7 Optimal Control Problems

We discuss the use of the DWR method in the finite element discretization of optimal
control problems. As examples, we consider boundary control in heat transfer and drag
minimization in viscous flow. Optimal control problem with state space V' and control

space @ :
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Abstract optimal control problem
J(u,q) = min! Au,q)(¥) =0 VeV
Galerkin approximation in subspaces V, xQ, C V xQ:

J(up, qn) = min!  A(up, gr)(Wn) =0 Vo € Vj

Preliminary thoughts:

e Notion of admissible states u = u(q) ¢
Discretization introduces perturbation of solution operator.
Accuracy in discretization of PDEs is expensive.
To what extent is “admissibility” relevant for the optimization?

e How to “measure” admissibility:
In ODEs, we may require the error to be uniformly “small”.
In PDEs, the choice of error measures is less clear: “energy’
max-norm, ... ?

i

norm, L?-norm, local

94



Euler-Lagrange approach and Galerkin approximation:
Lagrangian functional  L(u,q, z) := J(u,q) — A(u, q)(2)
(P) Determine stationary point z := {u,q,z} € X :=Vx@QxV:

(u, )(90) A’ (u q)(% 2)

(P,) Galerkin approximation zj := {up, qu, 2} € Xp := Vi XQpx Vj, :

Jl(uhth)( h) — A' w(Un, qn) (©n, 2n)
Jo(uny qn) (xn) — Ay (uns an) (Xns 2n) ¢ =0 Y{@n, Xn, ¥n}

~A(un) ()

First idea for error control: Measure accuracy in terms of cost functional J(u)—J(up)
depending on residuals of zj := (up, gn, 21) :

p*(zn) () = Ty (un, @n) () — Ay (un, an) (- 20)  (dual)
P! (xn)(-) := Jo(un, qn)(-) — Ay(un, qn) (-, 2n)  (control)
p(zn) () = —A(un)(") (primal)

Proposition. We have the a posteriori error representation

1, 1
J(u, q)—J(un, qn) = 50 (2n) (u—on) + 5 p?(an)(a—xn)
—_——— ———
dual residual control residual

1
t3 p(up)(z—1y) +R,(13)(e“,eq,ez)
—_—

primal residual

for arbitrary ©pn, Y, € Vi, and xn € Qn. The remainder R;Lg)(e, ed, e%) is cubic in e :=
u—up, el :=q—qy, € :=2—2p.
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Remarks.

e The derivation of the error representation does not require the uniqueness of solu-
tions (important for application to eigenvalue problems). The a priori assumption
zp — x (h — 0) makes the result meaningful for cases with non-unique solutions.

e The evaluation of the residual terms requires reliable guesses for the unknown so-
lution {u,q,z}. These may be obtained by local high-order interpolation (e.g.,
biquadratic interpolation on 2 x 2 cell patches of bilinear solutions).

e The cubic remainder term may be neglected.

e This error estimation only uses available information (no extra dual problem has to
solve).

e Practical solution process by nesting outer Newton iteration with mesh adaptation
(successive “model enrichment”).

Problem: Method results in “nonadmissible” solution ¢/**, u*"

Solution: Recover an admissible state ;" from g*" by solving the state equation on a
finer mesh Ty, :

A, ") () =0 Vabp € Viy
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Proof of the error representation

Abstract formulation
r:={u,q,z2} € X=VxQxYV, L(z) := L(u,q,2)
Variational equation: L'(z)(y) =0 VyeX
Th = {Un, G, 2} € Xp = Vi X Qp X Vj,
Galerkin approximation: L'(zp)(yn) =0 Yy € Xp

L(z) — L(zy) =777

Fundamental theorem of calculus
1
1
L(z) = L{zn) = / L' (anse) (e) ds + S L' (w) )
0

1, 1,
— SE)e) — 5 V@)(e)

=0

Galerkin orthogonality

L'(zn)(€) = L'(zn)(x—yn) + L'(xn)(Yn—2n), yn € X

-~

(=)

Error representation of trapezoidal rule

/Of(s)ds—%{f(O)—f-f(l)}-i-%/o 1"(s)s(s—1)ds

Hence, with an arbitrary vy, € X}, , there holds

L(z) — L(zp) = %L'(mh)(x—yh) + %/0 L" (zp+se)(e, e, e) s(s—1)ds

Residual

Application for L(z) = L(u,p, z) yields the assertion.
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7.1 An example of boundary control (H. Kapp 1999)
~Au+su)=f inQCR, su)=u’-u
Opou=0 onTy, O,u=gq onl¢ (control)

J(u,q) = 5llu—collf, + 5llallt, (=1, a=1)

Observation boundary T,

u:uo

ONENNG o @

du=¢q U=Ug, gl =q

Control/observation boundary Ie =T, Control boundary T

V=H©Q), Q=ITc)

Necessary optimality conditions:

(u—co, 1/))1“0 + (V¢, VZ)Q + (¢, Z)Q =0 YyYeV
(¢, X)re — (2, X)re =0 Vx €Q
(Vu, Vo)a+ (u,0)a = (f,0)a = (¢, 0)re =0 Vo eV

Galerkin approximation in

V}, = “linear elements”, Qn = “OpVary"

(un—co, Yn)ro + (Vn, Vzr)a + (Un, 2n)a =0 Vb, €'V,
a(qn, Xn)re — (2h, Xn)re =0 Vxn € Qp
(Vun, Von)a + (un, on)a — (f, en)a — (Gh, @r)re =0 Vo, € Vy
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Test case 1:

N 596 1616 | 5084 | 8648 | 15512
E, || 2.56e-04 | 2.38¢-04 | 8.22¢-05 | 4.21¢-05 | 3.99¢-05
I | 034 0.81 0.46 0.29 0.43

