1 | 2| 3 | 4 | 5 | 6 7 8 9 10
Convergencerate | 2 | 3| 5 /7 |10 12| 14 17 20 23
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Accuracy and selection of
solution

e Accuracy dependent on value and gradier of

q(p(st))
Og(p(s,t) ~A(s 1)) (s t)
* Find approximative null space Df
e Select solution in the approximative null space
of D by finding the maximal value of

&
| [(Halp(s,t) —ey(s,1))) [g(s)d st
Q=&

or an approximation there of.

p(st) =
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Plecewise polynomials can be

approximated

« Approximation of multiple manifo
D, }

D
D,

e Separation of two manifolds by a

S @ (5,4) <

ds

2

Dproximative

implicitization of one of the manifolds.
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Example two parabolas .

0.5

P,(s) = (-1,-1)(1 —5)* + (1,0 }2(1 — 5)s +(0,0)s

P.(s) = (0.0)(1 = 8)* + {1, 0)2(1 - 5)s+(1,1)s* T

-0.5

* \We want to approximate both curve )
segments at the same time with one
algebraic curve of degree 3.

 Thus we will make
— q(P.(8))=(D1b)oay(s)

— q(p2(8))=(D,b)oy(s) ( D, )

» And combine the matric P =|

0.5
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The combined matrix

0

0

0

Contribution from

1

D

Contribution from



|mplicit from combined D

« Eigenvalues 4.25, 3.91, 1.98, 1.31, 0.38, 0.37,
0.11, 0.05, 0.03 and 0.007937. Combining
eigenvector with basis functions and plot implicit

(e

x*y

xy’

( — 4602815334 \
.6983314313
— 50872225273
. 1433800204
0
0
0
—.0170228764
1443197267

\ ‘ Y,

0.5

l,

-0.50
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Studying the quality of
approximation

0.0015}
0.001F

0.0005f,

0.8

0.0005f

-0.001}

0.0015r

Length of gradient of @ Error of py(s) and p,(s)
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Example parabolasin power

basis

e TN
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lmplicit combined D power
basis
 All eigenvalues larger than ¢{vz.vs +v2,/6 - 2}

* No good approximation when power basis used
for the basis functions of the parametric curves

0.8
0.6
0.4
0.2]

-0.8 6 -04 -02 O 0.2 Osfl 06 \08
-0.2]
-0.4]
6}

-0.8

g isvery flat around the origin
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Algebraic geometry within CAGD

 Knowledge from algebraic geometry has
already contributed significantly to CAGD.

* To accelerate the use of algebraic geometry In
CAGD a concentrated research effort is
necessary.

 Intels IA-64with multiple parallel
Instructions (up to 4 floating point operations
per clock cycle) and large cache (4Mbyte L3
cache) will be introduce later in 2001. These
are well suited for executing approximative
algebraic algorithms used within CAGDx
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