Efficiency of the weighted error estimator for Configuration

0.0001
“energy_e" —

1le-05 -

J(e)

1e-06 -

1le-07
10000 100000

Number of elements N

!
1000

Efficiency of the meshes generated by the weighted error estimator (O)
and the energy-error estimator ( X ) in log /log scale
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Test case 2:

N 512 15368 | 27800 | 57632 | 197408
Ep, |[9-29¢-05 | 8.14e-07 | 4.86e-07 | 2.31e-07 | 4.58¢-08
Ly | 1.32 0.56 0.35 0.42 0.32

Efficiency of the weighted error estimator for Configuration 1

"energy_ee"

0.0001 "0pt3_ee" ,,,,,,,,,, |
1le-05s f = .
sl
W 1e-06 |
1e-07 |
1e-08 w ‘ ‘
1000 10000 100000

Number of elements N

Efficiency of the meshes generated by the weighted error estimator (O)
and the energy-error estimator ( X ) in log /log scale
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7.2 Minimization of drag (R. Becker 1999)

I'

I, Q S Lout

Iy

u € u"+V state variable
¢ 'boundary control’ (piecewise constant at I'g :=T1 UT'y)

J(u,q) = Jarag — min, A(u)+Bg=0

Variational formulation:

as(u)(¢) +b(g,9) =0 VoeV

‘control form’  b(q, ¢) = —(¢,n - @v)FQ

Computational example

Uniform refinement | Adaptive refinement
N Jdrag N Jdrag
10512 | 3.31321 1572 3.28625
41504 | 3.21096 4264 3.16723
164928 | 3.11800 | 11146 3.11972

Table. Uniform refinement versus adaptive refinement for Re = 40

Extension to nonstationary control (e.g., by rotation of the cylinder).
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mawahras

Velocity of the uncontrolled flow (top)
controlled flow (middle)
corresponding adapted mesh (bottom)

Problem: Stability of ‘optimal’ flow (computed by Newton method)?
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7.3 Stability of flows (V. Heuveline 2001)

Stability of base solution @ = {9, ¢}

a) Linear stability theory (’spectral argument’):

Non-symmetric eigenvalue problem for u := {v,p} € V and X € C:
A(W)u:=—vAv+9-Vo+v-Vi+Vp=X, V.v=0

ReA >0 = 4 stable (?)

b) Nonlinear stability theory (’energy argument’):

Symmetric eigenvalue problem for u := {v,p} € V and ) € R:
—vAv+ $(Vo+ViT v+ Vp=Av, V-v=0
ReA>0 = 4 stable (!)

Variational formulation:

a' (@), p) == v(VY", V') + (0 - V', ¢°) + (4" - VI, ¢")
— (¢p7 V : 901]) + (Qop7 V : ¢v)7
m(y, @) = (¥", ¢").

Primal and dual eigenvalue problems: u, u* € V':

a'(4)(u, ) = Am(u,p) VeV
a'(@)(p,u”) = Am(p,u*) Vo eV

Normalization:  m(u,u) = m(u,u*) =1.

If m(u,u*) =0, the boundary value problem
a (4)(a, ) — Am(a, ) =m(u, ) Yo eV

has a solution @ € V' (‘generalized eigenfunction’) = defect(\) > 0
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Discretization

Stabilized sesquilinear form

a5(0n) (un, o) = a'(@) (un, @) + (A (@) u—Anwv, S(@))s

Discrete primal and dual eigenvalue problems wy, u; € V3, Ay € C:
ag(tn) (un, on) = Anm(un, on) Yon € Vi
as(tn) (son, up) = Anm(pn,up) Von € Vi

Stabilization — m(up, up) = m(up, up) =1

Blow-up criterion:

m(uy,up) - o0 (h—0) = defect(A) >0

A posteriori error estimation

Embedding into the general framework of variational equations:

V=VxVxC, V,=V,xV,xC
U:={a,u,\}, Up:={ap,up,An}, ®={4,0,u}eV

Semi-linear form:

AU)(®) == —as()(9)
base solution
+ Am(u, p) — a5(a)(u, ¢Z+F{m(u, u) — 1}4

N~ -~

eigenvalue equation normalization
Compact variational formulation:

AU)®) =0 VeV
A(Uh)(@h) =0 Vo, eV
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Error control functional:

J(®) :=pum(p, o) = JU)=2AIm(u,u) = A.

Dual solutions Z ={2,z,7} € V, Z = {24, 2n, 7} € Wh:

AUY®,Z) = J(U)®) VeV
Al(Uh)(Cbh, Zh) = J/(Uh)(q)h) Vo, € V),

*

Observation: 2z2=4u*, z=u", w=A\

a'(@)(,a%) = —a"(@)(d,u,u’) VeV

Residuals:

Proposition. We have the error representation

A=\, = %p(Uh)('&*—%) + %P*(ﬁ;})(ﬁ—@hl}

base solution residuals

+ %p(uh,)\h)(u —bn) + 50" (up, An) (u— <,0h) + Ry,

ezgenvalue reszduals

for arbitrary @bh, Uy Phy ©n € Vi. The remainder Ry, 1s cubic in the errors
e’ :==0—0p, e :=0"—0; and ed = A=\, eV :=v—uy, e¥* = v -y .
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Computational example
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Figure. Real part and imaginary part of critical eigenvalue as function of
imposed pressure
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Figure. Dominance of error indicator contributions, ‘base solution-part’
and ‘eigenvalue part’
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Figure. The base velocity field of the ‘minimal-drag’ solution (computed
on a globally refined mesh

Figure. Streamline plots of real part of ‘critical’ eigenfunction shortly
before and shortly after Hopf bifurcation
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